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Preface 


The present English-language work is a compilation of the two—volume 3rd 
edition (in German ) of ” Elastizitatstheorie” (1993, 1994) published by BI- 
Wissenschaftsverlag Mannheim, Leipzig, Wien, Ziirich. Since the first edi- 
tion of this book had appeared in 1983, the fundamental concept of this 
book has remained unaltered, in spite of an increasing amount of structu- 
ral—analytical computation software (eg. Finite Element Methods). The 
importance of computer-—tools, may this be supercomputers, parallel compu- 
ters, or workstations, is beyond discussion, however, the responsible engineer 
in research, development, computation, design, and planning should always 
be aware of the fact that a sensible use of computer—systems requires a re- 
alistic modeling and simulation and hence respective knowledge in solid 
mechanics, thermo-— and fluiddynamics, materials science, and in further 
disciplines of engineering and natural sciences. Thus, this book provides the 
basic tools from the field of the theory of elasticity for students of natural 
sciences and engineering; besides that, it aims at assisting the engineer in 
an industrial environment in solving current problems and thus avoid a 
mere black-box thinking. In view of the growing importance of product lia- 
bility as well as the fulfilment of extreme specification requirements for 
new products, this practice—-relevant approach plays a decisive role. Apart 
from a firm handling of software systems, the engineer must be capable of 
both the generation of realistic computational models and of evaluating the 
computed results. , 


Following an outline of the fundamentals of the theory of elasticity and the 
most important load-bearing structures, the present work illustrates the 
transition and interrelation between Structural Mechanics and Structural 
Optimization. As mentioned before, a realistic modeling is the basis of 
every structural analysis and optimization computation, and therefore nu- 
merous exercises are attached to each main chapter. 


By using tensor notation, it is attempted to offer a more general insight into 
the theory of elasticity in order to move away from a mere Cartesian view. 
An "arbitrarily shaped” solid described by generally valid equations shall 
be made the object of our investigations (Main Chapter A ). Both the condi- 
tions of equilibrium and the strain-displacement relations are presented for 
large deformations (nonlinear theory ); this knowledge is of vital import- 
ance for the treatment of stability problems of thin-walled load—bearing 


structures. When deriving the augmented equations as well as the corre- 
sponding solution procedures, we limit our considerations to the most essen- 
tial aspects. All solution methods are based on the HOOKEAN concept of 
the linear—elastic solid. As examples of load-bearing structures, disks, 
plates and shells will be treated in more detail (Main Chapters B,C). Fi- 
nally, an introduction into Structural Optimization is given in order to illus- 
trate ways of determining optimal layouts gf load-bearing structures (Main 
Chapter D ). 


In the scope of this book, the most important types of exercises arising 
from each Main Chapter are introduced, and their solutions are presented 
as comprehensively as necessary. However, it is highly recommended for the 
reader to test his own knowledge by solving the tasks independently. When 
treating structural optimization problems a large numerical effort generally 
occurs that cannot be handled without improved programming skills. Thus, 
at corresponding tasks, we restrict ourselves to giving hints and we have 
consciously avoided presenting details of the programming. 


The authors would like to express their gratitude to all those who have as- 
sisted in preparing the camera—ready pages, in translating and proofreading 
as well as in drawing the figures. At this point, we would like to thank Mrs 
A. Wachter—Freudenberg, Mr K. Gesenhues, and Mr M. Wengenroth who 
fulfilled these tasks with perseverance and great patience. We further ac- 
knowledge the help of Mrs Dipl.-Ing. P. Neuser and Mr Dipl.—Ing. M. Seibel 
in proofreading. 


Finally, we would also like to express our thanks to the publisher, and in 
particular to Mrs E. Raufelder, for excellent cooperation. 


Hans Eschenauer Niels Olhoff Walter Schnell 
Siegen/ GERMANY Aalborg/ DENMARK Darmstadt /GERMANY 


April 1996 
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1 Introduction 


The classical fundamentals of modern Structural Mechanics have been 
founded by two scientists. In his work ” Discorsi”, Galileo GALILEI (1564 — 
1642) carried out the first systematic investigations into the fracture pro- 
cess of brittle solids. Besides that, he also described the influence of the 
shape of a solid (hollow solids, bones, blades of grass) on its stiffness, and 
thus successfully treated the problem of the Theory of Solids with Uni- 
form Strength. One century later, Robert HOOKE (1635 - 1703) stated the 
fundamental law of the linear theory of elasticity by claiming that strain 
(alteration of length) and stress (load) are proportional ("ut tensio sic 
vis”). On the basis of this material law for the Theory of Elasticity, 
Edme MARIOTTE (1620 — 1684), Gottfried Wilhelm von LEIBNIZ (1646 - 
1716), Jakob BERNOULLI (1654 - 1705), Leonard EULER (1707 — 1783), 
Charles Augustin COULOMB (1736 — 1806) and others treated special pro- 
blems of bending of beams. 


Until the beginning of the 19th century, the Theory of Beams had almost 
exclusively been the focus of the Theory of Elasticity and Strength. 
Claude - Louis - Marie- Henri NAVIER (1785 — 1836) developed the general 
equations of elasticity from the equilibrium of a solid element, and thus 
augmented the beam theory. Finally, he also set up a torsion theory of the 
beam. Hence, he may quite justly be seen as the actual founder of the 
Theory of Elasticity. NAVIER‘s disciple Barré de DE SAINT- VENANT 
(1797 — 1886) augmented the work of his teacher by contributing new the- 
ories on the impact of elastic solids. His contemporary, the outstanding 
scientist and engineer Gustav Robert KIRCHHOFF (1824 — 1887), derived 
with scientific strictness the plate theory named after him. The first math- 
ematical treatments of shell structures were contributed by mathematicians 
and experts in the theory of elasticity as Carl Friedrich GAUSS (1777 - 
1855), CASTIGLIANO (1847 — 1884), MOHR (1835 - 1918), Augustin Louis 
Baron CAUCHY (1789 — 1857), LAME (1795 - 1870), BOUSSINESQ (1842 - 
1929), and, as mentioned above, NAVIER, DE SAINT-VENANT and 
KIRCHHOFF. A complete bending* theory of shells was derived systemati- 
cally by Augustus Edward Hough LOVE (1863 — 1940) on the basis of a 
publication by ARON in 1847. 


During the 19th century, numerous works have been published in the field 
of Structural Mechanics which cannot be described in detail here. However, 
based on the above—said one might assume that this discipline is an old 
one, the problems of which have largely been solved. As a matter of fact, 


2 1 Introduction 





this surmise may have been true until recently. However, the continuous de- 
velopment of the sciences and the technology, especially during recent 
years, calls for an increased exactness of computations, in particular in the 
construction of complex systems and plants and in lightweight construc- 
tions, respectively. Owing to the introduction of duraluminium and other 
advanced materials like composites, ceramics, etc. into the lightweight con- 
structions, the number of publications in the field of shell and lightweight 
structures has witnessed a substantial increase. In [C.6] it is shown that the 
amount of publications has doubled per each decade since 1900. Proceeding 
from about 100 papers in the year 1950, one counted about 1000 publications 
in 1982, ie. three per day. Thus, the references to this book can only com- 
prise a very limited selection of textbooks and publications. 


The still continuing importance of Structural Mechanics also stems from 
the fact that the relevance of structures that are optimal with respect to 
bearing capacity, reliability, accuracy, costs, etc., is becoming much more 
apparent than in former times. Especially in the field of structural optimi- 
zation, considerable progress has been achieved during recent years and 
this has prompted increased research efforts in underlying branches of solid 
mechanics like fracture and damage mechanics, viscoelasticity theory, pla- 
stomechanics, mechanics of advanced materials, contact mechanics, and sta- 
bility theory. Here, the application of computers and of increasingly refined 
algorithms allows treatment of more and more complex systems. In this 
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Fig. 1.1: Integration of mathematical structural optimization procedures 
(MSOP ) into the design process 
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context, one should mention the large amount of novel finite computation 
procedures (eg. Finite Element Methods [A.1, C.25]) as well as the Algo- 
rithms of Mathematical Programming applied in structural mechanics. One 
can thus justly claim that all of the above-named more novel fields and 
their solution approaches are all based on the fundamentals of elasticity 
without which the currently occurring problems cannot be solved and evalu- 
ated. The field of Structural Optimization increasingly moves away from 
the stage of a mere trial-and-error procedure to enter into the very des- 
ign process using mathematical algorithms (Fig. 11). This development 
roots back to the 17th century, and is closely connected with the name 
Gottfried Wilhelm LEIBNIZ (1646 — 1716) as one of the last universal scho- 
lars of modern times. His works in the fields of mathematics and natural 
sciences may be seen as the foundation of analytical working, i.e. of a cohe- 
rent thinking that is a decisive assumption of structural optimization. 
LEIBNIZ provided the basis of the differential calculus, and he also inven- 
ted the first mechanical computer. Without his achievements, modern opti- 
mization calculations would yet not have been possible on a large scale. 


Here, one must also name onc of the greatest scientists Leonard EULER 
(1707 - 1783) who extended the determination of extremal values of given 
functions to practical examples. The search for the extremal value of a 
function soon led to the development of the variational calculus where 
entire functions can become extremal. Hence, Jakob BERNOULLI (1655 - 
1705) determined the curve of the shortest falling time (Brachistochrone), 
and Issac NEWTON (1643 — 1727) found the solid body of revolution with 
the smallest resistance. Jean Louis LAGRANGE (1736 — 1813) and Sir Wil- 
liam Rowan HAMILTON (1805 - 1865) set up the principle of the smallest 
action and formulated an integral principle, and thus contributed to the 
perfection of the variational calculus that still is the basis of several types 
of optimization problems. Many publications on engineering applications 
over the previous decades utilize the variational principle. LAGRANGF, 
CLAUSEN and DE SAINT-VENANT had already treated the optimal shape 
of one-dimensional beam structures subjected to different load conditions. 
Typical examples here are the buckling of a column, as well as the canti- 
lever beam for which optimal cross-sections could be found using the vari- 
ational principle. This requires the derivation of optimality criteria as ne- 
cessary conditions; these are EULER ‘s equations in the case of unconstrai- 
ned problems. If constraints are considered, as, eg., in solution of an iso- 
perimetrical problem, LAGRANGE ’s multiplier method is used. 


A Fundamentals of elasticity 


A.l Definitions — Formulas — Concepts 


2 Tensor algebra and analysis 
2.1 Terminology — definitions 


The use of the index notation is advantageous because it normally makes it 
possible to write in a very compact form mathematical formulas or systems 
of equations for physical or geometric quantities, which would otherwise 
contain a large number of terms. 

Coordinate transformations constitute the basis for the general concept of 
tensors which applies to arbitrary coordinate systems. The reason for the 
use of tensors lies in the remarkable fact that the validity of a tensor equa- 
tion is independent of the particular choice of coordinate system. In the fol- 
lowing we confine our considerations to quantities of the three —dimen- 
sional EUCLIDEAN space. We introduce the following definitions : 

A scalar characterized by one component (eg. temperature, volume) is 
called a tensor of zeroth order. 

A vector characterized by three components (eg. force, velocity ) is called a 
tensor of first order. 

The dyadic product of two vectors, called a dyad (eg. strain, stress ), is a 
tensor of second order characterized by nine components. 

Tensors of higher order appear as well. 


Notation of tensors of first order: 

1 
2 
3 


a) Symbolic in matrix notation: a= 


op » 


b) Analytical : a=a,e, + ae, + ae, 
a 
or a= ae, + ae, + ae, _ > ae, 
with e,, e,, €, as base vectors in a Cartesian coordinate system. The sub- 


scripts are indices, and not exponents. In index notation the expression a! 
(or a;) (i = 1,2, 3) denotes the total vector (see Fig. 2.1). 


Notation of tensors of second order: 


ty tig = tis 
a) Symbolic in matrix notation: T=} to: to. to |. 
tz, tz2 tag 
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Fig. 2.1: Definition of the base vectors 


b) Analytical: T=t,, ee + tis ee cer tss ee’ 
or T= >.>. ee! ‘ 
1 oj 


where e'e! is the dyadic product of the base vectors. In index notation the 
expression t;; denotes the total tensor. 


2.2 Index rules and summation convention 
(1) Index rule 


If a letter index appears one and only one time in each term of 
an expression, the expression is valid for each of the actual va- 
lues, the letter index can take. Such an index is called a free 
indez. 












(ii) EINSTEIN ‘s summation convention 











Whenever a letter index appears twice within the same term, as 
subscript and/or as superscript, a summation is implied over 
the range of this index, i.e, from 1 to 3 in the three —dimen- 
sional space ( Latin indices used), and from 1 to 2 in the two- 
dimensional space ( Greek indices used ). Such an index is called 
dummy. 


(iti) Mazimum rule 


| Any letter index may never be applied more than twice in oe 
term. 


Examples of (i): 








ai 4+ 2b =0, 
a+2b=0 <=> a? + 2b? =0, 
a +2b°=0. 


2.2 Index rules and convention 7 


_ _ oT 
ty = Ts ~ ox,’ 
t,=T., <=> 
6 6 oT 
t, = T,, == 
2 #2 X92 


Note: Comma implies partial differentiation with respect to the coordi- 
nate(s) of succeeding indices. The rules (i) — (iit) apply for these in- 
dices as well. 


Examples of (i): 
i 1 2 3 . Fi 
a=a e=aetae,tae,, three - dimensional space , 
a =a, e = a, e + ae ‘ two — dimensional space (surface) , 


bios. 13 a7.2 3.3 
tjee =t,ee +t, ,ee +... +t,e€ , 


T 


i oh gd 3 38 
{=f=t+t+t,, 








_¢.ai_ of 4) of 2 of 3 
df = f£; dx = sal dx + aa dx” + — dx. 


Attention: As it is of no importance which notation a doubly appearing 
index possesses, this so-called dummy index can be arbitrarily renamed: 


eR eS a Oe ee 
a=ae=ae=-ae=.... 


Exception: No summation over paranthesized indices, i.e. 


ax =a, gid) —> a¥=a, fe? etc. 
Examples of (ii): 
Following expressions are meaningless : 

c, t =0-., bs cos &, = 15 


The following expressions are also meaningless, as the free indices have to 
be the same in each term: 


t, +b, =0 ‘i: Aa = Bas 
2.3 Tensor of first order (vector) 
Base vectors (Fig. 2.2) 
e, = orthogonal base with the unit vectors e,, e,, e, 


g, = base in arbitrary coordinates with the base vectors B1> So: B3- 


Measure or metric components 


8° 8 = 8ij = i = Bi - (21a) 
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Fig. 2.2: Orthonormalized and 
arbitrary base 





Metric tensor 


By 82 Bi 
(g;) =| ° 822 823 | —~+ Due to (21a) the metric (2.16) 
. tensor is symmetrical. 
833 
Determinant of the metric tensor det (g) = lg| 7 |g; i ‘ (2.1c) 


Scalar product x - y of the vectors x = x g, and y = y? g; (Fig. 2.2) 
x-y=g,xy’. (22a) 
Length of a vector x 
d=|x| = 7g,,x'x (2.2b) 
Angle y between vectors x and y 


cong =P = (22) 
Sees dean x 


Covariant and contravariant base 
An arbitrary base g;(i = 1,2,3) is given in the three~- dimensional 
EUCLIDEAN space. We are searching a second base g! so that the following 
relation exists between the base vectors: 
J_ Jj 
ge = 46, (23a) 

where KRONECKER's delta is defined by 

1 for i=j, 

0 for i#j. 


= 


(2.3) 


2.3 Tensor of first order 9 





If the base g; is known, the base g! can be determined by means of the nine 
equations (23a). The base g; is called the covariant base and g’ the contra- 
variant base. 


Covariant metric components 
Gj — Gi B — Si- (24a) 


Contravariant metric components 


g’=e'-g=8". (24b) 
Rule of exchanging indices 

g =e'g. (2.50) 

& = &ij g , (2.5) 

&, = gi Ex - (2.5c) 


Other determination of the contravariant base vectors 


1 &2 * B3 2 83 * & 3 & X B2 
x ie a a I. has 
: [8182 Bs | . [818283 | . [81 828s | (28) 


where [818283] is the scalar triple product of the three covariant base 
vectors g), B2, B3- 


Transformation behaviour 

A fundamental (defining) property of a tensor is its behaviour in connec- 
tion with a coordinate transformation. In order to investigate this transfor- 
mation behaviour, the following task shall be considered: 

An initial base g; or gi (i =1,2,3) is given together with a "new” base g,, 
or gi’ (i! = 1,2,3) generated by an arbitrary linear transformation with 
prescribed transformation coefficients Bi... Additionally, a vector be given in 
the initial base by its components v! or v;. Its components v,- or v' shall 
now be determined in the "new” base. 


Rules of transformation 
Transformations of bases 


gy = Bi. gj > g = B; g ze (27a) 


df : or 
& =A. 8 > & =Be - (2.7%) 
The following relations are valid 


BBs = 6. , pt Bae. (28) 


i’ 


10 2 Tensor algebra and analysis 





Transformations of tensors of first order 
Ye = By. Vig vi = B} ves (29a) 
— pi j_ pi, 
Vy, =B vy » Vo =Byv . (2.9b) 


Physical components of tensors of first order (vector) 


a = al V &ii) or a¥ =a, ve) ‘ (2.10) 
2.4 Tensors of second and higher order 


Definitions: 
Two vectors x and y are given in the EUCLIDEAN space. With that we are 
forming the new product 


T=xy. (2.11) 


The notation without dot or cross shall indicate that it is neither a scalar 
product nor a vector product. 

Depending on whether the covariant base vectors g, or the contravariant 
base vectors g’ are applied here, one obtains four kinds of descriptions for a 
tensor of order two: 


ij i j fv cj 
T-t 88 — tj; sis = t €g,— tess . (212) 


According to the position of the indices one denotes 


ti as covariant components , 

tu as contravariant components , 

t; as mixed contravariant-covariant components , 

t2 as mixed covariant-contravariant components of the tensor T . 


Formal generalization of tensors 


Pus tensor of zeroth order (scalar ) 3° = 1base element, 
7 = &; tensor of first order ( vector ) 3' = 3 base elements, 
pe — 4 8; tensor of second order (dyad ) 3” = Qbase elements, 
To = 8,88, tensor of third order 3° = 27 base elements, 
7 — iM §; & 8, & tensor of fourth order 3* = 81 base elements. 


2.4 Tensors of second and higher order n 





Transformation rules 
For a transformation of a vector base g; into a new vector base g,, equa- 
tions (2.7a) and (2.7b) are used: 


g = B Br and g, = Bi, &} - 


The tensor T can be given either in the old base g; or in the new base g;, 


k'l’ ij 
T=t ge = t’gig,- (213) 
The transformation formulas read as follows 
YaBB or ft = pia, (2.14) 
From T= te 8) = typ ge : (2.15) 
4 VL 1 
follows t=, By tyy oF ty = Be By by (2.16) 


In a similar way one obtains the transformation formulas of the mixed 
components of the tensor T. 


Note: It is worth mentioning that tensors are actually defined by the rules 
by which their components transform due to coordinate transforma- 
tions. Thus, any quantity T with 3? = 9 components is then and only 
then a second order tensor if its components transform according to 
(2.14) or (216) in connection with an arbitrary coordinate transfor- 
mation. 


Physical components of a tensor of second order 
The physical components for orthogonal coordinate systems can be deter- 
mined as follows (for non - orthogonal coordinate systems see [ A.8]): 


wow ie vew> 
=e eS, 
it) =e) fg V8 (5) » 
= ty fe® fe. 
Symmetrical and antisymmetrical tensors of second order 


Any tensor of second order can always be presented as a sum of a symme- 
trical and an antisymmetrical ( or skew — symmetrical ) tensor : 


(2.17) 


a Di, Du (2.180) 
with ot =Z (4 ey, (2.18b) 
(a)ij 1 


paced tity (2.18c) 
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Permutation tensor or e—tensor 
As permutation tensor a tensor of third order is defined 


fie = VES» ON = FL el (2.19) 


fe 
with the permutation symbol 


+1 for {i,j,k} cyclic ; 

{ -1 » {i,j,k} anticyclic , (2.20a) 
0 » {i,j,k} acyclic 

Permutation symbol in two dimensions 


yak. 4 tye tl, 


(2.206) 
e,=-l , ee, =0. 
Vector product as application of the e- tensor 
xX y = 4x" y'g”. (2.21) 


Evgenvalues and eigenvectors of a symmetrical tensor 

~ Principal axis transformation 

Lemma: | For any symmetrical, real valued, three—column matrix T there 
always exist three mutually orthogonal principal directions 
(eigenvectors) a and three corresponding real eigenvalues > 
(which not necessarily have to be different from each other). 
These eigenvectors and eigenvalues are governed by the follow- 
ing algebraic eigenvalue problem, where I is the unit tensor: 


(T-Atja=0 o (t}-Aé})a, =0. (2.220) 


Determination of the eigenvalues: 


1 1 1 
2a. & fy 
det(th-A6i) =| t? t2-rA #2 | =o. (2.22) 
tt eS Sa 
Characteristic equation of (2.22b) : 
3 2 
3-107 +LA-1, =0. (2.22c) 


The roots A = dy, Ay and Ayy of this cubic equation are invariant with 
respect to transformations of coordinates. Substituting sequentially these 
eigenvalues into (2.22a) and solving for a, we obtain ay, ay and aqy- 
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The quantities 1, I,, I; in (2.28c) are invariants defined by | A.8]: 


L=¢. (2.28a) 
1 : . . . 

Lh =a (tH - tt), (2.23b) 

I, = det (t}) . (2.23c) 


2.5 Curvilinear coordinates 


Base vectors — metric tensor 

In the three — dimensional space a vector r can be presented in Cartesian 
coordinates x' and in curvilinear coordinates indicated by é'(i = 1,2,3) 
( Figs. 2.3 and 2.4). 


e e 









83 





e! 


£1 
Fig. 2.3: Position vector in Fig. 2.4: Curvilinear coordinates 
orthonormalized base and base vectors 


Position vector r of a point P 


r=r(x) | r=r(é'). (2.24) 


Base vectors 


or or _ 
Sa | ry (225) 
Relation between base g,(€ ) and orthonormalized base e, 
3 x’ 
= . 2.26 
Bx oes (2.26) 
Length of a line element 
ds’? = dr - dr ——+ First fundamental form of a surface. (2270) 


Indicating the derivative with respect to the curve parameter t by a dot, the 
length of the curve between t, and t, is given by : 


ty 
s = J va 2at ; (22%) 
to 
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Volume element 


dv = fg dé’ de’ de’. (2.28) 
Partial base derivatives - CHRISTOFFEL symbols 

Br = 8; > (2.29) 

ge, =-Tie- (2.29) 
CHRISTOFFEL symbols of the first kind 

Lay = 5 (Sit + Sia,5 ~ Sia) (2.30) 
CHRISTOFFEL symbols of the second kind 

Fy =e Ties (2.31) 





Rule: | The CHRISTOFFEL symbols can be expressed alone by the 
metric tensor and its derivatives. 








Note: The CHRISTOFFEL symbols do not have tensor character. 
For the CHRISTOFFEL symbols of the first kind (2.80) the following rela- 


tions hold: 
1) 7, gk = 
3 
2) Phe + Tes = rk 


interchangeability (2.32a) 
of the first two indices , 
interchangeability (2.32b) 


of the last two indices . 


For the CHRISTOFFEL symbols of the second kind, the following relations 
are derived from (2.81) using (2.30): 


1) F = rr interchangeability of subscripts (symmetry), (2.32c) 
2) rioigh osx _ o(Inyg ) (232d) 
eh ary) Eee as 


Covariant derivatives 
Tensor of first order 


a, =ag 


with al, 


ach ik 
=a j,tTya 3 


(2.38) 


(2.340) 


By anology al, =a .-I.a. (2.346) 


aly 1,) 
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Tensor of second order 


ash = a rr. ani — re ain? (2.35) 

a‘, = ae + Fe. a™ + ria ; (2.35b) 
Gradient of a scalar funktion 

v = grad = VS = 4p). (2.360) 
Gradient of a vector v 

Gradv = Vv =v'heg; . (2.366 ) 
Divergence of a vector v 

divv =V- v=v|= Te Fe ag fev) (2.370) 
Divergence of a tensor T of second order 

DivT=V-T=t"l g, (237) 
Rotation of a vector v 

rotv =V x v=v'|i(g x g;). (2.38) 
LAPLACE operator 

AG =V'S = divgradS = | = +( /gg™s,),. (2.39) 

(fé k%) 

Bipotential operator 

AAG =V1G=V"(V'S) = Gf} = 

(240) 


: ag leelze(veee,),], ha 


GAUSSIAN theorem 


[fv (fe ae! ag? ag® = [fren dA. (241) 
Vv A 
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Example: Application of the previous formulas to cylindrical coordinates 
Single-valued relations between Cartesian coordinates x’ and cylindrical 
coordinates ¢' read as follows (see Fig. 2.5): 


x=fosf , x=fsing , x=. (242a) 
Position vector 
r(f) = cose, + ésinfe, + Gey. (2426) 


Covariant base vectors according to (2.25) 


cos fe, + sing’ e, ; 


8) = 
Gi =F; er &= -é'sin@e, + f' cos fe, , (243) 
B3 = &3- 


Covariant metric components according to (2.4a) 
8; — 8° 8}- 
For example: g,. = & * &) = (fy sir? +(e Jos’? =(¢). 


Covariant metric tensor 


1 0 0 
(g;)=|0 (@) oO}. (244) 
0 0 1 


According to (2.5c), because of 9g; =g,-8 =0 fori#j 


— Orthogonal base 
Contravariant components from (2.5c) 


eit) ait) _ 1 


Sit) 


gy} 


Fig. 2.5: Presentation of a position vector 
in cylindxical coordinates 
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Contravariant metric tensor 


1 0 0 
(e4)=|0 (€y? of. (245) 
0 0 1 


Determinant g of the covariant metric tensor 


i Oo" 26 
le|=lejl|=|o (€P of= (ey. (246) 
0 oOo 1 


CHRISTOFFEL symbols of the first kind according to (2.30) 


1 1 1 1 
For example: I),., =5(8n,2 + Bio 2 - Bea a) =5(0+ o-2¢)=-e. 


CHRISTOFFEL symbols in matrix notation 


0 0 0 
(Ty) =| 0 -¢ 0], 
0 0 0 
(247) 
o é 
( Ti) = e , 
0 0 0 
(I, i533) =0. 
CHRISTOFFEL symbols of the second kind according to (2.31) 
1 1k 1 1 
For example: Iy,=g In, =1-(-€&)+0:04+0-0=-€. 
CHRISTOFFEL symbols in matrix notation 
0 oO 0 
1 1 
( T; ) =]; 0 —§ 0 ? 
0 0 0 
“ (248 
0 (&y* 0 é 
(Tg)=|(8y* 0 of, 
0 0 0 


(13) =0. 
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LAPLACE operator according to (2.39) 


Ag= Tg (ee a . ag lVele"®, + gs, f e*@,)]); 7 
= Fe lE een + (fee 8 a)a+ (fa ®,,),) = 


=al(eea)s + (5% ,2),2 + (6 5),s| = 


lj 1 1 
=alé yt, tata t P 33 
1 1 
—> Age $y tatit (apta t Fa: (249) 


3 State of stress 
3.1 Stress vector 


The essential objective of structural analysis is the calculation of stresses 
and deformations of bodies. As shown in Fig. 3.1 we make a cut through the 
body, which is in equilibrium under external loads in the form of volume 
forces f;, surface tractions p, and concentrated forces F,. A resulting force 
AF is transmitted at every element AA of the cut. 





Fig. 3.1: Cut through a body Fig. 3.2: Resolution of the stress vector 


3.1 Stress vector 19 


According to NEWTON's principle of "actio = reactio”, reaction of the 
resulting force AF is found on the same plane of the opposite part of the 
body, in the form of an opposite directed force of the same magnitude. We 
assume that the relation AF/AA in the limit of AA —> 0 tends to a finite 
value, and we call this limiting value 


stress vector t= lim AF = =. (31) 


Here it is assumed that only forces (and no moments ) are transmitted at 
any point of the cut. 

The stress vector t can be resolved into a part perpendicular to the surface 
of the cut, the so-called normal stress of the value o, and into a part tan- 
gential to the surface, the shear stress of the value 7 ( Fig. 3.2). 





Sign convention:| Stresses on cut planes with outward normals pointing 
in the positive (respective negative ) coordinate direc- 
tions, are taken positive in the positive (respective 
negative ) coordinate directions (Fig. 3.3). 





Stress vectors on the positive cut planes of the cubic element in Cartesian 
coordinates : 


: O7nx y Tyx - 2x 
t =| 17, » =| e,] , =| 4, |- (32) 
Tx Tye on 


In this context, o,, (i = x,y,z) are normal stresses and 7 (i,j = x,y,z) 
are shear stresses. 


y "positive" Ee 





cut planes J. le 
stresses stresses 


Fig. 3.3: Sign convention for the stresses 
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3.2 Stress tensor 


The stress vectors can be assembled in matrix notation as the so-called 
stress tensor S. In Cartesian coordinates it reads 


T es +m xx Tyx 2x 
S=[@ivlt}=| 71, bo in, |- (3.3) 
Ty i yz i az 


The superscript T indicates transpose of a matrix. 


The important CAUCHY’s formula in arbitrary coordinates is written 
t=Sn (34a) 


or t=7" n; . (34b) 

In words: This formula gives the stress vector t at a given surface or cut 
plane in terms of the stress tensor S and the unit outward nor- 
mal vector nm for the surface or cut. 


The stress vector t acts on the infinitesimal area dA of the inclined cut 
plane characterized by the unit outward normal vector n ( Fig. 3.4): 


n, cos @ t, 
n=|,/=|cos6| , t=| ty]. (3.5a,b) 
n, cos 7 t, 


The remaining infinitesimal surfaces of the tetrahedron result from the pro- 


jection of dA which can be written as follows in index notation with x = x’, 


y=x7,2=x°: 


dA, = dAcosa = dAn, 
dA, = dAcos§ = dAn, dA, = dAn,. (36) 
dA, = dAcos 7 = dAn, 





Fig. 3.4: Stress vector t at a tetrahedron in 
Cartesian coordinates 
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Relationships between Cartesian and other coordinates will be given later. 
In Cartesian coordinates there is no difference between a covariant and a 
contravariant base, and for this reason the indices can always be lowered. 


Component notation in Cartesian coordinates 


ty ~ Oxy Ny + Tyx My + Tax My 
=7,, 0, + on + i (3.7) 
{ =7,,n, + Tye Ny +o,,n,. 


Nete: Shear stresses are pairwise equal to one another, i.e. the stress tensor 
Sis symmetric —> 
TP Pe op Prt FR Ss ORT (38) 


xy yx ax xz 


The symmetry reflects satisfaction of moment equilibrium conditions. 


3.3 Coordinate transformation — principal axes 


We consider a Cartesian coordinate system x and a rotated system x’ (see 
Fig. 3.5 ). 


Stresses in a rotated system according to (2.14) 
rd ae 6B p* oh 
Symbolic notation 


S'=B-S-B’. (3.9) 





Fig. 3.5: Stresses in a rotated coordinate system 
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Arrangement of transformation coefficients in a rotation matrix B 
BB, Bs 
B=|—f 6B fy |. (3.10) 
By By Bs 


Principal stresses, principal azes 


Principal stresses (see (2.22) and (2.23) ) 
i dy ie 
(1;-06)n¥=0. (8.11) 


Characteristic equation 
3 2 
o -lo+Io-1,=0 (3.12) 


with the invariants for any direction and for the principal stresses 0; 


(i =I,11, I): 


I, = 0, + Oy, + 9,, = 0; + Oy + Oy; sum of normal stresses , (3.13a) 














0 T T. 
=) RR xy yy ys Zz zx =o 

I= | “3 | + + = Oy + Oy Oy + Oy > 

xy yy Ty2 o, Ts xX 
(3.13) 

xx T xy Tyg 

I, =| 7, y Py Tye | = On OM: ($.13c) 
T x2 yz Onn 


Note: It can be shown that the three roots of (3.12) comprise the maximum 
and the minimum normal stress appearing on all possible cut planes 
through a given point. That is where the name principal stresses is 
coming from. For the symmetrical stress tensor the principal stresses 
are always real. The directions of principal stresses of different mag- 
nitudes are always unique and mutually orthogonal. 


State of plane stress in Cartesian coordinates 
Definition: Ong = Tz = Typ =O. (814) 


2% x 


Stress tensor 


S= | Cxx "xy |: (315) 


T, 
xy yy 





3.3 Coordinate transformation — principal axes 





23 

, 
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Fig. 3.6: Coordinate transformation 
Transformation coefficients according to Fig. 3.6 
Bi = cosa , B, = cos( -a)=sina, 
(3.16) 

B, = cos ( F- +a)=-sina , B, = cosa. 


Formulas of transformation for any rotation a of the coordinate system 


1 1 # 
Onrye = 75 (o,, ae FZ (xx ~ Oy, )cos2a + 7,,sin2a, 
0 aie +o js fe ~o,.)cos2a -7, sin2a (8.17) 
y'y’ 2 \~ xx yy 2 So xx yy xy : 
Txt! = 5 (5,, - 9,, )sin2a + Txy COS 20. 


Principal stresses 


7 1 CeO NE ng 
e } =F (Op + Oy) yf (Le) 4? (3.18) 


The directions of the principal stresses follow from the extremal condition 
to be 


tan2a* = ate (319) 
xx Syy 
and from this the principal directions 2a* and 2a* + 7 or a* and a* + > 
The principal directions are orthogonal to each other. 
Maximum shear stress 
Tmax = (ZnS Sg 2, ea 7 (3.20) 


. ° Tv 
Direction a*t* = at + T° 
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Fig. 3.7: MOHR's stress circle 


MOHR's circle 
The formulas for transformation of the plane state of stress lead to the 


MOHR's circle (¢,,,, =o , ign T) 


o,, +a, \2 
(0 - =" ) +P =(c-o)+r=r (3.21) 
with the distance of the centre M on the o-axis 


1 
9, = 31 0,5 +0,,) (322a) 


and the radius of the circle 


Cee Oe ks 
ee (+) We (322b) 
3.4 Stress deviator 
ona ee i 
Definition : T= 7 — Oy 4; (3.23) 
with the mean normal stress On 
i _ 1 - ly 3.24 
Oy = F(x + yy + Oy) = FO, + Oy + Oy) = Zh. (3.24) 


Physical interpretation: 
The stress deviator '7; expresses the deviation of the state of stress from the 
mean normal stress. 


Since 'I, = 0, the principal values of the stress deviator follow in analogy to 
(3.12) from 


'o +'L'o - ‘I, =0 (3.25) 

. ’ 2 
with I,=1,-30,,, 
\ ca 


' 3 
I, = 1, - Loy + 20% - 
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3.5 Equilibrium conditions 


The conditions of force equilibrium are stated with regard to the unde- 
formed configuration of the body in this section [ A.ll, A.15, A.16, A.17]. 





Fig. 3.8: Equilibrium for an infinitesimal volume element in Cartesian 
coordinates 


1) Cartesian coordinates (Fig. 3.8) 





Oo,, OT yx OTL» ee: 2. 
ox ay ey ae ce 
OT. og. OT. 
—*Y 4 yy 4 "ay _ 
soe Sy +o Ph So, (2270) 
oT. OT, O°, 
xz z Zz = 
ag To +f,=0. 


f, (i = x,y,z) are the components of the vector of volume forces. 


Abbreviated notation 


ri +f=o. (327) 
2) Curvilinear coordinates 
rl, f= 9 (3.28a) 
or DivS + f=0. (3.28b) 
3) Cylindrical coordinates ce =r, e ZY, é = z) (Fig. 2.5) 
oo 1 OT. oT, 
Bef er + = 
or r oy ts. a 7 +(e, — yy) + o, 
OT. 100 oT, 2 
— er 4 5 Dye 4 Slap yo = 
or r oy + OZ a Pe (3292) 
OT OT, O0. 





rz 1 Z 1 
ar tr og tn trim t hao. 
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Fig. 3.9: Spherical coordinates 
(21, 20,6 2) 





Two-dimensional case: Polar coordinates r, y 


oo,, 1 OT, 1 














bgt. od za = 
or + r oy + (on Cog) +f 0, 
(8.29b) 
OT 1 0¢, 2 
Sor , 1S" pe 2 ss 
or r oy +> Tor + fy 0 
4) Spherical coordinates r, ¥, y (Fig. 3.9) 
00, 1 OT, 1 OTr, 1 
dr tr oo + Tsind oy + + Tre cotd + 
1 — 
+ (205 = yp =05,) FE = 05 
OTs | 1 9% 1%,» | 3 
or Tr Oo i. rsind oy = r /yo + (3.30) 
1 
+ = cot¥ (O55 - oy,) + fp = 0, 
oT. 1 OT, 1 og 3 2 
Sn 4+ ‘gt _ + 99 a a a 
or r 00 + rand oy Pig ath a Tp ecotVt+f, =0. 


4 State of strain 
4.1 Kinematics of a deformable body 
Description of the deformation of a body with LAGRANGE'’s notation: 


The displacement of a material point of a body B is observed as a 
function of the initial state. 


We distinguish between the initial state t = ty (without ~) and the defor- 
med state of the body t = t ( with ~). 
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Fig. 4.1: Kinematics of a deformable body 


Position vector # of the material point P of the deformed body B (Fig. 4.1) 


F(é') =r(é) + v(é) (4.1) 


with the position vector r(é') and the displacement vector v(é') of the 
same material point P of the undeformed body B. 


Differential increase dv of the displacement vector v 
dv = dr - dr = Vadr, (42) 
where V is the tensor of the displacement derivatives. 


According to (2.25) the base vectors g. and ; result from the total differen- 
tial of the respective position vectors 





dr a a dé — ri dé’ = g de" é (4.8a) 
dpe see = Fd = g, de. (4.3b) 


These infinitesimal changes of the position vectors lead to the points Q and 
Q adjacent to P and P (see Fig. 4.1 ). 


In accordance with the rules for the transformation behaviour of tensors 
(Sections 2.3, 2.4) the base vectors of the deformed body can be expressed 
by those of the undeformed body and vice versa: 


gi = pig,, (44a) 


g; = 43&;- (4.4b) 
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The displacement vector can be written as follows 
v=vg,=0'8,=F-r. (4.5a) 
Differentiation of (4.5a) with (2.83) leads to 


‘a v8; =v); 6 = Fi - 51-6 - &i- (4.56) 
Since the base of the undeformed body or the base of the deformed body 
can be used alternately in order to illustrate the displacement vector v, we 
have two different covariant derivatives of the displacement components as 
a result (according to (4.5b)). Here, one line stands for the covariant deri- 
vative applied to the base of the undeformed body, a double line stands for 
the covariant derivative related to the base of the deformed body. With the 
KRONECKER symbol we obtain the relation between the base vectors of 
the deformed body and the undeformed body [ A.7]: 


& =(6+v'l)g, (4.6a) 

g, = (6) - v[,)g;- (4.6b) 
The elements of the transformation tensor then read 

Bp) = & + vf, : (4.72) 

Bi=6-F|j,. (4.70) 
Corresponding transformation relations are valid for the line elements dr 


and dF in analogy with the base vectors. If we define a mixed tensor of or- 
der two according to (2.12) 


F=(6+vj)gj6 =1+V, (48a) 

F = (6 -9']|,)g,@ =1-¥, (48b) 
for the line elements this results in 

dr = Fdr, (4.9a) 

dr= Fd. (4.9b) 


By means of (4.2) and due to (4.5a) we obtain the following total differen- 
tial of the displacement vector dv: 


dv=drF-dr=(F-I)dr = Wdr. (4.10) 


According to (4.2), V is called the tensor of the displacement derivatives 
or the deformation gradient. 
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Due to (4.10a), the total differential dv can be written in other notation by 
means of (2.36b) 


dv = Gradv- dr. (4.10b) 


In Cartesian coordinates the relation (4.10b) for a time independent dis- 
placement vector 
u(x,y,2) 
v(x,y,z) =] v(x,y,2) 
w(x,y,2) 


reads as follows in matrix notation 


au du au 
du ox 3 oz dx 
- _| 2% 2v dv 
dvn|. dv] =) 5S Sy os dy |. (4.10c) 
dwi | aw aw ow | ld 
ox ody oz 


4.2 Strain tensor 


The state of strain of an elastic body is obtained by subtraction of the 
squared line elements of a deformed and an undeformed body. Thus, we ob- 
tain a measure of how the distances of single points have changed due to a 


load [A.7,A.8]. 
We write 
df - df - dr - dr = dé” - ds’ = (€, - 8 - g, - g,) de’ de? = 


= (&; - gj) aed! = 2-4, de" de’, (4.110) 


where 4; are the components of the strain tensor. 
Accordingly, they can be determined as follows 


Lea. 
Expressing the metric components of the deformed body by those of the 
undeformed body, we obtain the GREEN-LAGRANGE’s components of 
strain [A6 |: 
1 k 
Ny = 5 (vil + Viki tv | v4) (4.12a) 


Linearized components of strain by neglecting the quadratic terms in 
(4.120): 


(4.125) 
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4.3 Strain-displacement relations 


— Cartesian coordinates 


From the tensor of the displacement derivatives V follows as the symmetric 
part the linear strain tensor. According to the rules (2.18), it becomes in 


Cartesian coordinates: 
1 T 
Vv, = aD ( V + V ) = 


where due to (4.12b) 


_ ou 

fxx ~ 9x? 
_ ov 

[yy ~ Oy? Van 
_ ow 

Ss Oz? 


xx 


1 1 
2 Vay 2 Vw 
a on (4.13) 
eos 


' (4.14) 


7 (i,j = x,y,z) are the so-called technical shears, and ¢;; (i = x,y,z) are 


the normal strains. 


Special cases: 


— Cylindrical coordinates (Fig. 25) (r,u; y,v; z,w) 





_ ou 
“x > Or? 
2 kewl 
ee roy. r’ 
_ aw 
“a Oz? 


Ves = 


(4.15) 





- Spherical coordinates (Fig. 3.9) (r,u; 3,v; ¢,w) 








_ ou 
Sr = Or? 
oi foe 
ve ~ rsind\ dy 
l ov u 
‘oe = Toe tr 
1 ou ° 
Vey =Tsind op * } 
_ 1 ou ov _ 
te =F oe tor 
—_ 1 ov 
Yoo rans (oe + 


+ usin’ + v.cos #) : 


(4.16) 
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4.4 Transformation of principal axis 
The principal strains are determined in analogy to the principal stresses. 


Characteristic equation according to (2.22c): 
YP =L M+ LA], =O. (4.17) 


The first invariant corresponds to the so-called volume dilatation e: 


I, =e=divv=v]=7. (4.1%) 
4.5 Compatibility conditions 


The linear strain-displacement relations (4.12)) form a system of six 
coupled, partial differential equations for the three components v, of the 
displacements for given values of the strain tensor. Thus, the system is 
kinematically redundant. In order that there will exist a displacement 
vector v, subject to given values of the six mutually independent compo- 
nents of the strain tensor, it is necessary that the three components of the 
displacement vector satisfy the following compatibility conditions (DE 
SAINT VENANT ): 


Yale + ali . tales 7 esl = aha gre =O (4.18) 


Mechanical interpretation: 
The interior coherence of the body has to be preserved after the defor- 
mation, ie. material gaps or overlaps must not occur. 


For a two-dimensional state of stress or strain the compatibility condition 
in Cartesian coordinates reads as follows: 





ve ve ay 
xx 4 yy tay = g | (4.19) 


oy? ox? oxdy 








5 Constitutive laws of linearly elastic bodies 
5.1. Basic concepts 


In the following we are going to deal with bodies for which there exist re- 
versibly unique relations between the components of the strain tensor and 
the stress tensor, and we furthermore assume that these relations are time 
independent. The behaviour of the bodies is denoted as elastic, i.e. there are 
no permanent strains ¢,, after removing the load of the body (Fig. 5.1). The 
bodies considered shall furthermore, as it is usual in the classical elasticity 
theory, be made of a linearly elastic material such that their constitutive 
law expresses linear relationship between the components of the stress ten- 
sor and the strain tensor (range 0 - A — in Fig. 5.1). Such bodies are usually 
called HOOKEAN bodies. 
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Fig. 5.1: o,e - diagram of a real 
material with a linear - 
elastic range 


t elastic : 
on = partially plastic 





= limit of proportionality 
= elastic limit 

= upper yield point 
lower yield point 
elastic — plastic state 
ultimate stress limit 
plastic strain 


AoOvawy 
ID i MD 


~m 


OE, strain €) 


For a great number of problems in practice this assumption is feasible, even 
if we have to consider non-linear strain - displacement relations (eg. geo- 
metrical non - linearities for the post — buckling of plates and shells ). 


5.2 Generalized HOOKE-DUHAMEL’s law for thermo- 


elastic, isotropic materials 


— Cartesian coordinates 


by = Ely Yet eNO = Ear fe (5H) 
ean | ~ UO + Sy) + OPO sys = am 
with 
E YOUNG's modulus , 
v POISSON's ratio , 
E 


G= BU +v) shear modulus , 


ap one — dimensional thermal expansion coefficient , 
@=T,-T, difference between final and initial temperature. 


Symbolic notation 


v, =it4s-4s14+ 0,01 (52) 





8 E E 


with s = sum of normal stresses . 
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Solving (5.1) with respect to stresses yields 
a3, =~ 2 (en + coe) - sy or? > Tey = G4,» 
Oy = (yy + are) - oy or? + Txp = GVqq 1 (53) 
Cn ~ er (en a Tae) - ay 1? > Tyz = Gye - 


Symbolic notation 














s=2c|v,+745 (54) 
with e = volume dilatation . 
- Curvilinear coordinates in index notation 
According to (5.1) it follows that 
Na = : +" ~ Ty - £ G7} + ap BO = Ding + Op Bi O (55a) 
with the flexibility tensor of fourth order 
Dina = ae (Gx.8 + G18.) — By Bu - (5.56) 
Solving (5.52) with regard to stresses leads to 
P=-c*, - pio (56a) 
with the elasticity tensor of fourth order 
= (hE a gh 2 lel) (sa 
and the thermo - elastic tensor of second order 
6° = Bg’ = a g. (5c) 
Other notation of (56a): 
pao (Na - Op Ba O) (57a) 


with CHT = yg gt 4 pcg gil 4 gil pik) (5.7%) 
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and the LAME constants 


2v 
1-2v 


The relations between the different specific elasticity constants can be 
drawn from the following table: 


H=G, AFG 





Table 5.1: Elasticity properties 


The linearly elastic constitutive equations shall be augmented by another 
system of equations which allows a physical interpretation, and which is 
applied in elastoplastic structures. Therefore, we split both the strain and 
the stress tensor in a spherical-symmetrical and a deviatoric part accord- 
ing to the following relations: 


1 
H=Fea t+ Hs 
(58) 


ayes te. 


In (58) the known expressions for the sum of strains e = " or the sum of 
stresses s = 7, occur which are the first invariants of the strain tensor or 
the stress tensor according to (4.17). Substituting (58) in the generalized 
HOOKE's law leads to the following two equations 


m#k — Eset (59a) 
m=k — € = poy + 30g (5.9b) 
with 
Mose compression modulus , 
3(1-2v) 
Cy = 8/3 mean value of the normal stresses , 


3a volumetric thermal expansion coefficient . 
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With (59a) a change of the shape without a change of volume 'gk = 0 is 
described physically according to (5.8), whereas (5.9b) describes a change of 
volume without a change in shape ('y~f = 0 —> yj" = 1/3e6,"). Both re- 
lations (5.9) give the proportionality between strains and stresses for lin- 
early elastic materials. It has to be emphasized once again that an isotropic, 
linearly elastic body only possesses two mutually independent material pro- 
perties, and most often E and v are chosen. 

POISSON's ratio v can be more closely limited from (59b) neglecting all 
effects of thermal stresses 


e — 3U.-2v) 


a (510) 


Since e and oy always have the same sign, y must be smaller than 1/2. Ac- 
cording to (510), e = 0 for v = 1/2, which corresponds to an incompress- 
ible medium (constant volume). vy = 0,3 + 0,33 is valid for steel and light 
metals. 


5.3. Material law for plane states 


a) State of plane stress 
— Cartesian coordinates 


Definition: of, =7,=7, =0. (5.11) 


0 
Evy = (yx) FO Os Ne = 9, (512) 
v 0 
Eun = FE (Sq + yy) + ep © , 1%, =0. 


Stress — strain relations 





E 0 
One = Tot Lexx + Y Egy — (1 + v exp e| » My = G1,» 
0. =—i[- +ve,-(1+v)ap0] =0 (5.13) 
yy 1-p? yy ‘xx v ap ? Thy. = , > 
O.., =, Ty, = 9 


with °@(x,y) = T,(x,y)-T,. 
Symbolic notation of (5.13) 


o=Ele-e| (5.14) 
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with 
lov 0 
Oxy 
E yl 0 
c= » E= ie 
yy 1-v?|o9 9 424]’ 
xy 2 
ex. 1 
e=|¢,, » & = Ap °e| 1 
Tay 0 


— Curvilinear coordinates 


The equations (5.12) and (513) read in index notation 





6 0 
Yop = Dogs + Op Bag O (5.15a) 





6 
7 = ph ( ys ~ Wp Bop °e) (5.15b) 





with the plane elasticity and the plane flexibility tensors of fourth order 


l+yv v 
Dapys = QR (Bay 8 p65 + Bas Bey) ~ Fy Sap 8x6 ° 
aoBys _ E ay pb ab py 2v of 76 
E ery Gra 16 e+e f+" © J: 
b) State of plane strain in Cartesian coordinates 


Definitions: = €,, = 7,, = Yj, = 0- (5.16) 


Strain — stress relations 


1+y 0 1 
€ =——[(1-v)e,, - v9,,] + (1 +v)a, © » Iky = G Tay? 


XX 


1+ 0 
Evy = EO [(1- voy - v9,,) + (1 + vay © .%,=9, 


(517) 





&,=0, yz = 0. 


Stress — strain relations 
E 0 
t= Toa [((l-v)e,+ve,-(L+v)ap 6}, 
C= E (1 *e 
= TEV Ira ll Vey + Vex Cl + vay 6], 


Ev l+uvp 0 
— or 8), 


[= T+ \(1 By l Exx + Ey ~ 


Ty, = G4, > Ty, = Ty, = 0. (5.18) 
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5.4 Material law for a unidirectional layer (UD- layer) of a 
fibre reinforced composite 


The material law for a UD - layer reads as follows according to (5.15) with- 
out temperature terms 


GP =n Ee Vyt6" * (519) 


Here, indices equipped with a dash refer to the material coordinate system 
in the UD - layer. 


Plane elasticity tensor of fourth order for a UD-layer in the @’,é”° - co- 
ordinate system (see Fig. 5.2): 


pvr pre ?'2’ Brrr?’ 
(Bere ) = pe2ry p2'22"2" p22?" 


von 1'2"2"2" 1'2r1'2" 
E E E 


Ey Vary Ey, 0 
LD VyrgeVoye  L Vyrge Vary 
ost Wiis ly E,, = cis (520) 
P= Vyrge Yor 1 Vyrge Vary 
0 0 Gi 


where the material properties have the following meaning [ B.10}: 


E YOUNG's modulus in f= direction parallel to the fibres , 


1 
E,, | YOUNG's modulus in a "_ direction perpendicular to the fibres , 


POISSON's ratio perpendicular to the fibres in case of a loading pa- 
rallel to the fibres , 





fibre matrix 


Fig. 5.2: Material coordinate system for a UD —layer 
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Vy, POISSON's ratio parallel to the fibres in case of a loading perpendi- 
cular to the fibres; it holds that 


Vary = Vyrqr Ey /Ey , 
G,,,. Shear modulus parallel and perpendicular to the fibres . 


Rotation of the UD-layer by an angle a (see Fig. 5.3) is obtained by appli- 
cation of the transformation formula for a tensor of fourth order (generali- 
zation of (2.14) ): 


‘alee 
E’* =6,0,esbab (521) 


Transformation coefficients according to (3.16) in matrix notation: 


(5.22) 


(&.)= : 7 -| cos a seni 


~sina@ cosa 


Substitution of the components of the elasticity tensor by simplifying the 
notation yields: 


171/11" 11/2'2" 11'1'2" a1? © 0% 3 1°3" 
E E E E E E 

ror 19rgta! rotyrat oa ro? 13" 
BZ pyetatatatpat2ti2 ReY pee pes (523) 
BY2NV pitztara, praia" BY pt? pss" 


Components of the elasticity tensor for the rotated vector base read then as 
follows : 


’ 


n vy 4 Vi ee Le ea? cm 
E  =E cos a+E* sina+—+A sin 2a, 


2 
E” = EF” costa + BE sinta + 5 A” sin’ 2a " (5240) 
Bae 4p 4 A” sin?20, 


Fig. 5.3: Rotation of a UD - layer 
by an angle a 
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E'(-j) E'\(it)) 
[10° MPa] 


[10° MPa] 





0 20 40 60 80 off] © 20 40 60 80 af°] 


Fig. 5.4: Components of the elasticity tensors vs. the fibre — orientation a 
of a High Tensile fibre ( HT - fibre ) [ B.10] 


Material values: E,, = 143000 MPa , E,, = 5140 MPa , 
Gyrgr = 5280 MPa , Vyrge = 0.28 , Vary, = 0.01. 


p? = B= EY" 44 a’ sin’20, 
EY = Ev = 5 [- bak a sin’ a]sin2a : (524b) 
E* = E” + [ EP? a" - a? sin’ a]sin2a 


33’ 2 


wih A” — BE?" ,oR** |) a” = BYT 4B?” 


=A 


6 Energy principles 
6.1 Basic terminology and assumptions 


Our consideration of solid bodies in this section is based on the following 
assumptions | A.9, A.15, A.16, A.18]: 


a) The processes produced in a stressed body are reversible, i.e. no dissipa- 
tive effects (eg. plastic deformations ) occur. We limit ourselves to the 
scope of the classical elasticity theory. 


b) The deformation process takes an isothermal course, i.e. there is no in- 
teraction between deformation and temperature. 
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c) The load process is quasi-static, ie. the kinetic energy or the forces of 
inertia can be neglected. 


d) The state of displacement of a solid body is described according to a 
LAGRANGEAN approach. 


e) The theorem of mass conservation (dV = dV ) and the volume forces in 
the deformed and undeformed bodies (f = f) are equal. 


6.2 Energy expressions 


First, we consider the uniaxial state of stress of a rod subjected to a single 
force F. The relation between force and displacement can be assumed to be 
nonlinear as well as linear (Fig. 6.1). The external work done by the nor- 
mal force F against the displacement 6u is given by 


6W=F6u. (61) 


Here, we use the differential 6 for the changes of state, e.g. deformation dif- 
ferentials, strain differentials. For these quantities it is assumed that they 
are virtual (not existing in reality ), infinitesimally small and geometrically 
compatible. Eq. (6.1) illustrates the area of a thin strip with the width 6u 
and the height F in a force-deformation diagram (Fig. 6.1), where terms of 
higher order have been neglected. The total work of the single force results 
from an integration over the deformation differentials 


W= [Feo (62) 





a) a a b) 7 aa 


Fig. 6.1: Nonlinear and linear force — deformation curve of a rod subject to 
a single load 
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In Fig. 6.1, the area W* represents the complementary work, because W and 
W* complement one another and their sum is represented by the rectangle 
F-u=W + W*. 

By analogy to (6.1) and (62) the following holds for the complementary 
work 


6W* =i6F (63) 


or 


Wr = 


F 


a6F. (64) 


Wey 


In the case of a linear force- deformation curve F = c- ti (Fig. 6.1b) an in- 
tegration over the deformation differentials can be carried out. Thus, we ob- 
tain 


W=W=tF-u. (65) 


The external work is stored as so-called internal energy or deformation 
energy in the rod. Substituting the increase of deformation éu by éedx in 
(6.1), we can write (U is denoted by u now, because it cannot be changed 
with the final value u): 


6W =Féu= 4 Abedx =obeAdx =obedV =6U. (66) 
If we divide by the volume element dV = Adx, we obtain the expression for 
the specific deformation energy 


6U =o6e (67) 
and by analogy, for the specific complementary energy we obtain 
6U* =e6c. (68) 


The relation between the stress o and the strain € is given by a non - linear 
curve similar to the one shown in Fig. 6.la. If a linear o,e-curve exists, by 
analogy to (6.5) we obtain the following for the specific deformation energy 
and the specific complementary energy 
TT _ T+ } 
U=U =p Eg (6.9) 
The expression is now extended to a three- dimensional elastic body sub- 
jected to external forces (volume forces f, distributed surface tractions p, 
and concentrated forces F, ) (Fig. 6.2). 
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P(x y.zZ) 





Fig. 6.2: Elastic body subjected 
f(x, y.z) to external forces 


In vector notation, the external work can be written as follows 


éW = [rrevav + Jprovas + F6v (6.10) 
v 
with 
f= (ff, »f,) vector of volume forces , 
p =(p,, Py» P,) vector of surface tractions , 
u 
v =|Vv displacement vector of an elastic body , 
w 
F' = (F, - eas \F’) vector of concentrated forces 
Tv 
F = (FFF) ; 
v 
: vector of displacement vectors for points 
v = es of action of concentrated forces 
yo uw? 
n v, = v? 


Transition to isotropic, linearly elastic body 
Specific deformation energy and complementary energy 


1 Tt Lo? 


U=Ut=5e e=5e 0. (6.11) 
Introduction of HOOKE’s law 
U =5 Ce, (6.124) 


U*=50' De (6.12b) 
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with vectors for the strains and stresses in Cartesian coordinates defined by 


T T 


e = (by Oi Ves Ves Need 1 Oo 0S, yy Oes ag 2 Tad Tax) 


leads to the elasticity matrix 














l-v v v | 
v l-v yi 0 
v v Inv | 
7 E Pee Oe de Ge yg) Wet ae 
~ (14v)(1-2v) | 3 ee =C (613) 
| © an) 
0 | 2 
; 9 o 4-24 
and the flezibility matrix 
1 -v =p 
-pv 1 -v | 0 
SS ines T 
D=+ sietl —4 aire =D’. (6.136) 
2(1 +¥v) 0 0 
0 { 0 2(1 +4) 0 
| 0 0 2(1+v) 


The expressions (6.12) are bilinear forms which are positive definite be- 
cause U > 0 and U* > 0. 


In usual index notation 


U =U" ath, (614) 
or 

= 1 Aijkl 

U = zo Vij Na» (6.15a) 

Ut =2 De. (6.15b) 


Consideration of thermal influences 


ee i 1 ikl ‘ 
Vas (yy - orgy 0) = ge %j Na — Bp 7,9 (6.16a) 


= hy + ap §59) = 5D ins Pe + anh. (6.166) 


In (6.16), the quadratic temperature terms are neglected [ B.1]. 
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6.3. Principle of virtual displacements (Pvd) 


The virtual work §W of external forces is equal to the increase of virtual 
strain energy 6U according to (66): 








éW =6U= [Pony dV (6.17) 
oe 
With the strain energy U = internal potential II; 
U= fo dv = Tl, (6.184) 
Vv 


and the work of the external forces ( here without concentrated forces ) of a 
conservative system equals the negative of the potential IT, of the external 
forces 


W= friyav + fr’ v,dS = ~TI,, (6.18b) 
Vv s 


the total potential of the elastic body reads as follows 

T= 1, +T,. (619) 
Principle of stationarity of the virtual total potential 

6m = 6(Tl, + 1,) =0. (6.20) 
This implies an extremum value of the total potential 

Tl = Il, + I, = extremum . (6.21a) 


GREEN - DIRICHLET's principle of a minimum (valid for linearly elastic 
behaviour of material ) { A8] 


Tl = ll, + I, = minimum . (6.21b) 
6.4 Principle of virtual forces (Pvf) 


The complementary virtual work 6 W* of the external forces is equal to the 
increase of the complementary virtual energy 6 U*: 


§W* = §U* = foysPav (622) 
Vv 


Total complementary potential follows by analogy to (6.19) 
r* = T1* + 1* (623) 
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with internal complementary potential U* = [ou dV = lit (6244) 
Vv 


and external complementary potential IT* defined as the negative of the 
external complementary work W* 


we = [yfiav + [vy pias =-np, (624b) 
Vv Sy 
Principle of stationarity of the virtual total complementary potential 
oml* = 6(TI*¥ + 1*) =0. (6.25) 
This implies an extremum value of the total complementary potential 
T1* = TI* + I1* = extremum . (626a) 


The CASTIGLIANO and MENABREA principle (valid for linear - elastic 
behaviour of material ) [ A.9] 


Tr* = T1* + 01% = minimum . (6.26b) 
«7p 
First theorem by CASTIGLIANO v= oe) a) 
¥ (Pi 
Theorem by MENABREA ae =0, (628) 
Q 
where the index R refers to the reaction forces. 
; oU(v. 
Second theorem by CASTICLIANO F' = AS (62%) 
i 


Generalized variational functional by HELLINGER and REISSNER [A5, 
A.l7, A.18, A.19]: 


I, = [{B os) -fiyt 1 (uh + vi) - 13] fav 7 
(629) 


Vv 
- | pivas + [O%o - v;)p dS , 
St Sa 


where py, V;. are prescribed loads or displacements at the boundary. 


HELLINGER - REISSNER stationary principle: 
éIlp =0. (630) 
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6.5 Reciprocity theorems and ”Unit—Load” method 


In words: If two sets of loads are acting on an elastic body, the work of 
loadset 1 against the displacements due to loadset 2 is equal to 
the work of loadset 2 against the displacements due to loadset 1 


Theorem by BETTI 


If displacements at points 1 and 2 are expressed by MAXWELL's influence 
coefficients 6.., the Theorem by MAXWELL follows proving the symmetry 
of the coefficients : 


(6.81) 





In words: The displacements at a point i due to a unit load at another 
point j is equal to the displacements at j due to a unit load at 1. 
(It is assumed that the displacements of the points are measu- 
red in the directions of the applied forces. ) 


Unit-Load method 

The Unit-Load method plays an important role in elasto—mechanics. By 
means of this method, the deformations of an elastic body at a certain 
point can be calculated [ A.18, A.19 |: 


virtual static group 
(Fv, + M’y,) = Jrissev (632) 
real kinematic group 


6.6 Treatment of a variational problem 
A curve y = y(x) is to be determined in such a way that an integral I 


depending on x, y = y(x), and the derivatives y' = y'(x) to y‘" 
y™) (x), 


9 
I= Ix, s9 Ay) = SFECxysy's-- ny”) ax (633) 


xy 


attains an extremum value. This implies stationarity of I 


x9 
61=6 [ F(x,y,y',...,yo” dx = 0 ; (6.34) 
x 
1 
For an integrand function F containing only derivatives up to the second 
order of the unknown function y = y(x), follows from partial integration: 
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Xo 2 
a oF d oF d oF 
dis | (OS ae ag? ba ay et 
1 


==> EULER’s equation 


x x 

oF  d oF |’ 2s |" = 

+((% ae 3y7 )6y | i ayit OY ¥ == Os 
1 1 


(635) 


=> residual ( physical ) 


boundary conditions essential (geometric ) 


boundary conditions 


6.7 Continuous approximation methods 


The following approaches belong to the group of continuous methods | A.3] 
(as opposed to discrete methods like the Finite Element Method, or the 
Boundary Element Method ). 


1) Method by RAYLEIGH - RITZ [ A.14] 


Point of reference ——> variational expression (6.93) 
*2 
ray F(x,y,y',.-.,y)dx —» Extremum. 
x 
1 


Choice of a set of linearly independent approximation functions 
N 
y*(x)= Daya(x), (6:36) 
n=0 
where the y* must at least satisfy the geometric boundary conditions. 


Demand of a minimum: 


al _ 
Sa =O» (1=0,....N) (637) 





Assuming a quadratic form of the functional, this leads to a linear system 
of equations for determination of the coefficients a, . 


2) Method by GALERKIN | A6, A116 | 

Point of reference ——> variational functional in the varied form according 
to (6.35). 

Choice of a function y*(x) in analogy to the RITZ approach (6.36). Func- 

tions y*(x) must fulfill all boundary conditions . 


Demand of a minimum: 
Fulfilling of the GALERKIN equations 


*2 
f Liy*)y*dx =0, (n=1,2,3,...,N) (638) 


x) 


with L(y*) as the differential equation for the problem (see (6.85) ). 
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This leads to a system of linear equations with respect to the coefficients 
a, if a quadratic form of the functional (= linear differential equation ) is 
assumed. In the case of functionals of higher order than quadratic, we get a 
non — linear system of equations. 


7 Problem formulations in the theory of linear 
elasticity 


7.1 Basic equations and boundary-value problems 


~ three equilibrium conditions (3.28a) , 
- siz strain — displacement relations (4.12) , 
— siz equations of the material law (5.5) or (56) , 


ie. altogether 15 equations for 15 unknown field quantities (6 stresses oo 6 
strains Ij» 3 displacements v,; ). 


Problem of elasticity theory: solution of basic equations with given bound- 
ary conditions 
—> boundary -value problems. 


We distinguish between three kinds of boundary-value problems: 


- First boundary-value problem ; 
On the total surface S of a body B, the tractions t’ are given ( Fig. 7.1a). 
The following is valid for the components of the stress vector 


tis = (7 1) - (74a) 


~ Second boundary-value problem 
The displacements of the total surface S of the body B are given (Fig. 
7.1b ). On the surface the following displacements are given: 


Vig) = (v; )g - (72a) 


— Mixed boundary-value problem 

On one part S; of the surface S of the body B, the tractions are given, and 
on the remaining part Sq of the surface the displacements are given ( Fig. 
7.1c ). The boundary conditions then read 





Fig. 7.1: Illustration of boundary-value problems 
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ts) = (nj)... (716) 
Vi(sa) = (Vi sq - (72) 
7.2 Solutions of basic equations 


LAME - NAVIER's equations — solving with regard to the displacements 


(73) 





with the LAME constants y, according to (5.7%) and the volume dilata- 
tion e according to (4.176). 

These are three coupled, partial differential equations of second order for 
the three unknown displacement components v’. 


BELTRAMI - MICHELL's equations — solving with regard to the stresses 


) 








with s as the sum of the normal stresses according to (3.13a). 


These are six coupled, partial differential equations of second order for the 
six unkown stress components 7¥. 


7.3 Special equations for three—dimensional problems 


Solved with respect to displacements [ A.5, A.10, A.11, A.12] 
Use of the LOVE function x leads to 


Ay =0. (75) 


This bipotential equation has an infinite number of solutions, eg. feasible 
solutions in cylindrical coordinates are for the axisymmetric case [ A9] 


1 R+z 
In 


RMR ,zin(z+R) (76) 





2 2 2 3 
x=r,Inr,rInr;z,z,z ;z2lnr,R 


with R=j/r Pe. 

All linear combinations of (76) with arbitrary constants are solutions of 
(75) as well. 

Displacements in the axisymmetric case 


2 
—~-_1l oy 
w= “T= 8) droz’ (77a) 


as 2 
w -20 YI Ay - 1 ox (77) 


1-2y 1-2y 9g? 
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Stresses in the axisymmetrical case 
2 

















y lo 
on =26;4 2 (ax ->=4%) ’ (78a) 
_ v o _1i1o0x 
Ope = 2G ay Se (Ax ee (1b) 
2 
-oq2-¥ 2 ox 
On = 2G ay Sy (4x-g- V oz t), Gay 
_ Py. 3 a x 
Tr “26 ae | S755 Eis (784) 
7.4 Special equations for plane problems 
a) State of plane stress 
— Solved with regard to displacements 
NAVIER's equation 
| 
a 1 itv 0,Ja 1 = 
gett ow lp 2 apap enol + Gh =o). (79) 





Coupled system of two partial differential equations for the two unknown 
displacement components v®. 
Introduction of a displacement function V 


rae (710) 


For vanishing volume forces f° the POISSON’s equation is obtained from 


(79) 





| v= ay = V9 = (1+ r)aq'9 |, (711) 





where V is called the thermo - elastic displacement potential | A.13]. 


~ Solving with regard to stresses 


| er” Digy6 el + Gp “ol =0)}. (712) 


Introduction of AIRY's stress function in (712) assuming conservative vol- 
ume forces (f* = ~V|*)[A-4, A8 | 





r™ = eve ol + Ve" (713) 
provides the bipotential equation 


#57 = -Eay ls - (1- v) VIE 


75 Comparison of plane states 51 





or | 202 = Bonde -(1-v)av |. (714) 





b) State of plane strain 
~ Solved with regard to displacements 
Analogous to (7.11) 


AV = ap O |. (715) 


i-v 


— Solved with regard to the stresses 


In analogy to (714) 


Es 0, 1-2v 
[ane = Tor *r4 8 -F=7 AV 


7.5 Comparison of state of plane stress and state of plane 
strain 








(716) 








Since many problems can be described in Cartesian coordinates, we would 
like to list the notations for both two - dimensional states in these coordi- 
nates again. 


State of plane stress | State of plane strain 


The stresses must fulfill the equilibrium conditions by analogy to (3.27a) 


00 oT 
xx xy = 
Sa ay +f, =0, 
oT oo (747) 
ky — 
ox 7 0 - fy 
The boundary conditions (7.1b, 72b) can be given in a mixed form 
(o,,, cosa + 7, Sin @ )Ig Sita 5 
: (718a) 
(o,, sina + T,, cosa 1 = ty 
or Ug=Up , Vg =Vy- (718b) 


Here, equations (718a) are valid at points on S, where external loads are 
acting with the components t,, and to Per surface unit. For points on S at 
which boundary displacements are given by the components Up and Vo, 
(718) is valid. These quantities, but also the tractions may equal zero. 
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For © = 0, the material laws (5.12) and (5.17) read 
1 _ il 2 1 
By = BE (Seg — U Oy)» Exx = BL (1 - voy - 4 +v)oyy], 


1 1 2 
Evy = (oy -vo,,), by =l(l-v Joy, ~v(1+v)o,,], (719) 


1 
Vay = GT xy? Vay = Gay? 


and the corresponding compatibility condition according to (4.19) follows to 
be 





ore ve oy 
= + 3/3 “= 0. (720) 
oy ox ox oy 


One should pay attention to the fact that 7,, is the technical shear strain 
which differs from the tensorial quantity yg by a factor of 2! 
Substituting the material law (719) into (7.20) leads to 


A(o,, + 9,,) = Ale, + ¢,,)= 
of f of of ey 
° 1 
a ae! ee = space ee Pe mee 
= (14¥)(32 +54) Sta) as Poel 


According to this, the sum of stresses as the first invariant of the stress 
state is a harmonic function. If the external load is known at the whole 
boundary, the stresses can be determined from (717), (718), and (721) 
without considering the displacement field. 
By introducing AIRY's stress function ® according to (713) 
2 2 2 
oes TY i _~9@,y 3 ee (722) 











the equilibrium conditions (7.17) are identically fulfilled with 





We BN 
ox. #2 Poy 
From (721) result 
AAG +(1-v)AV =0 Aas + 4-2" av =o. (723) 


If no volume forces are present, the biharmonic equations (7.23) take the 
same form for both states 
4 4 4 
AAG 2 Fp goo 2 4 ag (724) 
ox ox oy oy 





A.2 Exercises 


Exercise A-2-1: 


An oblique base g, (i = 1,2,3) expressed by the orthonormalized base 
vectors e; (i = 1,2,3; |e;] = 1) is given: 


8 -e,, 

B2=e, +e), 

83 =e, t+e,+e,. 
a) Determine for the vectors 


x= 2e,+2e,+2e, , y=-e,-e,+ 4e, 


the scalar product x - y , |x|, and the angle y between the vectors ( Fig. 
A-1). 


Fig. A-1: Oblique base with two 
vectors x and y 





b) State the contravariant metric tensor and the contravariant base vectors. 
c) Apply the vector a = g, + 2g, +3 to the contravariant base gi. 
d) Determine the physical components of the vector a. 
e) For the given transformation matrix between two bases 
; Lo =T =] 
B.=|1 O -1 (i' =1,2,3), 
1 0 1 


express the ” old” base g; in terms of the new base g;,, and vice versa. 
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Solution: 
a) We first determine the required quantities in the orthonormalized base: 
x= 2e,+2e,+e,=xe, ; x= 2 ; x? =2 y OX SLs, 


j 1 2 3 
VSS Sy + 4e,—y'e, ; y—--1, y=-l, y =4 


Scalar product in orthonormalized base (2.2a) (83; — 3; 
x-y= xyle-e, = xy" + xy? + xy? =2(-1)+ 2(-1) +1-4=0. 


—— 


55 


Length of vector x (2.2b) 
|x| = /x-x =x We,-6, =x x8; = 
=7(eX P+ (°° + (XY = 7/4 444 1=79 =3. 


Angle between vectors x and y (2.2c) 


x'y!s 
eee +¥y 


Te an In v3, oo Pte (KY AVP +P + (vy 


= es ie yl. 


oa 
3/8 


Transformation into the oblique base then yields : 


e, =8) 9 
©. - B2~ B> 
€3 - 83 &2- 


Vector in covariant base 


x=g,+8,=X'§; 3X £0 , x =1 ¢ x Hd, 
-j a4 | —3 
Y= Se 46, 9s GF HO OF HH ge FOS 
Covariant metric components according to (2.1a,b) 
811 812 813 
G8 = 8) ——> (8j)=] 8:2 822 823], 
813 623 833 
f= eo Sp Sey tt ty 
G2 = 8B, 82 =e (e, +e.) =1, 
83 = 8° 83=e,(e, +e, +e,)=1, 
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B20 = 82° B =(e, +e,)(e,+e,)=1+1=2, 
B23 = 8.“ Bs =(e, + e,)(e, +e, +e,)=14+1=2, 
8&3 = 83° B83 =(e, +e, + e,)(e, Fe, +e,)=1l+14+1=3. 


The metric tensor then reads 


TD 
(g,)=|1 2 2. (1) 
Dye Biecd 


Formulation of the scalar product for the covariant base yields due to (2.2a): 


ll 
oa 

a 
” 
Ke 
ll 


x-y 


3-1 =3 —2 aa F = 3 
+ 831% Y + 839% Y + 833% Y = 


1-0-04+1-0-(-5)41-:0-4+4 
41-1-042-1-(-5)4+2-1:4+4+ 


+1-1-042-1-(-5)4+3-1-4= 


-10+8-10412=0. 


Length of vector x in the covariant base 


1 -1-2 -1-3 Sia =2_2 =3 
+ By2X X + 8)3X X + By)X X + By9X X + By3% 


3 


*! 
+ 


[xP = ey%"= 
+ 8X H+ 9X RK + wyg% = 

=04+04040+4+2-1°142-1-14042-1-143-1-1=9; 

|x| = {9 = 3 — herewith, the length is proved to be an invariant . 
In oblique base the angle follows from (2.2c) 


-i-j 


8% ¥ 0 


b) The contravariant base can be calculated by two methods : 


wa 


cos p = =o —-— = 


First way: 
According to (2.5a) ee g g 


and to (2.56) Bi = 8; g. 
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The scalar product of the base vectors is determined by (2.5c) 
i ij in i2 is 
HER =F Gr tS Sot S Ke 
and further 
1 lu 12 13 
8 Ba bE beet & ss 
2 21 22 23 
3 =6 So tS Seo tS Bs, 


3 31 32 33 
X= Cer $B Keo tS Sys i 


noo12) 3 
g g g Bir S12 Big 1 0 0 
=> |g 2% 211 gir S22 823/=]0 1 0 
13 23 33 g g g. oo 1 
g g g 13 823 833 


Forming the inverse of (g;;) yields the contravariant matrix (g° ): 


-1 


wnr 


1 1 
ij -1 
(e )=(g;) =]1 2 
1 2 
From the rules of matrix inversion follows 
2 | -3 5 3 
2 3 23 2 


wrtet fa LE 





ay 
w 
I 
ee 
nvrFwor ne 


The determinant is 


1 1 1 
g=|g,|=|1 2 2)=6+2+2-2-4-3=1. 
1 2 3 
The contravariant metric tensor now becomes 
1 2 -1 0 
is a 
(e°) =(8;) =z] -1 2 -1]. (2) 
0 -il 1 
From (2.5a) follows herewith 
i ij 
&=es8, — 
1 11 12 13 
& =€ & +e 6+ 83=28,-82: (3) 


2 12 22 23 
& =e &+& Bets &3=-8, + 28,- 83, 


3 13 23 33 
6 =8 8+ &+e& &3=-82+83- 
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The contravariant base can be expressed by the orthonormalized base as 
1 
B=e&,- &Q> 
2 
& =e, &3, ( 4) 


3 _ 
& =e,. 





Fig. A-2: Vector a in co- and 
contravariant base 


g3 


Check: 
According to (23a) sg, - g= 8 
with (4) yields 
g,°8 =e,(e,-¢,)=1 
or with (3) and (2.56) with (1) 
g,:e8 =(e +e +e )(2e,-g,) = 28-8) =2-1=1, 
g,°8 =e,(e,-e,)=(g +e +e )(-g, + 28,-83) = 
= -81 428-8 =-1+2-1=0. 
Second way: 


The contravariant base vectors can be calculated by forming the vector products 
according to (2.6): 


g- B82 * 83 gs B3* 81 os 8,82 
[s, 8285] | [g1 8) 83] [81,828] 
0 0 
[g18..8,] =|1 1 Oo] =1 —> 
fi 27 OF 
e, & &, 


1 
& = 8 * 83 = 1 1 0 =e,-e,=8, -(g,- 8) =28,- 82, 
1 1 
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ey & & 

2 

& =8,%8=|1 11 =e, - e, = 8, - 8, -(83 - 2) = 
1 0 0 


=-8, + 28,- 83> 
&) &2 &3 
3 
& =8,*8&=|1 0 Ol=e = 83- &- 
1 1 0 


According to (2.46), the contravariant metric components become 
ij ig 
s=s:'s — 


moo 4 
g =8 8 = (28, - 82)(28,- 82) = 48 ~ 4812 + Bp = 4-44 2=2, 


12 1 2 
g =s -g =(2g,-8,)(-s, + 28,-8;)= 

= ~ 281, + 4812 — 283 + Bip — 2892 + B3 = 

= 2-144-1 2-141 2-242=-1, 
etc. 


c) The vector a in the covariant base 
ag, +2e,+8,-2 8, (a’=1, a7 =2,a°=1) 
shall be applied to the contravariant base. 
Analogously to (2.5b) it holds that 
a= 68 +8108 + 822° — a =1-141-241-1=4, 
ay = 8128 + Byp2 + B39 _ ay=1-1+2- 2+2-1=7, 
a5 = 8432" + Sy32 + B32" — azg=1-1+2-2+3-1=8. 
Therefore, the vector in the contravariant base is 
a= ag = 4g. + 7g. + 8g 3 
d) The physical components of the vector according to (2.10) become 
a =o! Vea or Beda tN 
With the vector in co- and/or contravariant base 


a=g,+2g,+8,-4e +78 +88, 
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it then follows that 
a” =17g,,=171 =1 ; at =4f/gt=4/2, 
= 27 e,, = 272 ; aga 7/e? =7/2, 
*~1/g,, = /3 ; at =8/g% =8y1 =8. 


e) The ”new” base 8, is expressed by the "old” base §; by means of the 
transformation matrix 


» 
ll 


o 
I 


- fa -1 -1 
Bp =|1 Oo -1], i =1,2,3 new base. 
t 6.4 


For this, we use (2.7a) 
&}, = Bg; —> 
&,)= By, By + BIB, + Br, Bs = 8 — 8 ~ 83 =-e,- 2e,-€,, 
&, = Bs, 8, + Be, Bo + Bs, gs = 81 ~ 83 = ~€&27 €3, 
B. = By 8, + By, By + By, Bs = 8, +B, = 2e, +e, + ey- 
The "old ” base can be expressed by the "new” base as 
81> 58. + 5S» ? 
&, = —- 8, + Bp,» 


The transformation matrix then follows to be 


0 Ye Yo 
k 
B =|-1 1 0 
0-2 lp 


In order to check this matrix, we form according to (2.8) 


nae 1 -1 -1]| ° Ye 1 0 0 . 
(8.)(8°) =|12 o -1]]- 1 oOf=/0 1 oj=sr. 
1 0 6-1 
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Exercise A-2-2: 


In order to determine the state of stress in a thin parallelogram disk ( Fig. 
A-3), a transformation in an oblique coordinate system £*(a = 1,2) is ad- 
vantageously carried out for establishing the required equations. 


a) Determine the base vectors, the co- and the contravariant metric tensor, 


and the CHRISTOFFEL symbols. 


b) How does the bipotential equation AA @ = 0 (¢ = AIRY's stress func- 
tion ) read in the oblique coordinate system, and how do we determine 


the associated stresses from it? 


Fig. A-3: Parallelogram disk 





Solution: 


a) According to Fig. A-4, we express the relation between Cartesian and oblique 
coordinates as follows : 


x =t' +P cose, (1) 
x? = Being , (« = const). 


Base vectors 


According to (2.26), for the coordinates in the plane the relation between a base 
Ba (E~) and the orthonormalized base e, is 


x 5 Bp = 398 Ca" 


& g, 


Fig. A-4: Cartesian and oblique coordinate system 


e 2 x! e) a 
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Herewith, the base vectors are calculated as follows: 


“= ox ore ax’ is ees 
1 oe 1 oe 2 1? 

g er. yan = cosave, + sinve 
2 oet 1” og? 2 1 2° 


Covariant metric tensor 
According to (2.1a), the covariant metric components become 
Sap = Bo Be 
— 8 = 8° 8,=%°¢ =1, 
S12 = 821 = 81 Bo =e; * (cosae, + since, )=cosa, 
B90 = 2° Bo = cos a(e, . e,) + sin'a(e, : e,) =1, 
regarding e,-e,=0. 
Thus, the covariant metric tensor is 
ele. | (2) 
As (2) shows, the metric tensor of a non—orthogonal base is completely occupied. 
Determinant of the metric tensor according to (2.1c) 
& = |g,5| =1 - cosa = sin” @ = const . (3) 


Contravariant metric tensor 


The contravariant metric component gF can be determined according to (2.5c) by 
inversion of the covariant metric tensor (gag )- 


This yields 


(87) = (eg =oe| 1. (4) 


sin’ « | —cos « 1 





CHRISTOFFEL symbols of the first and second kind from (2.30) and (2.51) 
Tap, = Th, = 0 » since Bop = const . (5) 


This is always valid for rectilinear coordinates. 


b) According to (2.40), the following expression is valid for the bipotential 
operator AA®: 


ae 7g vee" [-( ves", ela} ae 
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With (3) the bipotential operator is simplified to 
af 
AAG =g8 g” © py > (6) 


uu 1 22 
AAGD=g g ints. g "Ou te. gs "® uit 8 & Pie + 


12 11 
+E 8 Ponts B "Outs g "© ton + 8° *e "© es + 


21 ou 21 22 
+e & Onnte ‘g. or “s. "© or + 8 B © 2122 + 


+e @ "Oro + 8 “eg "Ont “eg “om ts ge ee 


By using the symmetry gF = gh and SCHWARZ's permutation equation we 
can further simplify the fully expanded expression in (6): 


DAo=¢g"2"0 ee agg? o une ego asia 
+2g'g 0 jizz + agg yiz22 + ge "Bigs: 
Application of (4) yields 
DA © = [9 sy + 4(- cose) ® ayyp + 4.cos”® soy + 


1 
+20 + 4(-cosa)® +O —= 
1122 ( ) 1222 ‘se a 


> DAD= [ © 111 — 400800 12 + (2 + 4cos &) ® s199 - 


- 4cosa® +0 or 
71222 an9] sinta 


The bipotential equation then reads 


© 114, — 40084 1145 + 2(1 + 200s 7a) ® si9 - 4cos a ® 199 + Poo, = 0. (7) 


With © as AIRY's stress function, the stresses follow from (713) by means of 
the two — dimensional permutation tensor : 
ee 1 ¢ ér o|,, 


Analogous to (2.19) and (2.20) the two-dimensional permutation tensor ¢7 cor- 
responds to 


Oo +1 
| 
ye yel-1 0 
ole 
and with (3) 2 = ; oes (8) 
“sine ° 


With (5), the covariant derivative (2.34b) changes into a partial derivative 


B 
o|,, a (®, 1, = ® or ~ ® 2 lor = ~ Oo 
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Each component of the stress tensor can then be obtained from (713) 





ul 16 Ir niu 12 11 12 12 12 
t =e eof see Of, te © Of, +e © Op te € 2, 
——_ ——<— — 
0 0 0 
ll 12 12 1 
ae a, ee Oa es 
sin « 
12 16 27 lu 2 12 21 11 22 12 22 
t ja € O;5,=8 £ Oute € Date € Oiete € © 90 
12 12 21 1 
3 =e On =-zz Pa» 
sin @ 
22 26 27 21 21 22 21 21 22 22 22 
tose te OO, =8 Oyrte & Oy te &€ Ot © 22 
22 21 21 1 
See On = 27 On 
sin’ a 


Exercise A-2-3: 


An infinite strip under constant tension o, has a crack which can be pre- 
sented as an elliptical hole (see Fig. A-5). The geometry is described by an 
elliptical — hyperbolical coordinate system €1, €*. The relationship between 


Cartesian and elliptical — hyperbolical coordinates is given by: 


1 he 2 : 
x =ccosh€ cos¢ with c = focal distance to the origin 
1 : 2 
x’ = csinhé' sin” and 0<{'<00o ; O<E°< 27. 


o,. o,. 





ee] 
|| 
Ea, 
[aoc 
| 
= Fig. A-5: Elliptical hole in 
an infinite strip 


Determine 


a) the covariant base vectors, the covariant metric tensor, its determinant, 
and the contravariant metric tensor ; 


b) the CHRISTOFFEL symbols of the first and second kind ; 


c) the physical components of a vector v. 
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Solution: 


a) For determining the covariant metric components we establish the base vec- 
tors according to (2.26) 


ax? | 
Ba oE~ B 

ox! ox? ‘ 1 2 1. 2 
eS 7 tor Se csinhE cosE e, + ccoshE sinE e,, 

ox! ox? Tid : 1 2 (1) 
= Spe 8 + Sz Ge = ~ CORE sin Ee, + esinhE cos Bey. 


The metric components then follow from (2.1a) 
oe ee et ee 
ap = Bx 6 oE~ orh 


v=1 


1 1 2 2 
_ OX Ox = = <? (sink? e cos? 2? + cosh” e' sin’ e’) - 


gu = ae oEt 
=’ (sinh &'(1 - sin’ E’) + (1 + sinh E') sin E’) = c’ (sinh E' + sin &’), 


ox! ox! ox? ox? 2 2 18 2 F193 
=—s Ot se C=C (cosh E sin + sinh E cos = 
822 ~ oe oe? dé? ok? ( t cs: ©) 


= c’ (sinh ¢ + sin’ e’) Su> 


ox! ax? ox? ax’ 
de! ak? OE! OF? 


= c’(sinhE’ cos E (— cosh g sin e”) + cosh E' sin E* sinh Ecos E”) =0. 


812 = 


Since gi2 = &2, = 0, the elliptical ~ hyperbolical coordinate system is orthogonal, 
ie. the two families of curve parameter lines meet each other at right angles. 
The determinant of the metric tensor follows from (2.1c) 
$,_. 42,1 - 2 .2,2 
g = det (g.) = 618 =¢ (sinh — +sin © ) : (2) 


The covariant metric tensor then is 


(a) =| ‘}4 : (3) 


with fg =c’ (sinh &' + sin’ E”) . 
Since g,g is an orthogonal basis ( diagonal matrix ) according to 


af a 
Bo Bey = by» 
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the non — vanishing contravariant metric components are inverses of the elements 
of the covariant metric components 


(ace) i 


g = ges) for a=1 ? 2 ’ 
ie. the contravariant metric tensor is 


1 
(g*”) = ive . 
0 ify 


b) The CHRISTOFFEL symbols of the first kind can be calculated from (2.30) 


1 
Vopr = 2 (Bpy.0 + 8ya,6 ~ Safi) —? 


(4) 


° 
1 1 °811 2 1s ed 
yeh Uy = 9 (Sua + Sur 7 Sua) = 7 — coche she”, 
_1 a Ey - age cad 
Pyo1 = > (Bar + 81,2 - 8121) = 2 OE =c sinE cose , 
Pou= Tia» 
1 1 S22 2 | 
Vo01 = 5 (Ba1,2 + S12,2 ~ S22) =~ = ya =—c cosht sinh® . 
1 1 Su a 2 
Y= 2: Tye = 9 (Bia + Sara ~ Suz) =~ F Fy ais ane coe Es 5 
O° 
1 1 822 2 te 
Vioe = 5 (221 + 8212 ~ S22) = > et =c cosh€ sinht , 
Voi = Tie» 


3 
1 °822 
V 592 = 5 (820.0 + &22.2 - 822,2) = 2 oe 


ai 2 2 
c sinE cost 


The CHRISTOFFEL symbols of the second kind follow from (2.31) with (4) 


rf 


by 
op =8 Tog, 


1 1 u 12 V2 eg yl 1 
s=1; Ty=8 Ty, =e Tyy+8 Vy. = sinhE cosh , 
ve 
1 1 11 12 1. 92 2 3 2 
My=8 "Ty, =e Ty +8 Mee sin cost , 


1 


Ta=lie> 


1 ly nl 12 Te 22s 2 At 1 
T22=8 Vo0y = & Poo + 8 Fogg = -—~C SinhE coshE . 


ve 
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2 2y 21 22 1 2. ,2 2 
§=2: Ty,=8 Ty, =8 Ty +e Ty. =- =e sinE cost , 


ve 
2 27 21 22 Ie 196.401 1 
Tye=8 Uy, =8 My +8 Vy = =e sinhE cosh€ , 


ve 


2 2 

Ti-The> 

2 27 21 22 1 9. 2 2 
2= g Vooy =g Too +g Pana = 7 sinE— cosE . 


With the abbreviations 


i aos St 1 1. sinh2l 
~—c sinh€ coshE = — ——~———"_,-— =A, 
Tee oe + ie C 
‘ 2 
11> oo 3 2 1 sin 2E 
—=c sinE cos = ————— 5 = B, 
ye e : 2 sinh? ely sire e 
the CHRISTOFFEL symbols of the second kind read in matrix form 
4 A B =—B A 
h.= ‘ 5 
< B -A oT A B (8) 


c) The physical components u,v of a vector v are calculated from (2.10): 
vie= v, ¥ 2%) 
-1 1 
— vi Suave" =18 IGS ass yas u, 
(6) 


e “1/4 1/4 
= 22 = 
v3 V = VvoVB? = V28 — vw=E Vv 


Exercise A-3-1: 


For the state of plane stress 
0,, = 60MPa , c= —20MPa , Ty, = 30MPa , 


determine by means of MOHR's circle the magnitude and orientation of the 
principal stresses, and the magnitude of the principal shear stress. 


Solution: 


For the given 0,,, yy und t,, we can determine the stresses on arbitrary sections 
from MOHR's circle. 


For drawing the circle shown in Fig. A-6 we first plot the given stresses on the 
o-axis due to the signs. At these points we then plot the shear stresses t,y and/ 
oF ty, as ordinates. Here, as opposed to the usual rule of signs, a shear stress is 
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considered positive, if it rotates clockwise. This special sign convention, which is 
only valid for MOHR's circle, is necessary, if we want to display the rotation 
direction of an arbitrary angle « between the coordinate systems in the circle. 
Thus, tyy is to apply down, and t,, to apply up in the sketch. With A and A'" 
two points of the circle are fixed. Their connection line is the diameter of length 
2r of MOHR's circle, and provides the centre point M. Now, the circle can be 
drawn. 


The principal stresses o; and/or o,; following from the intersection points of the 
circle with the o—axis, lie under the angles «* and/or a* + m/2. The highest 
shear stress tm, can be read as the highest ordinate of the circle, ie., thay = 
(cf. (3.22b) ). The corresponding section has the angle 

ott = oF 4 x 


4 


with respect to the x-axis. From the drawn circle the results can be read for the 
given task : 


Scale: }— = 20MPa . 
6, = 70MFa , 

Oy; = — 30MPa , 

2a* = 37°, 

Tmax = S0MPa , 


2a0** 127°. 


Fig. A-6: MOHR's circle 





Exercise A-3-2: 


The stress components of a three—dimensional state of stress 


o,. = 100MPa , = 60MPa, o,,=10MPa, 


xx 


20/3 MPa , TT =7,=0 


T yy = yz zx 
are given. 
Determine: a) Principal stresses , 


b) Principal axes , 
c) Stress deviator , 
d) Invariants of the stress deviator . 
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Solution: 
a) With the invariants (3.13) 
I, = 100 + 60 + 10 = 170[ MPa], 








100 ©620/3| {60 0 10 0 
1, = | | | = 4900 + 600 + 1000 = 
20/3 60 0 10 0 100 
= 6400[ MPa”, 
100 20/3 0 
1,=}20/3 60 0 | = 48000[MPa]°. 
0 0 10 


According to (3.12), the principal stresses follow from 
0° - 1700" + 64000 ~ 48000 = 0. 


As no shear stresscs are acting on the section z = const in the example, the com- 
ponent oy]; = 6,, = 10MPa is a first root of this cubic equation. Dividing by (0 - 
oy) ), we come to the quadratic equation 


o — 1600 + 4800 = 0 
and with that to the following eigenvalues 


oy 120 MPa , 
= 80 + 6400 -— 4800 = 
oy 40 MPa . 


b) By substituting the eigenvalues into the homogeneous equation system (3.11) 
the orientations of the principal stresses follow. With o; = 120 MPa this yields: 


(100 -120)nt + 20/3 n* =0, 
20/3 n& + (60 - 120) n* =0, 
(10 — 120)n*¥ = 0. 
From this, it follows that nt=0 , n= {3 ny 


fa 
and herewith the eigenvector nf =C | 1 ]- 
0 


Normalizing the eigenvector to the length 1 


Ing] =1=C[(¥3 +40] => cas, 
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Fig. A-7: The initial system and the system of 
principal axes 





{3/2 -1/2 


nf =| 1/2 |, and in analogy one obtains nf; = y3/2 , ay = 
0 0 
As the components of the normal vectors correspond to the cosine directions rela- 
tive to the initial system, we can draw the principal axes in the x,y,z—system 
( Fig. A-7). 
In order to check, we can carry out the transformation from the initial system to 
the system of principal axes. With the rotation matrix according to (9.10) 


roo 


tis 
B=| -+ 1s 0 
0 0 1 


follows from the matrix product (3.9) 


L/s 1 off 100 2/3 o][/t/s -4 0 


2 
ao Pa} kb. 2 a1 = 
s'=BSB =| -+ 1/3 0||2/3 6 of| + 4/3 0} = 
0 o ijLo o wiJlLo o 1 
120 0 0 6, 0 0 
=| 0 40 O}=| 0 oo, O 
0 oO 10 a 


the diagonal matrix of the principal stresses. 
c) With (3.24) 
Oy = 4 (100 + 60 + 10) = MPa, 


we calculate according to (3.29) the stress deviator 


170 130 
100 - #f 2/3 0 w/z 0 
‘'S=| 20/3 60-42 o |=| m/s 1 oo 


0 0 10-440 0 o -i@ 
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d) According to (3.26), we obtain the invariants of the deviator as 
130 10 140 


' =e a_i 
V3 +3 3 =0, 


, 170 _ 9700 

1, = 6400 - 3( 20 = 2 pap, 

170 170 1330000 
a 2() =o 
In order to check, we directly calculate the invariants of the deviator from 
Thus, we get for example 





"T, = 48000 - 6400 [ MPa] . 


130 
140} 3. 20/3 = 1830000 


S| 20/3 2 





I, =|'s| =-> [MPa]. 


Exercise A-3-3: 


For the infinite strip with an elliptical hole (see A-2-3), establish the equi- 
librium conditions in elliptical ~hyperbolical coordinates. 


Solution: 
The equilibrium equations follow from (3.28a): 
Ba a 
tle + {" = 
The two equilibrium equations then read: 
a=1: v,+f =0, 
a=2: vp+P=0. 


The covariant derivatives may be determined from (2.35b) : 
ae "lb= = Pa ‘ ra +78 re C 


Fully written, this yields for 


a=1: wl, ce Ea =o —» 


re 14n 1 21 lou 12 
tTythyt +lyt + iyt + Tht + 
21 


1 12 1 22 2 2 12 1 
+eog + Tat +Togt + Tat + Tygt +f =0 


— tg 3At 4 Be? - Aref so. 
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Using the abbreviations A and B for the components of the matrix of the 
CHRISTOFFEL symbols from A-2-3, one obtains 


oc? or? 1 


11 
—— + —_——_——__ (3sinh2E t + 
o€ OE” a (sinh? E? + sin? E) 


+ 4sin2@'c? - sinh2E e”) +f =0. 


In analogy, one obtains for a = 2: 


cae Ba 4Ac?43Br" 4 f' =0 
12 22 
aie ee. 4 os 4 1 (4sinh 28°” + 
o& oF 2 (sinh? ©) + sin? €?) 


+ 3sin2E tr” - sin2e't’) +f=0. 


Finally, the physical components according to (217) should be introduced into 
these equations. 


Exercise A-4-1: 


For a disk, which is clamped along the boundaries x = 0 , y = 0 as shown 
in Fig. A-8, and has the opposite edges free, the strains have been deter- 
mined from strain gauge measurements during the action of an external 
load. The results can be approximately described by 


ey k(2x?y + ay’), 
a2 
6, =i TY x 


(k = constant factor) . 


Fig. A-8: Disk with two clamped 
and two free edges 





a) Calculate the displacements u and v and the shear Vxy OVEF the domain 


of the disk . 


b) Is this a compatible state of strain ? 
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Solution: 


a) For the given strains the following strain—displacement relations (414) are 


valid : 
o b 2 
eg = st =k(2 x ytay oe 
See (1) 
yw dy “bY 
Integration of (1) yields 
b1 3 2 
u(x,y) =k(24x°y + ay’x) + f(y), 
(2) 


v(x,y) = ke = x + g(x). 


The unknown functions f(y) and g(x) can be calculated from the following 
boundary conditions: 


1) u(O,vy) =O , u(x,0)=0 —-+ f(y)=0, (3) 
3 
2) v(O,y)=0 , v(x,0)=0 — >= g(x) =0. 

Thus, we obtain for the displacements 


b1.3 2 
u(x,y) = k(2 3% yt+ay x), 


(4a) 
al 3 
vV(uy)=ke ay x. 
In dimensionless form ( 4a ) may be written as 
SG (lay, Fs 
we) =~(s eta) 
x y\_ 1 y? x 
v3) = 5 2 ne 


with uy = Vo = kab’. 
The displacements u and v at the free boundaries are presented in Fig. A-9. 


y 1.33 
b 
0.33 Scale: 
l = — 


1 R--1 


<l< gic 


o 





Fig. A-9: Displacements of the 
free edges of the disk 


mx 
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Finally, with (4a) and according to (4.14) the shear strain becomes 


1 b 3 a3 
Tey =n + =i (Bx + 6axy+ py)= 


= 3 0(% + 62% =e + +24). 


b) According to (4.19), the compatibility condition is 


(5) 


2 2 2 
on, 0 Evy 5 3 Vs 


oy” ax? ox oy 











=0. 
Inserting of (1) and (5) yields 


2 [x( baty tay") + 2 (kay"e)- 


3 
ee eee k(Px + 6axyt+7y *)| =2ak-2ak=0. 


It is hereby proved that the state of strain is compatible. 


Exercise A-4-2: 


A strain gauge rosette as shown in Fig. A-10 has measured the following 
strains in the directions 1 to 3 


oo Wi 
&,=-73 Eo 
&5=~-&. 


Determine the principal strains in terms of direction and magnitude. 


Fig. A-10: Strain gauge rosette 
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Solution: 


Suppose that the direction 1 lies under the yet unknown angle « against the prin- 
cipal axis I. Applying the transformation formula for stresses (3.17), which is 
analogous for strains, and taking into consideration that no shear strains occur 
between the principal directions, the following is valid for the directions 1 and 3: 


1 1 
g =5 (4 + &7) +5(% — & )cos2a, 


£3 =$( + en) - (4 — £77) cos 2a. 
From this follows 

& + ty = Ey + Es (e - £1q ) cos 2 & =f — & 
Inserting (2) into the relation for the direction 2, we obtain 


£, + & _ £1 &3 











ey +e €;—€ 
I IL I 0 
1 





=> 5 cos[ 2(a + 45°)] = : 3 tan 2« 
2e,-€ — 
and from this nee oot, 
4-& 


From the given values it becomes 
tan2a=+4+/3 —> a= 30°. 
From 
e+e =0 , (g - £11 ) cos 60° = 2), 


we then obtain the principal strains to be 


f= 28 , & =-2e. 


Exercise A-4-3: 


In Cartesian coordinates a displacement vector is given as 


u x 
v(x,y,z) =| vj=k y+4z 
Ww 4/2 x4+3z 


Determine 
a) the strain tensor V, , 


b) the principal strains with regard to magnitude and direction , 


c) the volume dilatation . 


(1a) 


(1b ) 


(2) 
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Solution: 


a) The strain tensor V, follows from (4.13) 


ou l1;du, ov i;ou,ow 
ox 2 (dy tax) 2 a2 tox) 
& ov. 1(ov, ow 
ae Oy 2 oz t dy) |? 
ee ow 
oz 
1 0 2/2 
Le., Vv. =k 1 2 : 


0 
2f/2 2 3 


From this we obtain the normal and the shear strains 


fe =k » yy =9, 
e,—* ; Von = 472k, 
e,—3k , Vy, = 4k- 


b) The principal strains are determined from the corresponding eigenvalue 
problem (2.22): 


1 1 
Ex Oxy 9 xz 
1 1 
det(V, - AI) = 3 Vay fyy> Sige |= 
1 1 


OVx2 DVyz 2 


k-r> 0 2k 
0 kr 2k |=0. 
2/2k 2k 3k-A 


Calculation of the determinant yields the characteristic equation 
(k - 2) (A? - 4ka - 9k”) = 0 

with the roots 
=k , Ag gH (24/13 )k, 


ie, the principal strains 


g=k , eg =(24+/13)k , 7 =(2- /13)k. 


The directions of the principal strains are calculated by the corresponding 
eigenvectors. This will be shown for the case of e, = 2, = k, where we insert this 
root into the homogeneous system of linear equations (2.22a): 
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O-a,+0-a, +2/2ka, =0 
—- a,=0, 


O-ay,+0-a, + 2ka,, = 0 


2/2ka, + 2ka, + 2ka,, = 0 —-— a, = C arbitrary , 


ay = -/2a, = -(2¢ . 
Thus, it yields the eigenvector 


1 
a, =C] - (2 with arbitrary CE R 
0 


By analogy, the reader may calculate the two other eigenvectors and obtain 


1 1 
a,=C +2 » a =C 4/2 
1/24/18) 4V2(1-/13 ) 


with arbitrary C € R. 

c) According to (4.17), the volume dilatation is equal to the first invariant 
e=]sg,t+ ey te, =ktk+3k=5k, 

which may be alternatively calculated as 


e =e + eg t eg =k + (24 713)k + (2- 713 )k=5k. 


Exercise A-4-4: 


The strain-displacement relation for the normal strain €,, and the materi- 
al law of an isotropic, infinite disk with an elliptical hole are to be deter- 
mined by using the elliptical-hyperbolical coordinates from Exercise 


A-2-3. 


Solution: 


The physical components of the strain tensor (tensor of second order ) are first 


calculated according to (2.17): 
Ya = Yop ¥ g(a) gh) . 


Inserting (5) and (6) from A-2-3 yields the following for ¢,,: 
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a a (1) 





_ (2% 1/4 Bg*y 
= ($3 + ay - By,) Te -(2 ye v) + Aagi* l= 
=| 2 (c(sinn?e* + sin?e?)"/?v) + J sinh 2€'c(sinh?e* + sin?) Mu - 


1 


genet c(sint? + ony Py] ary 


2 


Vv 


= | (sinh? e + sin” ey ¥? sin 26° v + (sinh? e 4 sin’ E a = + 
+ Fsinh 2 € (sinh? 4 sin?e?) 


1 a 
c (sinh? e+ sin? e?) = 


zz | fein? Pete ey 
ae 


c(sinh? &? + sin? &) 


- Fein? e? (sinh? + sin? ey vy] 


- 1 
+ fs sinh 2E u| 
2 Ysinh? B+ sin? &? 


= sinh 2€7 a]. (2) 


=i 
: ae sinh? @! 4 sin? sate + sin?e? 0 a 7 (sinh?! + sin? €?)$ 


The material law for the state of plane stress without consideration of tempera- 
ture terms reads according to (5.5) 


76 


= Dopyst” 


(3a) 


: l+v v 
with Days = 9B (Bar 8s6 + Sas 8p) ~ Sap 846 « (3b) 


Insertion yields 


_jl+yv v 76 
Yop = [2S Cea Bes + a5 8 py) — Beopbs|* 


We now obtain the material law for Yoo: 


l+vy v 76 
Yoo =| QE (B2y825 + B25 24) - » gro y6|* 
With the covariant metric components 
Boo = 0 for 9 #6 


and Boo = Ve for p=6 
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finally follows 


v ll l+v v 22 
Yo2 =|- Menu] * + | Sy (B22 B22 + B22 822) - Me 82|* = 


_jitv _»™ 220 Vv 
=|"op (8 +8) Yel pst = 
—> Y= Re (sinh? + sin? ’y| ee vel] (4) 


Here, the physical components of y., , co and ot are still to be introduced: 


22 1 1 
Yo2 = JB &2 + t le S99 > a9 = (O29 ~ VO) - 


Exercise A-5-1: 


A square-shaped steel ingot is embedded in a rigid concrete base and both 
are stress—free at room temperature (Fig. A-11). The upper end of the in- 
got is free. The ingot only is now subjected to a constant temperature in- 
crease © (coefficient of thermal expansion ap). 


a) Which strain occurs in the z-direction of the ingot, provided that the 
vertical boundaries are frictionless ? 


b) How does the strain change if, additionally, the boundaries at x = const 
are moved so that no contact occurs ? 


Solution: 


a) We solve the problem by means of 
HOOKE-DUHAMEL's law (5.2) 


l+v 
Y=" 


v 


S-§ 


sl+a ,O!. 





From the problem formulation the condi- 
tions follow 


— stress ~ free surface 





o=0, (1a) 
— impeded strains 
Sy5 = Syy = 0, (1b ) 3 


Fig. A-11: Steel ingot 
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— shear—free state of strain 
Yay = Vaz = Vy, = 9- 
According to (51), the relations for the strains in component notation read 


1 


fax = Flo. - v(o,, + oJ] +a,e, 


1 
ty = Fl yy - v(o, + ,,)] +ap9, 


o2 = 5 lm - v(o,, to, )] + ape. 

Inserting the conditions (a,b ) into ( 2a,b) then yields the two equations 
Oy, — Wy, = -Eoa,®@, 
—vo,, + Oy, = —EapO. 


From ( 3a,b ), o,, and oy, are calculated as 


Ea, 
oC. =o,=- = . 
XX yy 1l-v 





The strain in the z-direction follows from (2c) and (4): 


l+v 


v = 
fan = El Cxx + y) t+apO > A= Tare: 


b) In this case, for free boundaries at x = const 
o,, = 90 

is valid instead of ¢,, = 0. 

Then follows from the equations (2a,b,c ) 
fyy = mee +ap0, 


6 
=~ JY 
fyy = Etre, 


(1¢) 


(2a) 
( 2b ) 
(2c) 


(3a) 
(3b ) 


(4) 


(5) 


(6a) 
(6b ) 
(6c) 


=.= “Fv tape. 
Furthermore, no strain Eyy occurs in the y-direction; thus, from (6b ) follows 
6, =- Ea ,@ 


and from ( 6a ) or (6c) 
ce = (14 vag © = Eg 


The strain in the z-direction is now smaller than in a). 
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Exercise A-6-1: 


A BERNOULLI- EULER beam with one end clamped and the other simply 
supported, is subjected to a transverse load q(x) per unit length of the axis 
of the beam (plane beam bending) ( Fig. A-12 ). 


The differential equation and the boundary conditions for the plane beam 
are to be determined 


a) by means of the principle of virtual displacements, 


b) by solution of the corresponding variational principle. 





Fig. A-12: Clamped, simply supported beam under uniformly distributed 
load 


Solution: 


a) At first, we have to state the strain energy of the beam with d/dx = ( x 
1 t 2 
U=3 JB1,w dx =I. . (1a) 
For the work of the external forces we have 
1 
W = -Tl, = fq(x) wax. (1b ) 
0 
From (1a) and (1b) we obtain the total potential 
1 
1 2 
n=1,+0,={[+E1,~,. -—q(x)w|dx. (2) 
0 


The minimum principle (6.216) is now applied: 
nN — 0; + Tl, = minimum . 


The stationarity, see (6.20), implies that the variation of the total potential must 
vanish for arbitrary kinematically admissible variations 5 w 
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1 
sm=s{ [[421,w,.”-a(x)w]ar} =o (3) 
—_ 811 = | [BI w..8 Wye — a(x) 8w]dx = 0. (4) 
0 


After double partial integration, (4) can be written as: 


1 
sl = f [C21 de - a(x)|8 wax -[(2 1, )08" |, é 
0 (5) 


i 
+ [BI, we 8W = 0. 


® Ix=0 


Vanishing of the integra] for arbitrary variations 5w leads to the differential 
equation for the elastic line of the beam 


(EL, wx xx = 4(%) - (6) 


The boundary conditions follow from the boundary terms. In order that these 
vanish, we must have at both x = 0 and x = 1, 


either s8w=0 or (El, wi). = 7% =9; (7a) 
and 
either Sw, =0 or EL wy, =—M, =0. (%) 


The boundary conditions for the clamped end x = 0 are: 


for x=0 — + w=0 , w,=0. (8a ) 


Hence, at x = 0 we have 8w = 0 and dw, = 0, and according to ( 7a, ), Q, #0 
and M, # 0 in general. 


The boundary conditions for the simply supported end are: 
for x=l —> we=0 , MF x70. (8b ) 


Here, the condition w = 0 implies that §w = 0 and thus, by (7a) that Q, # 0 in 
general. The second condition M_, = 0 is obtained from (7b) as, in general, Wy 
0 and thus 8 w, x¥ 0 at a simply supported end. 


b) We naturally obtain the same result for the example if we apply the general 
solution (6.95) to the problem of variation (6.34). 


According to (3), the basic function reads 
1 2 
F(x,w,w,.) = 7 EL wy ~q(x)w. (9) 


From (6.35) now follows EULER's differential equation: 


oF oF 
(Sa Lae = (EL, Wx ax ~ a(x )=0. (10) 


This differential equation is identical with (6 ). 
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As boundary conditions we obtain according to (6.95): 


XQ 
oF oF oF 
{[22 “\Gae ) Jaws aa a 
1 





=> [ (2, Wee 3 sag Os [t, wex8W x] 5 = 0, 


(11) 


[( 21, we )xd |, =o , [E18] =0. 


In (11) the boundary conditions (7a,b) as well as (8a,b) are included (see dis- 
cussion in Section 6.6 ). 


Exercise A-6-2: 


A linearly elastic body is subjected to a stationary temperature field O(¢'). 
Set up the variational functional by HELLINGER and REISSNER for small 
strains and show that one obtains the basic equations of linear thermo-— 
elasticity as necessary conditions from the corresponding variational pro- 
blem. Volume, surface and inertia forces are to be neglected. 


Solution: 


Substitution of the expression for strain energy U from (6.16a ) into the variatio- 
nal functional (6.29) yields 


Tl, = {fee wt = Bp 1,8 + oS (v4, + vili)~ rg] } av - 


This functional contains altogether 15 unknown functions Vij ee »Vj- From the 
problem of variation 


Sly = 8 f TpdV =0 
v 


follow in analogy with (635) the corresponding EULER's equations as necessary 
conditions : 

ally 1 
1, aa =O _— rg == (vil + vit.) 


—— Strain —-displacement equations according to (4.12b) . 





2. —R=0 —-—> sc, - sete 
——+ Material law according to (56a) . 


olig \y _ i) 
3. (shee — cj, =0 





— Equilibrium conditions according to (3.28a) . 
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Exercise A-6-3: 


Structural components in mechanical and civil engineering often have a 
complex shape. Furthermore, they are subjected to multiple loads and their 
boundary conditions can be quite complicated. Starting from the energy 
principles of the theory of elasticity the Finite Element Method (FEM) was 
developed for determining strains and stresses of such components, and 
taking the principle of virtual displacements as a basis, displacements are 
introduced as unknowns and can be derived from the equilibrium condi- 
tions. We proceed in such a way that the supporting framework is divided 
into so-called finite elements (bar, beam, disk, plate elements etc.) with 
approximate expressions chosen for the displacement fields in each element 
( for details, see e.g. [ Al, A.2, A.21]). 


With the example of a disk under temperature loads the basic relations for 
the method should be determined. Therefore, as shown in Fig. A-13, a trian- 
gular element is taken out of the domain of the disk and is described in a 
Cartesian coordinate system. 


At each of the three nodes 1, 2, 3 of the triangular disk element two nodal 
displacements are admissible and can be assembled in a row vector as fol- 


lows: 


at 


ae T 
= (U,,U,,U3,V,,V2,V3) - 


y,v 








xu 


Fig. A-13: Triangular element with 3 x 2 nodal displacements of the 
corners 


a) The strain—displacement equations are to be stated in matrix notation 
in the element~inherent system. Therefore, a linear displacement ap- 
proximation (constant strains ) of the following form will be assumed: 


u(x,y) = a ze a, xX + a3y, 


v(x,y)=a,+ a,x tay. 
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The relation between strains and nodal displacements is to be given 
with a,,...,a, as free values. 


b) The equilibrium of the element is to be formulated with the help of the 
principle of virtual displacements. 


Solution: 


a) The strains in the element -inherent system (upper index e) are given for the 
state of plane stress according to (4.12b): 


(Yop) = Wale + Vala) - 


In matrix form this relation reads 


* =(Dv), (1a) 
where ry : A 
Ex . ox 
e e 3 e ul¢ 
8 Evy , D=] 0 a , Vv =(*] ‘ (1b) 
3 3 
Y. ess aces 
= dy ox 


If we introduce the assumed linear displacement field with the six free values 
Ayr--+yag, we can write the following vector in column notation for the displace- 
ments : 


v= H-a® ( 2a ) 


e 
with H = ixry ooo , as ay 
oo0oo1lxy 





4 
a, 
a, 
Further, we obtain the vector of the nodal displacements as 
d° = (Ma) (3a) 
1 x yy; | a 
1 X, Yo | 
1 
with OPS) 8 25 (3b) 
1 x Y, 
0 1%, ¥2 
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We now insert the relations (2a) and (3a) into (1a) and obtain the following re- 
lation between strains and nodal displacements : 


s =(DHQ')*d° =: V'd’. (4) 


b) We start from the DUHAMEL- NEUMANN form of HOOKE’s law for disks 
in (5.156): 


af afyé 0 
t =E [46 - erays°0 |. 


In matrix notation this law reads, see (5.14) 








o = E[e - eo] (5) 
with 
Oy s 1 Vv 0 1 
€ ‘T 0 
o-lo. 7 eS a] ¥ 1 0 =E , @)=% 0} 1 
l-v 1-y 0 
Sey 0 0 3 


The equilibrium conditions can now be derived from the principle of virtual dis- 
placements. Thus, according to (6.20), a body is in static equilibrium, if the virtu- 
al total potential is equal to zero: 


8, +80,=0. 
Here, I]; and II, are the internal and external potential, respectively. 


With the material law (5) it follows from (6.12a) that the internal potential for a 
thermally loaded disk is given by 


nh =31{[Pee-2eT wage. (6) 
A 


We now insert (4) into (6) and obtain 


e 1 Te .,e ye Tye,e 
My = F(a) Kid’ + (a) KS (7) 
with K° = t( |v" evea) (8) 
A 


as element stiffness matrix and 


ctl [vt esa) 


A 


as a vector of the temperature forces. 
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With the principle of virtual displacements we obtain after introducing the virtual 
work of nodal loads ( vector p) from (7): 


i 
SI; + 8M, = 8(d )*(Kd + ke - p) =0 
— p=Kd+k.. 
After determination of the nodal forces, we can now establish the equilibrium for 
the entire domain. Therefore, the variation of the virtual energy for the entire 


structure has to vanish. This energy is obtained by summation over the elements 
(see [ A.1, A.2, A.21, C.25]). 


Remark: It should be emphasized that this example only serves to illustrate the 
way of developing a triangular finite element. Such an element with 
constant strain is only a very simple one. Most software systems con- 
tain more accurate and improved elements. 


Exercise A-7-1: 


Determine the stresses in a hollow sphere (outer radius a, inner radius b ) 
under constant interna] pressure p from the basic equations of the theory of 
elasticity. 


Solution: 


A spherical—symmetrical state of stress is given, in which 


oo oO da 
op Oh eee dn Oe 

ty = the = Toe = Vy = Vrs = Yys =V=W=0, (1) 
Sup = S99 ’ Foy — fae ° 


In view of (1), the strain-displacement equations (4.16) can be reduced to 


u 
Gp = By 1 Sop = See =>- (2) 


Since ¥y = 0 the current strains are principal strains. 


Combination of the two equations (2) yields the compatibility condition 


Sy = (T8yy),2- (3) 


Equation (3) contains the two unknown strains e,, und ¢,,. We now replace by 
means of (1) the principal strains by the material law according to (5.1) ( spheri- 
cal coordinates are orthogonal, therefore the same structure as in Cartesian coor- 
dinates ) : 
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1 
f= Elon -2vo,,], 
(4) 


1 
fog = Eloy, -~v(o + o)] = Egy - 
Inserting (4) into (3) yields 
ge ~ 2v Oy, = {FI(1—v) py ~ ¥ Cy | ; (5) 


Furthermore, we need the equilibrium conditions (3.30), which by means of (1) 
can be reduced to 


2 


ont (4-4) =0 


or (1G) om ater,» (6) 


With (5) and (6) we now have two differential equations for o,; and o,,. If we 
replace 6, in (5) by means of (6), we obtain one differential equation for 6yy: 


(10 


This differential equation corresponds to the BELTRAMI differential equation 
(74) in spherical coordinates for an axisymmetrical state of stress. This ordinary, 
second order differential equation leads to the following EULER differential equa- 
tion 


-20,=0. (7a) 


r ja 


2 
7 Ors rr + 4ro,,=0, (7% ) 


the general solution of which can be determined with the aid of a power approach 
nr 
o,=Ar. (8) 
The characteristic equation is 
n(n-1)+4n=0 
with the roots 


The solution of (7b) then becomes 
A 
2 
Ag = Pate (9) 


with the two constants A, and A, to be determined by the boundary condi- 
tions. These read as follows: 


o,(r=b)=-p , oj(r=a)=0. (10) 
From (10) we obtain with (9) 

A, ¥ 
A+ =- = Pay 
1 be Pp Ay Pb , 

3,3 

A, 2: ab 

Ayre’ aOR Tk 
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—- IQ 


Fig. A-14: Stresses in a hollow sphere 
with a/b = 2 





The stresses are thus found to be 


(@y- 


Orr ey Coy = Ose 


a3 
(F) +2 

as ; 
(5) 
They are presented in Fig. A-14 for the case of a/b = 2. The maximum tensile 


stress occurs at the inner surface and is given by 


» (E) +? 
Sieg (2a (12) 


(11) 


=2 
2 


b 


= 


b 


If the stresses in a thin-walled sphere are to be determined, one starts from a 
medium radius 


1 
=> (a+b). 
With the wall thickness t = a — b we obtain 


t t 
a=T,+5 > b=m- >: 


and thus for t/r,, « 1 the approximations 


a \3 t 
rer ( ) Y¥1+3—. 
m7 b Th 
It now follows from (11) that for a thin-walled sphere the tangential stresses 
are constant over the thickness, and from (12) we obtain 
Opp = % Sr 


Because of its importance in boiler design this relation is called the bozler for- 
mula. 
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Exercise A-7-2: 


A concentrated force F acts upon an elastic half-space as shown in Fig. 
A-15. 


Determine the strains and stresses with the help of LOVE's displacement 
function x (r,z). 


F 


Fig. A-15: Elastic half-space subjected to 
a concentrated force 





Solution: 
We first seek a LOVE's displacement function y(1,z), which 
a) satisfies the bipotential equation (75) 


AAy=0, (1) 
b) fulfills the boundary conditions 

o,,(r,z=0)=0, (2a) 

t(t,2=0)=0. (2b ) 


We choose a linear combination of two solutions according to (76) 


pl Ofiee Ksinlad yeas): (3) 


With this approach (1) is satisfied. C, and C, are arbitrary constants to be de- 
termined from proper boundary conditions. We first determine the displace- 


ments from (7.7a,b) with R = 7 P42 
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ae. 2h rz _ r 
Ss l(a + G5 2 RFR)! 





(C,+ C2) {2 (4) 
Sac s A Ae a ee 
w= ica [(s 4v)C, +2(1 2v)c,|4 1-2v R?” 
and the stresses from (78a—d) 
C2 2vC2\z 3 ar 
Orr =26[7- 2v R(z+R) +(c ~ 1-2 )Es ~ 1-2v (C, + ©.) ar 
s z 1 C2 
Opp = 26((C, +.) T-2y R(z+R)!}? (s) 
2v Co 
o., = -2¢[(c, - 2S om \a+52 ay (G + C,) 35 ls 
2v C2 
te = -26[(4- 2S Toae as t aay (Gt = |- 
Substitution of the shear stress T,, into (2b ) yields 
t.(r,2=0)=0 —> c, = +> Cc. 
Thus, it follows that 
3G. 


With (6) the boundary condition (2a ) is fulfilled. In addition, the integral of the 
normal stresses o,, acting on arbitrary sections z= const (z > 0) must be equal 
to the magnitude of the concentrated force F, i.e. 


~ fea Bale 2Qurdr. (7) 


r=0 


Inserting (6) into (7) yields the integral for the concentrated force 


6C,G2 x 


“v(1-2v), il crea ze , 


By using the substitution r a7 z’ = v" the integral can be solved. The constant is 
then found to be 


= »C- 2v) 


which with the use of (4) and (5) leads to the final expressions for the displace- 
ments and stresses: 


u = geal - 0-2) gpI, (8a) 


v = gig [20-v)4+ Z|. (%) 
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op = F-[(-2¥) gay - 2F| (9a) 
xr 2n R( z+R) R 
_ F Zz 1 
Coy = 351 2v)| 3s aay *) 
3F 23 
Om = ~ Fe RE? i) 
3F rz 
i, =" on R® . (9d ) 
The relations (9a-d) are called BOUSSINESQ's formulas. 
Finally, let us discuss the results : 
~ Resultant stress 
From (9c,d) we find the simple relationship 
oss s (10 ) 


tos r* 
Thus, according to Fig. A-16, the resultant stress at points of cut planes z = 
const has the magnitude 





= 2 2 _ 3F 2 _ 3F cos’ B 
Cree = Vo tt = o5 (124 22)" ~ 2m p24 27? (ut) 


and points towards the origin 0. 
If we lay a spherical surface of diameter d tangentially to the boundary plane z=0 
at the origin 0, the following is valid for every point on this surface 


R? = 1) +2/ =d'cos'8. 





Fig. A-16: Resultant stress from a concentrated force acting on a half-space 
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Thus, according to (11 ), in the intersection points between any plane z = const 
and the spherical surface, the magnitude of the resultant stress is the same and 
given by [ A.16] 


5 =F 
res ond? © 
— Displacements of the boundary plane 


For the displacements of the boundary plane z = 0, we obtain from ( 8a,b ) 





u(rz=0)=-G-)0+y) p (12a ) 
Heiet\= ie (12b ) 


nEr ~ 


Thus, the theory yields singular values for the displacements u and w at the point 
of force application, and according to (9) similarly for the stresses. These singu- 
larities vanish if the force is distributed over a small area of the surface. 


B Plane load-bearing structures 


B.1 Definitions — Formulas —Concepts 


8 Disks 
8.1 Definitions — Assumptions — Basic Equations 


Disks are plane load-bearing structures the thicknesses t of which are 
small in comparison with the other dimensions (Fig. 81) and which are 
subjected to loads acting in the mid-plane. All stresses are assumed uni- 
formly distributed over the thickness, ie. they do not depend on z. We 
therefore have a State of Plane Stress for which the most important basic 
equations in Cartesian and in polar coordinates are summarized in the fol- 
lowing, where the thickness of the disk is assumed to be constant. 
a) Isotropic disk in Cartesian coordinates 
Bipotential equation (disk equation ) according to (714): 

AA ¢ = -Ea,A°@ -(1-v)AV (8.1) 
with od/ex=(),x , d/dy=(),y. 

A=(),. + ( hw LAPLACE operator due to (2.89) , 


@ = (x,y) AIRY's stress function due to (7.22) , 


°@ = °@(x,y) Temperature difference relative to the initial 
stress-free state , 


V=V(x,y) Potential of volume forces . 





Fig. 8.1: Dimensions and loads on a disk 
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Stresses from derivatives of AIRY's stress function due to (722) 





pH Oy tV » HG LtV , Ty =-F,y- (82) 
Strain — displacement equations . 
xx = Ux + Fy = Vy Vey = Uy t Vi x- (83) 
Material law due to (5.12) 
1 0 
= EB (xx - vo,,) +ap 9, 
1 0 
Evy = BE yy — 4 %x) top 9, (84) 
_ 1 
Vxy = & Txy 
or due to (5.13) 
E 0 
Oxx = 1-p* legtve, (1 + V) ap } ’ 
og ai Be +ve,(1+v) °e] (85) 
ye yay? boy * Y xx ¥ op , 
‘, = Cr, 


with the YOUNG’s modulus E, the shear modulus G, and the POISSON's 
ratio v. 


b) Isotropic disk in polar coordinates 
Bipotential equation using (2.49) with o/dr =(),r,0/dg =().» 
1 


2 
BAS a8, HSE ep a (O28 + 


ar ATE ) 


1 1 = 
+ 3 (9, - 2% rp) + FAP oy + Poppe) = 
(86) 
0 lo lo 
= -Ea,( Ont > Cae Quy) - 
1 1 
AW ae Nea ae ° 
Stresses by (7.13) 
o_=1¢ 1gav 
mw {2 woo + r et (r,¢), 
> =F + V(r,¢), (87) 
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Strain—displacement equations due to (4.15) 


€ =u 


ir or? 
88) 
1 u ik v ( 
Guy eS , Vg Se Thee 
Material law due to (5.12) and (5.18) 
1 0 
é. = Bn - vo.) +a, 0, 
1 0 
Coe = Bye ~ Ym) + Op e, (8.9) 
1 
Ny ~ G Tre 


or 
E 0 
On = sa alta + Hy - (0 +v)a, O], 


o =a lepy + Yee (1+ ¥)ap°@], (8.10) 


tT, =Gy7.. 


r 


8.2 Analytical solutions to the homogeneous bipotential 
equation 


a) Cartesian coordinates 


~— Approach with power series expansion 
i_k 
= TEayxy (8.11) 


with the free coefficients a, and arbitrary integer exponents i and k 
(including zero ). 

Since according to (82) the stresses result from second derivatives of the 
stress function, terms with 


itk<2 
do not contribute. Power series with 
i+tk<4 


fulfill the basic equation for arbitrary constants aj, , because only deriva- 
tives of fourth order occur in the bipotential equation. The most important 
special cases are listed in Table 8.1. 
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comment 


constant tension in x-direction 
constant shear 

constant tension in y-direction 
pure bending moment M, 


pure bending moment M, 








Table 8.1: States of stress in power approaches 


For i+k>4 

AAG = 0 is only fulfilled if single constants a,, satisfy the necessary coup- 
ling conditions. 

- Approach with FOURIER series expansion 


Periodic functions 
A load is given as a periodic function along a boundary, or it varies peri- 
odically. 


FOURIER expansion of a boundary load q(x),0<x<l 
q(x) =a, + >a, cosa, x + >'b, sina, x (8.120) 
n n 


with a, = aux (n = 1,2,3,...), 





q(x)cosa, xdx, (8.12b) 


q(x)dx , a, =7 


Ch 


| 
% = 7 


q(x)sina, xdx . 


Chey COR 


2 
I 


Expansion of a stress function in FOURIER series in case of an odd func- 
tion 


$(x,y) = )$ (y)sina,x. (8.13) 
n 
Transformation of the homogeneous bipotential equation leads to an ordi- 
nary differential equation with constant coefficients for every @.(y): 


2 4 = 
©, yyvy — 2a, 9, wy + %, @,=0 , (d/dy =,y). (8.14) 
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Solutions to (8.14): 


4 
d, 
#,(7) = S Cage? 
m= 


oF #,(y) = dy (A,cosha,y + B,a,ycosha, y + 


+ C sinha, y + D,a,ysinha,y). (8.15) 


Non -periodic functions 


Load described by the FOURIER integral formula 


co + 00 
q(x) = = J[cosax fal€) cos a€ dé] da + 
et (8.16) 


+ = iuwax [a(2jaldaedtida: 


o==38 


— Approach with complex stress functions 


Instead of the real variables x and y, the complex variablez=x+iy and 
its complex conjugate Z = x — iy are introduced. Because of 














x=4(2+2) ; y=-yi(z-2) ; (8.17) 
follow the derivatives 
oot Sage Bg OP Gea O nnd Be 
ox of oZ ’ exe dz? OZ0Z ) ag?’ 
(8.18) 
es He re eee ae ee 
oy oz of/ * ay? oz oZ0Z 8ag? 
and the LAPLACE operator 
2 2 2 
_ ao Q 
2 ox? ~ dy? i 4oaaE : 


Approach for a stress function in complex notation (cf. [ B.2, B.5]): 
- 1; en Pa es 
@(z,z) =3[7 (2) +29(Z)+ fv(z) dz + {¢ (z) dz]. 
Equations for determining states of plane stress and the displacements: 
xx + Fy = 2(9' + O') = 4Rey'(z), 
2(zZy"" + ¥"), (819) 


2G(u+iv)=-zy'-pPptkKy 


yy ~ Cxx + 217,, 








for state of plane stress , 


k =3-4v for state of plane strain . 


The superscript prime ' denotes derivatives with respect to z or Z. y and w 
are two arbitrary analytical functions by means of which all stresses and 
displacements can be calculated. 


GOURSAT already presented this solution at the turn of the century, and 
KOLOSOV improved this procedure which was augmented and presented in 
detail by MUSKHELISHVILI [ B.6]. 


b) Polar coordinates 
— Avisymmetrical states of stress 6 = }(r) 
Differential equation from (86) with d/dr=().+r,V=0, °@ =0 
a3 -4,6,,+4%,=0. (820) 


+ 
¢EQrr r errr 
Solution: $=C,+O,.°+C,In— +O, ln (8.21) 
: 0 1 gon 3 a’ 
where a denotes the reference length. 


Stresses 


o,=~¢%. , o, =@ , 7, = 0. (8.22) 


— Radius-—independent states of stress ®=4(y) 


Differential equation from (86) with d/dy =().» 


F oop t 4G, yy =0- (823) 
Solution: $=C,y+C,+C,cos2y + C,sin2y. (824) 
Stresses 

Cup By, » %,=0 , = -(4 Po) (825) 
~ Radiating states of stress 1,,=0 
Stress function @®=rg(y)+h(r), (8.260) 


where h(r) denotes an axisymmetric state of stress according to (820). 


Differential equation for g(y) 


+2g..+g=0. (8.266) 


EB, ppye soe 


Solution: = C,rcosy + C,rsing + C,rycosy + C,rysing. (827) 
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Stresses due to (87) 


1 ] 
Oe =F + acy , Typ = 0 ’ Tr, = 0. (828) 


- Non-azisymmetric states of stress 


Further solutions are obtained from (86) by means of separation approach- 
es of the form r*cosny (n> 2) [ see Exercise B-8-4]. 


- Complex stress function 
Transformation of (819) into polar coordinates with z = x + iy = re” 
yields 
Oy, + 59 = 4Rey'(z), 
Ogg ~ I, + Bit,» =2A(Zy" + pe”, (8.29) 
2G(ut+iv)=(-zy'-o + ky)e 


where u, v are the components of the displacements in the r— and J-direc- 
tion, respectively (see [B.5]). 


9 Plates 


9.1 Definitions — Assumptions — Basic equations 


A plate is a structure like a disk with small thickness t in comparison with 
other dimensions. The plane which halves the plate thickness is called the 
mid-plane. As shown in Fig. 9.1 a), the plate is subjected to surface loads p 
perpendicular to the mid-plane. An arbitrary load is resolved vertically 
and parallel to the surface. The in-plane forces can then be dealt with by 
means of the disk theory (Ch. 8). The interest in this chapter is restricted 
to the influence of the transverse loading on the plate. The thickness of the 
plate is assumed constant in the following. 





Fig. 9.1: a) Dimensions and loads of a plate 
b) Sign convention for stress resultants of a plate element 
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a) Plates in Cartesian coordinates 
~ Shear -elastic, isotropic plate 


Displacements of an arbitrary point P at a distance z from the mid-plane 
(cross-sections remain plane, see Fig. 9.2): 


u(x,y,z) =z, (xy), 
v(x,y,z) =2¥, (x,y), (91) 
w(x,y,z) = w(x,y,z=0) 
with the bending angles y, and vy, - 
Strain-displacement relations from (4.14) with (9.1) (e/ox= ()«x, 
o/oy =) ) 
C= ahr Mg = (Yay + Yial?s 
fyy = BP yy 2 Wyn = Py + Wy» (92) 
a= Os Vex = ix + Yy- 


Stress resultants (defined per unit length of a line y = const or x = const 
in the plate mid-plane ): 


+t/2 +t/2 
M,,, = | O,, 202 , M,, = | o,,zdz bending moments 
-t/2 t/2 
+t/2 
M,, = = | T yy 22 torsional moments (98a) 
—t/2 
+t/2 +t/2 
Q, = ii Ty, AZ , Q, = | T,, az transverse shear 
yz 
-t/2 -i/2 forces 


The sign convention consistent with (9.3a) for the stress resultants is shown 
in Fig. 9.1 b). 

Definitions (93a) with the material law (512) and (92) lead to the stress 
resultant - deformation relations 


M,x = K(v,, x + vy) ’ 
= ee "y v he , 





=M= K(¥y e+ &y)5 (9.36) 
a. — Gt. (4, + a 
Q, =Gt, (vy + w,) 
Et? 


with the plate stiffness K = 


, the shear modulus G, and the 
shear thickness t,<t. 12(1-v*) 
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Fig. 9.2: Deformation of a plate in 
a cut y = const 






” deformed 


Equilibrium conditions 
Q2t Qtr =0, 
M +M,,,-Q,=0, (94) 


XXX 


My xx + Myy,y — Q, =0- 


The relations (9.32) and (94) result in eight equations for the eight un- 
knowns (five stress resultants, three deformation quantities). 


Reduction of the equations 
The combinations 

fa Phy + Fetes (95) 
are the basis for the derivatives (see [B.5] ): 


w= -Y, + an (% -+3*v,), 





(96) 





wy =—¥, + Ge Sa i. a v). 


This yields three equations for the three unknown functions w, @ and V: 


(97) 
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By means of an additional auxiliary function 


K 
Ge? (98) 


vo Wo 


two uncoupled equations are derived 


(99) 





Hereby, a partial differential problem of the sixth order is generated. Three 
quantities can be prescribed at each boundary [B.5]. 
— Shear-rigid, isotropic plates with temperature gradient 


For such plates the shear stiffness Gt, —> oo, ie. the terms multiplied by 
K/Gt, can be neglected. From (96) follows: 


Py =~ Wy fo Sw es (9.10) 


This means that after deformation a normal to the mid-plane remains a 
normal. Thus, no shear deformation occurs in cross direction ( Va = Tes = 
0) = > KIRCHHOFF'’s Plate Theory. 


Material law — stress resultant-displacement equations due to (9.3) 


M,, = -K[w,,, + UW EL v)a_'O}, 

1 
M,, = -K[w,,, * UW xx + q + v ) Op 6], (9.11) 
M,, = -K(1-v)w,, 


with the constant temperature gradient ‘a( x,y) through the thickness of 
the plate. 


Transverse shear forces from (94) 


Q, =-K(Aw), -(i+v)apK'O,, 


1 
Q, = -K(Aw),-(1+v)a,K'o,. 


(912) 
Note: As the shear deformation vanishes, no law of elasticity for Q, and 
Q, as in (9.3) exists. 
Basic equation of KIRCHHOFF’s plate theory 


KAAw = p-a,(1+v)KA’'O |. (913) 


The above equation is a partial differential equation of fourth order. At 
each boundary only two boundary conditions can be fulfilled. 
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Boundary conditions at a boundary x = const: 


— Free boundary 


M,=9 or wytuw,+(1+ v)a,'@ =0, (9.140) 
Q, = Q,+M,,,, =0 
1 (9.14b) 
or Wisse t (27) w+ (1+ ve, 0, =0, 


where Q, = ~K[w,,, + (2- YW lt v az 'O ,] (9.14¢) 


is one of the KIRCHHOFF'ss effective transverse shear forces. 
— Simply supported boundary 

w=0 , M,=0 (9.152) 
or w=0 , Aw=0. (9.15b) 
Egs. (9.15b) are called NAVIER‘s boundary conditions. 
— Clamped boundary 

w=0 , w,=0. (9.16) 
Analogous boundary conditions can be formulated for a boundary y = const. 


— Corner force 


A =2M,, =-2K(1-v)w,,. (9.17) 
Determination of maximum stresses 


M M 
= xx —~ 46 
cfs ee =+6 t? ? “ymax =e t? 


M 
=+6—2. (918) 
t 


T 
3 xY¥max 


— Transversely vibrating isotropic plate 


Differential equation for free transverse vibrations 


2 
ow 
KAAw = -p—> 919 
ar (919) 





where 7 denotes time and yz = gt denotes the mass per unit plate area (¢ = 
mass density of the plate material). 


Product approach due to D. BERNOULLI for the calculation of natural vi- 
brations : 


w =w(x,y)- T(r). (9.20) 
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Differential equation for the time-independent vibration mode w(x,y): 
AAW = Mw. (921) 
For an overall simply supported plate as example, the natural angular fre- 


quencies w, are calculated from 


mn 


2 
4 — Bway 
Ane = K 


Refer to the shear—rigid plate (914) to (9.16) for the boundary conditions 
to (921). 
~ Shear -rigid, orthotropic plate 


Material law - stress resultant - deformation equations according to (9.11) 


M,. = ee + eV gy) 4 


a io (922a) 
M,, = “Ki, + YW) 5 M,, = ~2K as 


with the stiffnesses 
3 3 


3 
E,t E,t Gt 
K, i2(1-v, vy)’ K, 2(l-v,v,) ” Key 12°. (3200) 


The equilibrium conditions are the same as in the case of the isotropic 
plate (see (94b) ). 


HUBER’ ’s differential equation 





| K. W xxxe + 2HW, yyy + KW = P (923) 





with the effective torsional stiffness 
2H = 4K, +e Kt wy Ko. (924) 
b) Plates in polar coordinates 


~ Shear-rigid, isotropic circular plates () 
J 


we 


: a; 
Differential equation due to (2.40) and (2.49) with d/or = ae [w= y 


AAw =(w,,, ++w, + 5p) é 


1 11 1 
=P -ag(1 +1)/( GaP Oto Crag) (925) 
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Material law — stress resultant—displacement relations 


1 
M.. = -K| wy, + (iw, + 3 We) +(1+ v)a,'9| 5 


1 1 1 
Myy = ~K[ SW + Wig + UW ar HL + Or e|, (926) 


M,, = -(1- v)K(+w,,, - 2%): 


Effective transverse shear forces 


za l-v/l 1 
Q, = -K|(Aw), + —y (4w,, ~ ee + 
(927a) 
+ (1+ v )an( "0, cosy - ‘Oe )] : 


Q,=-K[ Faw), #-o)(Fm6-am), + 
r (927%) 


+(1+v)ap(70, sing - 19,, ML) 
- Transversely vibrating circular plates 


Differential equation for the time-independent vibration mode w(r,y) ac- 
cording to (9.21) [B.8, B.9] 














fe a= Ji Ya . 4 pw? 
(¥,,,+ $+ aH op ) = w with X =k (928) 
Separation of the vibration mode 
co 
w(r,g) =R(r)- $(~) = > R,(r)cosny (929) 
n=0 
—— BESSEL’s differential equations: 
aR, 1 dR, ee 
ete a TU -S)RRO aay) 
aR 3 dR fa 
ar? Te dr -( + 77)R, =0 ; (9.30b) 


This type of differential equation is dealt with in [B.3]. 
c) Plates in curvilinear coordinates 
Equilibrium conditions 
|, +p =0, 
} (9.31) 


M™|, - Q™=0. 
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Material law - stress resultant—displacement relations 
af ‘Bb 1 
MS KEP (w+ pays O) (932) 
with 
K plate stiffness , 


aap» a® components of the metric tensor in the mid-plane of the plate, 
to (é° ) temperature gradient, 


EY _ at (a a” + a% oP )+v aX av plane elasticity tensor. 


Differential equation 


KAdw = p-a,(1+v)KA'o (918) 


with the LAPLACE operator A given by (2.39) in terms of the applied cur- 
vilinear coordinates. 


Energy expressions 

- Cartesian coordinates (0/dx = ().x , /dy =().y) from (6.162) [ A.9| 
1 2 2 2 

i, = flexi. tw +2(1-v)w. + 2vwiw,) + 


+Ka,(1+v)(w,, + Wyy)'@ } axay 
(983) 


or 
I; e eee + Wy) -2(1 om Y) (Wise Wy = Wary) + 


+ Kag(1+v)(w,, + w,,,)'@ | dxdy. 
- Polar coordinates (d/dr =()r, dy =( )w) 


1 2 1 
i, = [f{Sx{«2, + 2u(wiwioy, + Wie) + 


2 2 Tt. 
+ (1 - v) (wi, — 7 We Way + YP we) - (934) 


2 2 1 2 
+ (w? Fe eet 4w? I} rdydr. 


- Curvilinear coordinates ( with a= lacel) 


Il, = J] GK B Plo las + ap K agg Exh whos 'o) Ya ae! ae? 
(9.85) 
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9.2 Analytical solutions for shear-rigid plates 
a) Cartesian coordinates 


- Simply supported plate strip (afoy =O , dfax= (), ) 














Differential equation from (9.13) Adw © W xxx = P (x) é 
Solution: sin=* 9.36 
wae ain a (2) 
for p(x) = 2p, sin ts 
a 
with p, = [ p(x)sin 22 Xdx , (n =1,3,5,...}. 
0 


- Rectangular plate with simply supported boundaries (dimensions a, b; 
Fig. 9.3) 


Differential equation from (913) (d/ax = (), , dy =wy) 


AAw = +2w +w = PCy) | 


= W xxxx W xxyy *yyyy 
Solution: Double series expansion according to NAVIER 


w(x,y) = >) > Wag Sin sin “FY » (m,n =1,2,3,...). 
min 











ws - max... nw 
Load p(x.9) = 2,2, Pmnsin < sin => . (987) 
Expansion coefficients Wan = a ee ‘ (9.38a) 





Fig. 9.3: Plate under a uniformly distributed load over a rectangular sub- 
domain 
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A plate subjected to a uniformly distributed load p, over a rectangular sub- 
domain as shown in Fig. 9.3 will be considered as an example of applica- 
tion. 


We first expand the constant load p, in the y~direction 
_ nT 
p(y) = D'p, sin 7 F% 
n 








with 
b v+d 
Pa = £ | Posin 2E¥ dy =< | posin 2£¥ ay = 
0 v-d 
2b v+d 
a Pe See te LC 
= $b (-coe2Z)|" = 
_»5 Pon. nav. nrd es 
= 25, 2sin—— sin > (n =1,2,3,...). 


Ensuing, this p(y ) is expanded in the x-direction 


p(x,y) = >) >'p, sin eae sin tee (987) 
min 








a 
with Pan = = J Pasi 
0 


The calculation yields 














Po - mau. mac. nrv. nad 
Pin = 16 z sin—— sin — sin} — sin (9.38b) 


mnw7 


Herewith, we obtain with (9.38b) 


Sis Pron - max. nay 
>> ——_—_—_—— in sin ‘ (989) 
mn Ka{() + (2)] mM a 


Two special cases: 





e Fullload —> c=u=a/2 , d=v=b/2 








It follows that : Pmn = 16 3 and 
mn 
_ 16 ~ 
o Sein 7 sin sin a 
n 


(m,n =1,3,5,---). 
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Herewith, for a quadratric plate (b = a) the maximum deflection (found at 
the centre ) becomes 


4 
16 po (1 1 1 1 
eee (SN a Of eR eh ek 
Wmax = ($5) Kx \4 300 300 1 9-324 ) 


One can discern a fast convergence, particularly as the higher terms have 
alternating signs. 


e Single load F at the point u,v 


We extend the expansion coefficients 














- mmc... nad 
sin 
ated sin" sin 27Y oe b 
Pmn ~ ab Po a b mac nad 
a b 


in such a way that the rectangle can be reduced to a point. With the limit- 
ing value 


lim SAKE _ 3 lim S2H#G _ |; 
c+o KC d—+0 pd 


and lim4cdp, =F, 
d— 0 


we obtain Pan = <p sin ==" sin aa (m,n =1,2,3,...). 








- Plates with two parallel, simply supported boundaries and other bound- 
aries arbitrary 


Differential equation ——> (913). 


Solution approach according to LEVY: 





w(x,y) = Dw, (y)sin == . (940) 


Transformation of (9.13) into an ordinary differential equation with con- 
stant coefficients (d/dy = ( ).y): 


WAY yyy ~ 2( 2) wy (¥ gy + (BE) waly) = Feely). (941) 


Homogeneous solution : 
nt . 4) nT 
Ww, = (A, cosh ZY + B, sinh ~=¥ + 
(942) 





nay n7y nvy..,n7y\. nx 
+C, a cosh —* + D, ~~ sinh —— )sin arr 
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ee 


— Plates with arbitrarily supported boundaries 


If the surface load can be considered as a product similar to (9.37), closed 
form solutions for plates with mixed supports can still be found. We are 
going to explain the solution approach by the example of an overall clamp- 
ed plate according to Fig. 9.4. 


Since no solution is known for the overall clamped plate which fulfills both 
the differential equation and the boundary conditions, we separate the pro- 
blem into the following three subproblems according to usual methods of 
structural engineering, and obtain the solution using the superposition prin- 
ciple: 


0” The overall simply supported plate under uniformly distributed load 
with the solution w, following from (939). 


"1!" An overall simply supported plate with a yet unknown moment distri- 


bution M,,, ——> solution w, . 
1 
"2” An overall simply supported plate with a yet unknown moment distri- 
bution Myy, —— solution w,. 


From the geometric boundary conditions — the bending angles have to van- 
ish at the supported boundaries in the superposition, Le., 


a 
5, Yi Woy t May t+ W2,2= 9, 
b (943) 
x,t5 : Wy + Why + Woy = 0- 


From (948) follow the previously unknown moment distributions, and from 
W=Wy,+ W, + We 
we obtain the general solution. 


In case of non—symmetrical support the partial solutions become more 
complicated and the number of geometric boundary conditions increases. 
Herewith, a solution in closed form can be only theoretically established at 
the expense of more work. Thus, the use of an energy method would be 
more effective [ B8 | 


Myx, M,, 2 


+ 





Po = const wy no" 


Fig. 9.4: Plate with all edges clamped 
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- Orthotropic plates [ B.5, B.9| 


mze follows the char- 





: : Amy .: 
From the series expansion w, = Yc,e mY sin 
acteristic equation = 





K, (2) - 2H? (BZ) + Kak =0. (944) 


a 


With the four roots 


Am,2,3,4 ~ aa x (# * Hw ~ KK, ) (945) 


the solution procedure depends on the radicand. We distinguish between 
three types of plates: 


1. Type: H’ > K, Ky = plate of high stiffness against torsion. 


Since the bending stiffnesses are always positive, the inner root is less than 
H. Hence, all four roots are real. The solution is valid for K, (or K,) ~ 0. 
This corresponds to a plate with a negligible bending stiffness in the x—(or 
y-—) direction. This assumption is valid if the plate is of very high stiffness, 
which may be achieved by means of box-type ribs in the y-(or x—) direc- 
tion (Fig. 9.5a). 


2. Type: H’ = Kk, K, = approximation according to (9.85). 
We find the double roots 


An =) = maa/ Ky A =) mis /—x 


H 
m ‘m. y m: m. 
1 2 a Ky a Kk, 3 4 a Ky 








This type occurs with a crosswise reinforced concrete plate as shown in Fig. 
9.5b . 





Fig. 9.5: Orthotropic plate profiles 
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8. Type: HW< K,, K, = plate of low stiffness against torsion. 


In this case, the roots are complex conjugate 


2 mx_f/ 1 aif _ py 
Amns2,3,4 aio a K, (x + iyK,K, -H ) : 
For negligibly low stiffness against torsion H ~ 0 we obtain 


K K 
_,ma7 : x _,ma7l :\4 x 
Maga sb! K =. g V2(1 +i) ae : 


This solution occurs, eg. in cases of plates stiffened by bending profiles that 
have very low torsional stiffness (Fig. 9.5c ). 








b) Polar coordinates 
— Azgisymmetrical load case 


The loads and boundary conditions are independent of y —> p= p(r), 
w=w(r). 


From (9.25) we obtain EULER’s differential equation 
w a 1we= ptt) , (946) 


yor + yor 7 Wyre + we 
Homogeneous solution : 
= 2 x 2055: 
Ww, = Co + Cr + C,In— + Cyr In= (947) 


with a suitable reference length a. 


— Non-symmetrical load case 

Load p(t,y) = g(r) >.p, cosny , (n integer). (948) 

Expansion approach for deflection w(r,y)= > w,(r)cosny. (949) 
n 


Transformation of (925) into an ordinary differential equation: 


2,2 


@ id in 1 
(sa +ee -35) wy = K Pn8(T)- (950) 
n=0: solution (947) for the axisymmetrical load case , 
Cc. 
n=1: Win =Cr+—24+O,+C,rln—, (951a) 


n>2: “n= or + Gr + Cart + Coat ; (9.51b) 
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10 Coupled disk—plate problems 
10.1 Isotropic, plane structures with large displacements 
- Basic equations 


In the previous chapters we considered elastic structures with small dis- 
placements. This simplifying assumption is not always fulfilled; especially 
in cases of thin-walled structures subjected to larger compressive loads, the 
deformations may become large compared with the thickness. The equilibri- 
um conditions must then be formulated for the deformed state of the struc- 
ture and terms of higher order must be taken into account in the strain- 
deformation relations. This corresponds to the geometrical non-linearity. 
Here, the material law is considered to be linear. Furthermore, the lemma 
of mass conservation (@ dV = g dV) is assumed to remain valid as well as 
equality of the volume forces in the deformed and undeformed state (f = 
f). The stress-free initial state (LAGRANGE formulation ) is taken as a 
basis. With these assumptions, the equilibrium conditions read as follows 
[ Bl, B.2, B4]: 


((6, + v'f,)7*]|, +f =0. (10.1) 


The strain-displacement relations have been introduced in Chapter 4, and 
we obtain according to (4.12a) 


i ( vi; + vik + vd vedi) . (10.2) 


As the strains are assumed to be very small in comparison with the defor- 
mations, non-linear terms can be neglected in the compatibility conditions. 
The six equations of the material law are adopted in their usual form (5.5a) 
or (56a). 





Fig. 10.1: Plane load-bearing structure under temperature and surface loads 
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In Chapters 8 and 9, disks and plates were considered separately because 
their loads were assumed to act either in the mid-plane or perpendicular 
to the mid-plane of the structure. Now, we extend our consideration to the 
coupled disk-plate problem. Besides, it will be assumed that the plane 
structure is subjected to an arbitrary temperature field ( Fig. 10.1) 


o(é,¢) = "0() + Cole) (10.3) 
with "o(é") = 4 [0,(€) + ,(€)], 
'o(e) = + [0,(€) - 0,(€)] 


and an external surface load p(¢*). At its boundaries, it must satisfy pre- 
scribed boundary conditions. In the following, we will restrict ourselves to 
the shear-rigid plane structure, but assume large deformations. 


Treatment of the problem by means of the HELLINGER-REISSNER energy 
functional: 


— Stress resultants — tensors 


In addition to the moment tensor M%, we introduce the tensor of in-plane 
forces N°“ (membrane tensor ). According to Fig. 10.1 with € = (, they 
read: 


+4 +4 
NY = [ a , MPa | PP cae. (10.4) 
_t -t 
2 


— Strain-displacement equations 


ie plane load-bearing structure is subjected to strains °y,, and distortions 
"ess of the mid-plane. The total strains at an arbitrary point can be super- 
posed from these two parts. According to (10.2), the following strain—dis- 
placements relations are valid 


0 a 
Yap =x (Vale + Vela + Map) - (10.5a) 


Assuming v, < w, only the non-linear term w,q W,g is taken into considera- 
tion in (10.5a). 


The distortion of the mid-plane ! ‘Yap is obtained from the relations of the 
shear—rigid plate, where the cross sectional rotations are expressed by the 
angles of the bending surface w,, (KIRCHHOFF'’s normal hypothesis ). The 
following relation is valid for the distortion of the shear-~rigid plate 


Yes = -— wha : (10.5b) 
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With °y, and 'y,, we form the total strain og 


0 1 
Fas = Yo Fo Voge (10.5c) 
— Material law 


The material law is used in the form for a state of plane stress of the 
body (7,3 * 0). With the temperature field (10.3) and the strain tensor 
components (10.5) we obtain the following relations for the stress resul- 
tants 


5 
NY = tE* (ang - Op a.g O) ; (10.62) 
of _ t? pafr/1 1 
M =F ( qs — Up Ang O), (10.6b) 


where, after substitution of (10.5b), the equation (10.6b) becomes identical 
with (982) and with the elasticity tensor E**7§ defined in connection with 
(9.82). 


Variational functional 


We shall now derive the differential equations and boundary conditions for 
the coupled disk-plate problem by means of an energy functional without 
work contributions from volume forces, boundary loads, and boundary dis- 
placements [ET 2]. If we substitute the deformation energy U of (6.16a) into 
(6.29) for the three—dimensional body, then first follows 


My = {Io vy oT (4g + ep By OJ AV (10.72) 
and when regarding the plane structure as a two-dimensional body 


He [ {e100 -F O19 + anf) AV . (10.7%) 
Vv 


In (10.76) we have omitted all terms with 7*? because of the thin-walled 
structure (7*° ~ 0) and with 7,3 because of the shear-rigid behaviour (aa 
= 0) of the plane structure. By introducing into (10.7b) the stress resultants 
according to (10.4) and the temperature field according to (10.8), the func- 
tional becomes 


eet op 1 1/1 Bye 4 
= ft» +My 2D NPN + 
- (10.8) 
12 


+ 2 DsoeMM™ + 20,.N2°O + 20qgM2'0|} da 
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With 
1 1f[(l+v 
Dips = E Die16 = zl 5 (ag 8 g6 + Aas gy) - Y aap 2.5] 


and the plate stiffness K defined by (9.8), the functional takes the form 





t ao 7 
ty = [ff ee Flee (Ye + Yala + Map) + 
pe 
K pve xapy6 1 
eee Y Wha Was + Kapa,,E W145 e- (10.92) 


- 5 [Ep al,62,5 + 2ta, ae °e|| fa ae ae? 





Abbreviated the functional (10.92) has the form 
Ty = [P(E %as¥alpi¥s¥se Wlagi Flop) 4A ‘ (10.9b) 
A 


where the three functions v, ,w,®% are unknown. 


The external potential 7, in (6.186) for the work of the surface loads p (£*) 
is given by 


I, =-W = - [pwaa ; (10.10) 
A 


The total potential is now superposed from (10.92) and (10.10) 
T=O,+ 0,=H,-W. (1011) 


In Cartesian coordinates the total potential of the coupled disk-plate pro- 
blem is expressed as 
12 D2 
= [{le.n(v, +aWy) + Py (uy + zx) - 
. € (u, a Vix oh w,.W,,) + 


K/[_ 2 2 2 
+ E[w2, wt 2(1-¥) wy + 20 Wize Wy + 
: (10.12) 
+ Ka,(1+v)(w,, + Wo) OS 


t 2 2 2 
~ aha [ 82. + Oy - 27,8, -2(1 + v) 8, | - 


XX 


— tap(P,. + @,,)°0 | dx dy ~ ff pwdxdy . 
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From the stationarity condition SI] = 0 (see (620)) in anology with (6.85) 
now, the equilibrium condition (10.18a), the compatibility condition (10.18b) 
and the boundary conditions follow as: 


VON KARMAN’’s differential equations 





KAAw = p- Ka,(1+ v)A'0 + t0*(w,8) , (10.18a) 


DAS = -Ea,A°o - 2 o*(w,w) | (10.13b) 





or in index notation (see [ Bl, B.2, B.8]) 


Kw|5 = p-Ka,(1+v) ol + te“ wh ol, (10.14a) 
ol), =-Ea, ‘ol? - zg et Pl Wha - (10.14b) 


(10.138a) = equilibrium condition of the forces in the z-direction in cases of 
large deformations, 


(10.18b) = compatibility condition of the coupled disk-plate problem. 
The operator ¢) in (10.13) is defined in Cartesian coordinates by 
4 
0: (fe) =f 6. - ting Fi. (10.15) 


’ ’ 


Boundary conditions for boundaries y = const or x = const: 


- Simply supported boundary 


w=0 , M,=0 or w=0 , M,=0. (10.162) 
~- Clamped boundary 
w=0 , w,=0 o w=0 , wi =0. (10.166) 
-— Free boundary 
M,,=0 , N,.W,x + Ny Wy + Q, =0 
_ (10.16c) 
or M,, = 0 7 N,yWx + Nw, +Q,=0. 


Note: Due to the equilibrium considerations for the deformed element, the 
transverse force conditions contain additional contributions from in- 
plane compressive and shear forces in (10.16c). 
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w#0 






Nn? i; stable unstable 


N 


w=0 Nat w=0 N 


Fig. 10.2: Plate under in-plane com- Fig. 10.3: Characteristics of a 
pressive and shear forces bifurcation problem 


Special case: Basic equation for plate buckling 


For p=0, ‘© = 0 and the operator fully written, the differential equation 
(10.18a) reads 

KAAw =t($,w,, + $,.Wy, - 28,0.) - (10.17) 
If we introduce, by means of (82), the in-plane forces N, = to,, and Ny = 
toyy as well as the shearing force N,, = t7,, for the derivatives of the 
stress function, and if we take the compressive forces to be positive, we ob- 
tain the following differential equation for plate buckling: 
| Kaew +N, (49) Wy + Ny (%Y) Wyy + 2N,, OY) Wy =O]. (1018) 





The solution of this equation leads to a bifurcation at a critical load { Fig. 
10.3) 


10.2 Load-bearing structures made of composite materials 


The use of structures made of composite materials will be steadily increas- 
ing because of the possibility of tailoring their characteristics. Thus, very 
demanding technical requirements can be specified for composites, which 
cannot be achieved with conventional single-component materials. 


Our main interest here will be directed towards composite materials with 
glass and carbon fibres, It is characteristic for a composite material (Fig. 
10.4) that the fibre components of a single layer (lamina) are all oriented 
in the same direction and embedded in a matrix material. We call such a 
layer a unidirectional layer or, in short, a UD~layer. Characteristic parame- 
ters of a UD-layer (Fig. 10.4) are 


10.2 Structures made of composite materials 119 


fibre orientation 





Fig. 10.4: Multilayer composite consisting of stacked single layers 


— layer thicknesses t, , 
— fibre angles a, , 
— volume percentage of the fibres y, 


and all material data for matrix and fibre materials. 


Further to the orthotropic plate (Ch. 9.1) we shall now consider an aniso- 
tropic, plane structure made up as a laminate consisting of several layers 
(Fig. 10.5). Here, strains Ps and distortions *y,g are treated together as 
discussed in 10.1. 


Material law — stress resultant-—strain relations 


For a plane structure made up of several layers, we assume a linear stress— 
strain behaviour as was done for the previous isotropic plane structures. In 
case of a composite structure, however, the stress curve exhibits certain dis- 
continuities at the boundaries between the single layers; here, the stress re- 


Nie Nie 


Fig. 10.5: Plate made of several 
layers 
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sultants in the single layers remain constant. For the laminate itself they 
depend on the thickness coordinate ¢, because the components of the tensor 
of elasticity differ from one layer to another. The stress resultants of the 
laminate follow from the equilibrium conditions by means of summation of 
the stress resultants of all single layers [ B.11]: 


nv = > Ae = ee oh + pee ee >= ne? ? 
k 


- Me, (10.19) 


op aB _ pafuvo aBpu i 
M = 2aM =B Ww + K "hs 


3 
Q* = D0" = e e Ve 
th AOS SAT 4 ee ey 
k E 
Kee = yk ’ gx3A3 = ys : 
E % (10.20) 
ap 2 afyy 0 eB 1 
Me = D(A uw + .B 19,0) ’ 


Me = >(.B°" Oi + Keres :0,.) - 


For a physical interpretation of the relations between stress resultants and 
strains we write (10.19) with (10.20) in an appropriate symbolic notation: 


0 
N [ A B O 7 Ne 
M|=; B K 0|| 'y}|~| Me (10.21) 
Q | 0 o0.6U6Ss 7 0 
with 
Ay Ay Ag 
A= Bae As matrix of membrane stiffnesses 
sym. A33 (Aj = A; i 
Ky, K, Ky ; ‘ - 
matrix of bending stiffnesses 
K= K,, K,, ie =e ; 
sym. K,, ij yi /7? 
B, By, By 
B= A ce matrix of couple stiffnesses 


sym. Bz, (B, = B,) : 
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s = | Su | matrix of shear stiffnesses 
sym. S,, (S; = S;), 
N' = [Nyy Noo Nie] vector of in-plane disk (membrane ) forces, 
M ~ [ Mi >MoosMyo | vector of plate moments, 
Q’ = [Q,,Q)] vector of shear forces, 
° = [ey £99 eal vector of strains, 
ff = [ees tg eg] vector of distortions, 
7 =[%57] vector of shear deformations. 


For calculation of the matrix components we need the components of the 
elasticity matrix E for a single layer, which we obtain from a transforma- 
tion according to (5.21) presented in matrix notation 


ic 
xE = , TE’ ,T (10.220) 
with 
cos” Oy sin” Oy sin 2a, 
hr = sin’ % cos” a, —sinda |, (10.22b) 
1. 3 Lea 
—-7 8In 2 ay, > sin 2 a, cos 2 ay 
Fy. Vy. By. 0 
1 Vyrge Vary 1 Vyrge Vary 
xe’ = Virgr Ey E,, Elasticity matrix of 
0 a UD-layer (5.20). 
1 Vyrgi Vary 1 VyrgiVgry 
0 0 Gyo 


The material parameters can be determined by means of the relations by 
TSAI and HAHN [ B.10, B.11]. 


As (10.21) shows, disk and plate actions occur coupled in a plane structure 
made of composite material. In addition, as a result of the transformation, 
the single components of the stiffness matrix depend on the fibre angle o,. 
The components of the submatrices in (10.21) therefore are based on the 
laminate design and the fibre orientation. 
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Strain-displacement equations according to (10.5c) 


Yop = “tap + 6 Yap oe 
with the strains 4 = ( v1, + Vole) 
‘ ‘ 1 1 (7084) 
and the distortions Yes = a4 Vals + ela) . 


Shear deformation 


0 1 


Vas = 3 Y, 
Peat ga (10.25) 
with y,=¥, + wl, 
and Vey in-plane displacements of the mid-surface , 
Vo bending angles , 
w displacement perpendicular to the mid—surface . 
Equilibrium conditions for the undeformed state 
From (328) N¥|, +p% =0 , (t7°% =n) (10.26) 
From (9.81) Qi, +p =0, 
( 10.27) 


M*|,-Q" =0 


In (10.21), (10.23) and (10.25) the strains are expressed by means of defor- 
mations. Substituting these relations into (10.26) and (10.27) then leads to a 
system of five coupled differential equations for the unknown deformations 
Vis 3 iM and for the angles w, of rotations of the cross section [ B7, B.10, 
Bu]. 


B.2 Exercises 


Exercise B-8-1: 


A simply supported disk (length /, height h, thickness t) is subjected to a 
constant load q per unit length as shown Fig. B-1. 


a) Set up an approximate AIRY's stress function in form of a power series. 
b) Determine the stresses in the disk from the stress function. 


c) Check that the Equilibrium at Large is fulfilled. 


d) Calculate and compare the displacements of the disk to those of a 
BERNOULLI -beam (h « 1). 


Fig. B-1: Simply supported rectan- 
gular disk under constant 
load q 





Solution: 


a) Based on (811) we consider the following power series assumption for the 
AIRY stress function : 


®=a,,xy - constant shear 
+ ag, x — constant compression in y-direction 
3 z 
+ aay — pure bending moment M, 
2 : ; ; 4 (1) 
+ a,x y ~ Sy linear in y and Ty linear in x 
2 3 2 3 2 
+ a93X y ~ 6, (x 1¥) + Oy Cy )s ty (x,y ) 
5 3 
+ Bos ~ %x(¥") 


The single a,, are free coefficients. 
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b) The stresses are calculated by means of (82) and (1): 


2 3 
Oxy = ® yy = 6agsy F; 6 a,x Yt 2Wagsy ? (2a) 
3 
Syy = Dx = 2899 + Zany + 2aggy , (%) 
2 
xy = ~ 9 xy =~, — 28, x - Gay xy i (2c) 


The boundary conditions for the disk are formulated as follows: 


h q 1 3 q 
Syy (X55) Segoe Zag + aah + Fagg h Ses (3a) 
h 1 3 
yy (X,- 5) =0: Zag ~ ayyh - Gaggh =0, (3b ) 
l 
6 -s,y)=0: 
oa 6 3 l?y + 2a,y' =0 (3c) 
l att. MV t+ sant y + Magy =9; 
Ory zy) =0: 
h 
Tt X,->) =0: 
ne Sa,shix = 3d 
h — 8, — 2a X—-—Zagh x =0. (3d ) 
try (%55) =0: 


Substitution of (1) into the bipotentia] equation (8.1) yields 


! 
LAD=0 + 20 + © vvyy = 24agg¥ + 120a,,y = 0 (4) 


7REXX rexyy 


—> gg = — 5 age - 
From (3a) + (3b) — 899 = — 
From (3d) > a, =0 and ay, =-Sah’. 


Boundary condition (3d) must be fulfilled for all x. 


From (3a) - (3b) + (3d) > a3 = By 

3 
From (3a ) => ao) -3E- 
From (4) — 85 = Fh 


Since (3c) cannot be fulfilled for all y, it is demanded approximately that the re- 


sultant force F_ vanishes: 
* h/2 


1 ! 
F,= ox (+5 ,¥)tdy = ‘ (5) 
~h/2 


This condition is fulfilled for all arbitrary a,,,a,, and os: 
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In addition it is therefore demanded that the moment M,(o,, ) of the stresses at 
the boundaries vanishes : 


h 
M, = [etaiawhs (6) 
-h/2 
h/2 
= (eee re eee 
-h/2 is 


3, 1 2.3 5 
t(2ap,y + Fayl y + 4agy ) 





-h/2 


1 3. 1 2.3°.>'2 5 
t[Eaggh + Fes! h + | 5h |=0 
2 2 
~a(h_! 
wee a0 = aa - 7): 


Hence, in dimensionless notation the stresses become 


2 2 2 
Sua = Se = 0( HS SEAR (79) 
ay = = 2(E) 32-4, ‘e) 
Tag = BE ORE) = an ORTH) (te) 


Fig. B-2 shows the approximate stress distribution for some cuts of a disk with 
t/h=1LandE=x/l,y =y/h. 


Fig. B-2: Stresses in the disk 
with [/h =1 
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c) Checking the Equilibrium at Large 


The resultants of the shear stresses at the supports must be in equilibrium with 
the load q. 





h/2 h/2 h/2 
I I I ! 

t fu, Covday-« [= (-4.9 ay = 28 fade tat 
-h/2 -h/2 -h/2 

h/2 h/2 

=> 2 fe] See- sus’ ]ey = 4 (Srey - 209°) = 
rel 4 nh \2 
~h/2 ~h/2 


=S (ge r-p hl) =al. 


d) The strains can be calculated from the strain—displacement relations (8.3) and 
from the material law (8.4) for the state of plane stress: 


1 
Ex = Wy = B(x — Vy)» ( 8a ) 
a 5 
Byy = Vy = Bl Spy — nx ; (8b ) 
1 
Vxy = uyt Vy =G xy : ( 8c ) 


Substitution of o,, > 6 from (a,b,c ) into ( 8a,b,c ) leads to: 


vy» txy 








2 72 3 
_ 4q h 1 2 3 3 3,2 h 
aime Ua 8 )e 43" - var a tly- a) 
2 32 2 
Bee ee oe peo) ge 
-=4-{[6( m4 JY 4y isis 
3 
3 3,2 h 
-v(zy -3yy- [xs ncy)}, 
q 3 3,2 h va? 2 3 
ty = gin [2y 2h -4-v[o(5- 5 4 x?)y-ay"]f a 
v= 4 {ay 333-5 - 
Eb’t (2 aT eR (9b) 


- v[3(% sf + x) 9 - y*] +e(x)| . 


We now form the derivative of u with respect to y, and of v with respect to x: 
2 2 


Boyt) aye (er Ss") M0], 








"4 
uy - Ek’t { 


= | 6vxy ? , de (x) 


Vix 
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From ( 8c ) follows: 


«ie £2) -aste-ofest ae 


Yay ~ ppt \ 10 
(10) 
~ovxy? + 2809)] £ Atty 4 ea x ~ 6xy’]. 
Collection of terms reduces the equation to the aie 
3 2,2) 3 2 3,2 dg (x) 4 af(y) _ 
2x phx gvhx geet a ax “dy = 0. (11) 


Relation (11) can only be fulfilled if the term depending on y equals a constant: 


df 
tog => f(y)=Cyy+C,. 


dy 
The same is valid for 
dg (x) _ 12,2 2 
age * +h xtovbx4Sr x-C, 
=> g(x) =- xt ton ¢ Sun 4 SPP - Ox 4G. 


If we substitute functions f(y) and g(x) into (9a,b), we obtain the following 
displacements : 





2 2 2 
-4_{I¢ Be Ae ay oe 
Eh't gat eee (12a) 
3 
3 3,2 h 
- v(2y -3ny-*))x+aqy+e}, 
3 2 2 
q ey Sey By- [a(R -5 *)y?- y‘|- 
= [5 pet ray »3( 45 a +* dy y 
(12 ) 


1 4 6.2% 3 2 2 3,2 2 
-9* tghx+gvhx +g x -Qx+C, 


The following boundary conditions and conditions of symmetry are employed for 
determining the constants C; (i = 1,2,3): 


u(O,y) = 0, (13a ) 
v(5.-#) = 0, (13b ) 
v(-4,-4) =0 (13¢) 


From (13bc) —> C,=0. 
From ( 13a ) — «=G=0. 


3 
From (13c ) _— o,=-9( Saud -pl-weP(S43y). 
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oan 


Thus, the displacements become 


2 2 
h I 2 3 
u(x, =a [e(a - 4x7 )y-4y -v(2 2y° 34" y-% Ee (14a) 
3 1 2 
14-3 22-2 hb l 2 4 
v(x,y) = =i-{4 y soity ey -s/35"( (2 baw )¥a|2 
1 4 6 3 2.2). -3 22 4( 3 1 
~9%* +(o4+4v)i?x re -1(34 Zv)- (14b ) 


seas) 


For comparison with standard beam theory we transform (7a ) as follows: 


coe = Belo —G)y + 392m - 2097) ], 


where the underlined term corresponds to the bending stress o,, in the corre- 
sponding BERNOULLI-beam. The second term is small for h/I «1. 


The displacement function v( x,y) is structured accordingly : 
32,2 5 ,4 
Mf Lh RSE et), 


The above terms are identical with the deflection function of the corresponding 
BERNOULLI - beam; for h/I « 1, all further terms can be neglected. 





v(x,y)= 


Exercise B-8-2: 


A circular, annular disk as shown in Fig. B-3 is assumed to be supported 
frictionless at the outer boundary and is subjected to a constant, axisym- 
metric temperature distribution over the thickness t 


‘e-0,(£) 


Determine the stresses and the radial displacement function of the disk by 
means of the displacement potential V. 


Fig. B-3: Circular, annular disk 
subjected to a stationary 
temperature field 
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Solution: 
We proceed from POISSON’s differential equation (711): 
A¥ =(14+v)ap@(r). 


Due to the axisymmetric shape, boundary conditions and temperature distribution 
of the disk, the derivatives with respect to p vanish. After multiplication by r? the 
partial differential equation is transformed into an ordinary differential equation 
of second order of EULER type with variable coefficients, 


2 6 
PY, tr¥,=(1+ v)ap@, "7. (1) 
The homogeneous solution follows with the assumption ¥), = ras 
r 
¥, =A,In= + A,- (2a) 
After choosing an assumption for the right-hand-—side type, the particular solu- 


tion reads 
6 








l+v Tr 
¥p= 36 ee ( 2b ) 
We then have the general solution 
6 
r l+v r 
¥=AIn7 +A, + 36 oe a (3) 


By means of the material law and the strain—displacement relations for the plane 
case, the stresses are calculated as 








_ Eid  E£ fAj1 | 
Sai Gag rae TaN. B45 (1 +v)ape,(5) i 
2 
_ BE @y¥ EAs ry] 
“oe ~~ T+v a 1¢v - H+ G(1 + vane, (2) A (4b ) 





The shear stresses Tre vanish identically because of the axisymmetry. 
The boundary conditions read as follows: 
o,(a)=0 , o (b)=0. ( 5a,b ) 





+ all 
"O"-system : "1]"-system m 
Fig. B-4: Superposition of two load cases 
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As (4a,b) shows, only one constant value of A, will occur in (5). Thus, one 
boundary condition can be fulfilled at the outer or at the inner boundary only. We 
obtain an additional condition if we — by analogy to statics — superpose a ”1”- 
system onto the ”0”—system ( Fig. B-4). If we apply boundary condition ( 5a ), an 
equal tensile stress p occurs at the outer boundary (”0”—system). We now subject 
the outer boundary of the disk to a compression —p ("1”-—system) which has to 
act opposite to +p in the ”0”—system so that this boundary is not subjected to a 
stress any longer. 








According to (3a) According to A-7-1 
(0). BA () C2 
o., --;2,[4+ o., =2G,+ 3. (6a) 
+ (1+v) 6 (= )'] Note: The third constant C3 equals zero 
6 T Ta * | for o() since the logarithmic part viol- 


ates the required periodicity of v in the 
circumferential direction . 


At the boundary r =a At the boundary r = a 
0 1 
0°) (a) = const = p. of) (a) =-p. (6b) 
must be valid. 


In order to fulfill the boundary conditions (5) we superpose the radial stresses 
and obtain 











of) + ol!) = 0, = - 755 Foo + CMane,(£)| (7) 
with A*=A,-t¥o, , cr=20,+t*, 
Inserting into the boundary conditions (5) we obtain 

0, (a) =o (a) + (a) =p-p=0, (8a) 

o,,(b) = of)(b) + o(b) =0. (8b ) 


Eqs. ( 8a,b ) provide the equations for determining the constants A* und C* 





AY l+v 1+ 2\,2 
4-o=-OM) 0, ar= 4) Waite )b’, 
=> 
A* (1+v) b \4 (1+v) 2, 4 
r= - Ea, (2) or = UE) La (1 +07 +0") 


with e=b/a. 


The following expressions are obtained for the radial and the tangential stresses: 
1 2, 4 ay r \4 
o., = t Bane, {1 +(¢ + o*)[1-(2)]-(4) , (9a) 


Opp = FEO, {1+ (e+ of)[1 + (2) ]-5(£)'}. (9b ) 
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Fig. B-5: Radial and circumferential stresses in the disk 


Fig. B-5 presents the non-dimensional stresses in dependence on the radius ratio 
e. Without the need for further integration, the expansion u(r) can be determi- 
ned from (9a,b), the second strain—displacement equation (88) for ¢ yy? and the 
material law (8.9): 


0 
u(r) =F (op, -vo,)+rap @. 


The reader is asked to check the results (9a,b) by means of the solutions to the 
bipotential equation (86). For further examples of thermal stress problems refer 
to | A13,Ba| 


Exercise B-8-3: 


A circular disk with constant thickness t rotates 
with a constant angular velocity w (Fig. B-6). 


Determine the location and the magnitude of the 
maximum stresses for a full disk (0 £ r < a) 
and for an annular disk (b £ r £ a). 





Fig. B-6: Rotating circular disk 
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Solution: 


During rotation a centrifugal force at a distance r 


f,=or wo (1a) 
occurs as a D’‘ALEMBERT inertia force at the element. 
: ov 
Since f, = a 
this force can be derived from a potential, i.e. 
V=-joer. (1b ) 


Thus, from the bipotential equation (86) 
DA®=-(1-v)AV 


. 1 2 
with AV=V_++V,=-2eo (2a) 
the following is obtained from (8.20) in view of the axisymmetry 
r © ar + ar Oo ro. +rO,=2(1- v)ew'r'. ( 2b) 


The homogeneous solution is given by (8.21). The particular integral is obtained 
by an approximation of the right—hand-side type 
4 l-v_ 24 

®,=Cr — =] 0078. (3) 

If we — due to the uniqueness of the displacement v — assume the constant C3 to 


be equal to zero (according to [ET1,2]), and if we consider (8.7), the total solu- 
tion for the stresses reads : 


Cc = 
6, =20,+V=20,+ 3+1 ye ey | a2 
Tr 








8 pwr - Fee r= 
4a 
~2c, 4 -3+ aa Ga 
= 1 a) 8 e ’ 
C2 3(l-v 22 1 22 
Gy, =O,+V = ay Set a, COL Dee ES 
4b 
=3¢ Co 1+3v 22 ‘*) 
= pe ge ee ae 


a) In case of a solid disk the constant C, must equal zero because of the non— 
existing singularity at the origin. 











3+ z2 
From 6,,(a) =2C, - 3 ew a =0 
follows 2, =2 4% 97a” 
and thus Op = >t 00" (a? - 27), (5a) 
34+ 2.2 14+3v 2 2 
Spy =—g— ew a -— jew r. (5b ) 
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The maximum values are attained at the axis r = 0 and become 





Ey en ee (5c) 


5 =6 — 
Tmax max 8 


b) For the case of an annular disk, the constants C, und C, follow from the 
boundary conditions 


o(b)=0 , o,(a)=0. (6) 


These conditions yield a system of two linear equations for C, and C,. Having 
determined these, we obtain the stresses 





3+v 2/2, ,2 2p 2 

n = ptoui(a +e -2F - 27), (7a) 
_3+v_ 2 2 2,a° 143v 2 

tng ee te aay (7) 


The maximum circumferential stress is found at the inner boundary r = b 











_3+v 2/2, 1l—-v,2 
Oo~max 4 ee (a +a’). (7) 
The maximum radial stress results from 
2,2 
ore = 2+ ou*(2 == -2r)=0 — rm=jab 
r 
3+ 2 2 
as Orpnax = On (™*) =—— ew (a-b). 


For b = 0 the solution is equal to that obtained in a). 


Exercise B-8-4: 


A quarter—circle annular disk (outer radius 
a, inner radius b, thickness t) according to 
Fig. B-7 is clamped at A-A. A force F acts 
in the radial direction at the free end B-B 
of the disk. 


Determine the stresses within the disk by 
assuming that the normal stresses in the 
tangential direction vary proportionally 
with siny (as is the case in the theory of a 
curved beam ). Discuss the results. 





Fig. B-7: Clamped quarter -circle 
annular disk subjected 
to a single load 
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Solution: 


The given quarter—circle annular disk is subjected to a non--axisymmetric state of 
stress . 


The bipotential equation (8.6) in polar coordinates r , p (°e =0,V=0) reads: 


2 1 
DAO = Dir + 5 Ose ~ G( Ove ~ 2 © pe) + (1) 
1 
+3(0, -2 Dia dt (49,5 + O uy) = 0- 


Since the normal stresses are varying proportionally with sin p, the following as- 
sumption is chosen : 


®=f(r)sing. (2) 
Substitution into (1) yields 


2 3 3 3 : 
DD 0 = (Sper + Phere ~ Shire + 3b - 46 )sing =0, 
ie. the differential expression in the paranthesis has to vanish: 


Ofnet 20 fa ~ 3rf, + 3rf, -3f=0. (3) 


rrr 

Eq. (3) is a differential equation of the EULER type. 

The solution assumption f(r) = r' leads to the characteristic equation : 
n’ -4n°42n' 4 4n-3=0. 

The solutions are: 

=nm=1 , n=3 , ng=-l. 


Thus, we obtain the general solution of the differential equation : 


f(r)=cr° + C,4 + Cyr + C,rlnr (4a) 
or, according to (2), the AIRY stress function 
@=(o°4614 r+ Grinr)sing. ( 4b ) 
From (4b) one obtains the stresses in polar coordinates (8.7) as 
1 2C: Ca). 
6, oe op tO, = (2¢,r - + )sine, (5a) 
2C. Cc 
ou, = O,, = (scr +7 2 +St)sing, (5b ) 
1 \ 2C. Cc 
Tay =-(40,), dlacec tee) say (5c) 
The boundary conditions are: 
o,(a,¢9)=0 , o,(b,p)=0, (6a ) 


tyla,e)=0 , (be) =0, ( 6b ) 
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feo(mo)tarLy. (7) 
b 


We can now determine the constants C,, C, and C, by means of ( 6a,b ) and (7). 
Substitution of ( 6a) into (5a) yields 
C2 | &% 


Beer hg Os ( 8) 
Co | C4 
2Qb- 2-5 + 5 = 0. (8b ) 
From ( 8a,b) we determine 
C2 
C= - 3. (9) 


Condition (7) with (5c ) becomes: 


f 2Cz Cc 
J tro (150) tar = [-(er = + ~4 ) cos Ot dr = 


poe 

















1 
c a 
! 
= -t(o,17 + + Ginr) =F 
me Se Pee aos e (10) 
-C,(a" - + 2 aNpr tr: 
Substitution of (9) into (10) leads to: 
242 242 
a —b a —-b a _F 
cS + OC, 2 C,lny = Vt 
2 2 
— o=—+|2c,2>5 -F]. (11) 
Ine a b t 
b 
We then proceed with (9) and (11) substituted into (8): 
a 1, 1f2C2(a@-b?) FP] 1 
Sag pts ae ee 
242 
=> oe (12a ) 
2 a? = bP (a? +b? )In]t 
2,42 
and, further, CG, = (a+b )P ; (12b ) 
[a -w- (a? +B )ine |e 
F 
Cc, = ~ ———___.. ____. (12c ) 


t 





al a? - b? -(a +b?)Iné 
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By substituting (12,a,b,c) into (5a,b,c) one obtains the stresses : 


274.3 2 
Prone s 
Pi cae 
B12 yn’ 

2 2 
2PBOl-O)2 
Cop ~ ta b? b? “ om? 
b-1-G+4)nz 


(13a ) 


(13b ) 


(13c ) 


For presenting the results, the stresses are normalized as F/(b-—a)t. This deli- 
vers the following stress distributions where the abbreviation 9 = b/a is used: 


peda} 04808, 


im 
(1+¢7)Ine 


+e 
= a 
Ir (1-e¢) 2 


6,,(a—b)t 
7 F 7 e -1+ 


‘ica Sa 
og 


a 













ot Pret 
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N 
0 Cy eS Sy 
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Fig. B-8 : Circumferential and radial stresses in the quarter—circle disk 
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3 
: I 2fa 2\a 
—~ _ %G(a-b)t 35-0 (2) -a+0)2 _ 
Spy = a — = (1-0) 3 z sing , 
¢ -1+(1+¢)Ine 
r, 2(ay 2\a 
oo SaeOeh cj cya te (3) -a+e ie 
= F &-1+(1+¢)Ine 
The maximum stresses Goss or Boge ait are obtained at p = > , and Tay has its 


maximum at p = 0. 


Fig. B-8 presents the distribution of the normal stresses over the cross section for 
different ratios of the dimensionless radii g. If @ increases, 6, approaches a 


: iS cig ae : : ee 
linear distribution corresponding to that of a straight beam. 


Exercise B-8-5: 


A semi-infinite disk y > 0, -co < x < +00 (thickness t ) is subjected to a 
concentrated moment M at the origin 0 as shown in Fig. B-9a. 


a) Determine the stress function for this load case by using a force couple 
as shown in Fig. B-9b and by applying the stress function (radiating 
stress state) @ = (F/rt)rwcosy for a concentrated force F as 
formulated in [ET2, A.16]. 


b) Which stresses occur in the semi-infinite disk? 





y 


y 


Fig. B-9: Semi-infinite disk under a concentrated moment M 


Solution: 


a) In order to determine the stress function ©, we substitute the prescribed mo- 
ment by a force couple as shown in Fig. B-9b. Then the stress function for F in 
0, can be written as: 


-@(x-~e,y). 
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If we superpose the above stress function by the corresponding stress function for 
F in 0, ie. O( x,y), we obtain 


©, = -O(x-«£,y)+ O(x,y). (1) 


According to the rules of the differential calculus the partial derivative is defined 
as: 


. ~O(x-e,y)+O(x,y) oO ~ 
aS ae ax (2) 


The difference in (1) can, by applying (2), be written in the form 
©,=«®,. (3a) 


After transformation into polar coordinates (0/dr = ( dr , o/ % = ( hel the 
difference reads : 


0, = e( 0, cosp ~o, 52%), (3b) 


In [ET2], the stress function of a single load on a semi-—plane is derived as: 
F 

© = {rT Pcose . (4) 

The partial derivatives of (4) 
oe 
= nt POPs 
o = F (cos — psing) 
a rt ? ? 

yield by substitution into (3b) the following stress function : 


F 2 - 52 3 
®, = [9 cos y — singcos¢ + ¢sin e}= Fele ms sin @ cos ¢ | ‘: 


With Fe—>M => , = “[¢ - singosg]. (5) 





Fig. B-10: Radial stresses in a semi-infinite disk under a concentrated moment 


Exercise B-8-6 139 





b) The stresses are determined according to (8.7) 


1 1 

Ore = 5 O12 + 781 yy (6) 
Since ®,,=9, it follows from (6 ) that: Or = 5% yy - 
By 

M 2 23 M M,. 
1.0 = xl ta (eos  ~ sin e)]=[1 - os2¢] i ® oo = 7 2 NZ 

‘ 2M. 
we obtain Sanne * Cn = ty =O; 
ie., 0<e<F — o,>0 , F<ecn — 6,<0 

tension compression 


Fig. B-10 shows the distribution of the radial stresses in this semi-infinite disk. 


Exercise B-8-6: 


A circular, annular disk made of carbon fibre reinforced plastic (CFRP ) is 
subjected fo an outer traction p,, an inner pressure p, , the centrifugal forces 
f, = grw’, and a temperature field °@(r). The laminate i is an angle-ply 
composite consisting of two layers with a fibre angle +a and the total 
thickness t (t, = t, = t/2) according to Fig. B-11. 


The following is to be determined : 
a) the EULER differential equation for the corresponding disk problem ; 


b) the distribution of the radial and tangential stresses in dependence of 
the fibre angle a and the radial expansion of the disk ; 


c) The results obtained shall be discussed on the basis of the following nu- 
merical values: 


Geometry: 
Outer radius a = 0.25 m, inner radius b = 0.0625 m, thickness t = 2-10°m 


Material characteristics of the layer (fibre T300, matrix 914C ) 
(Standards see Section 5.4): 


E,, = 132680 MPa , E,, = 9059 MPa , Gygs = 4268 MPa , 
Vig: = 028, 0 =119-10 °kg/mm*, y=060, 
Opy, = 0.23 - 107° /°C, Op = 53.25- 10° /°C. 


Loads: 


pj =0 MPa, p, =1MPa, revolutions n = 1000 min’. 
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Fig. B-11: Circular annular CFRP -disk under several loads 


Temperature field : 


4 
°e(r)=0,(L) with ©, =1°¢. 


Solution: 


a) According to (3.29b), the equilibrium conditions for a circular disk can be ex- 
pressed as follows in polar coordinates: 


otro. + Sop trf =0, (1a ) 


Toro 


Tet tg bet Th SHO. (1b ) 
All loads are axisymmetric so that both the stresses and the displacements are 
independent of the circumferential coordinate ~ . Thus, all derivatives with respect 
to p vanish in (1a,b). Furthermore, ty, Yr, and v are equal zero. The simpli- 
fied equilibrium condition (1a) then reads: 


Ort FO... — Sy + rf, =0. (2) 


In a similar manner, the strain—displacement equations (88) for the axisym- 
metrical load case can be written as : 

Sm Mr 2a (® =F: (3a ) 
Finally, we have to determine the material law for an angle-ply laminate. This 
is achieved by rotating a unidirectional layer (UD—layer) (see Section 5.4). For 
pure disk action, we have according to (10.21): 


N,, Ay Ay Aig Ey Op, 

0 
Nyy i Ay Agg Ep | - Mpy ©>. (4a) 
N sym. A 


Te 33 Vip Try 
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The elasticity matrix in (4a) is fully occupied and its components depend on the 
angle of rotation. By special choice of the fibre orientations in a multi-layered 
composite (see Fig. B-11) and constant uniform layer thicknesses symmetrical 
with respect to the mid~ plane, one obtains a simplified material law for the state 
of plane stress. We can prove for o,=+ a that Aj,z = Ag3 = 0 , and thus 
(4a) becomes with the assumptions made, 


Oy, = Ey, (a) E,, (a) fr 43 Ty % ( 4b) 
Oo E,,(«) E,, («) on Wry 
In (4b) we have introduced the stresses corresponding to the stress resultants by 
means of N,, = 6,,t etc. This way, the elements of the elasticity matrix corre- 


spond to those in (5.24a,b). Furthermore, a, and ap, denote the coefficients of 
thermal expansion in r— and 9 — direction. 


At this point it should be mentioned that with the chosen fibre position, the ele- 
ments of the elasticity matrix are independent of the angular coordinate ¢; the 
assumptions concerning strains and displacements are thus confirmed. 


Equations (2), (3a,b) and (4b) provide five equations for the determination of 
the five unknowns 6,,, Gy, fry Eyy and u. In the following, this system shall 
be solved with respect to the stresses (see Section 7.4). In a first step we there- 
fore transform (4b) with respect to the strains ¢,, und €,,, and obtain : 


err _ Dy(o) D(a) Ory + “Ty % (4c) 
to Dz(«) Dyle«)] | yy Ory 
with components of the compliance matrix denoted by D,¢ (y,8 = 1,2). These 
are given by: 


Dy(a) = 29) : Dea (a) = R03 : 











Ep («) Oidaye bee rue 


with A(a)=E,,(a)E,)(a)- Ep(«). 


From ( 3a,b ) with (4c) we obtain 


d 
Ur = gl F typ) = fp + Fhoy.r 


0 
= (Day ~ Dy) oy + (Dog - Dig) Oyy + (Oy - Oy) O+ (a) 
5a 


f2( Dy, ED + oq, °0,)=0. 


12 “rrer 22 °vyer 


We substitute from (2) into (5a ) 


2:2 
Oy = Oy + TO, ter WY , 
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and obtain the following differential equation : 


Dj»t 6 + 3D,,r6,,. + (Dy, - Dy, )6,, = 


mr,rr rer 


(5b ) 
0 0 2 2 
= (aq, -ap,) O(r)- ap r O, +(D,2-3D.)er wo . 


After substitution of the temperature field and its derivative 


0 r\t 0 48) r 3 
@(r) = 0,(+) : 6(r),. =" (4) . 
Eq. (5b) takes the form 
2 
Dat o + 3D22r6,,,, + (Dgz - Dy) oy = 


rr,rr 
; (5c) 
T 2 2 
= (ap, ~ 5aqy) (+) + (Dp - 3D,.)er wo. 
b) Equation (5c) is an inhomogeneous EULER differential equation. We derive 
the homogeneous solution by means of the assumption 


Oa, Cr (6) 


which yields the characteristic equation 


Veer 4(=S4)o0 


Dip 
with the roots 
dD, 
A, 2=-14+3/1- (i oat 
“A Da ) 
D D 
1 il 
— xX, =-1+ a » Ag=-1l- —— . 
? D2. 3 Dy 
a is the degree of anisotropy 
) Dz 
Thus, the homogeneous solution is 
» » 
Oy = Cyr + Cr? (7) 


with the free constants C, and C,. 


We now determine the particular solution by means of an assumption for the 
right-hand side. Thus, we obtain 


(ap -5 Jo 4 (D,,-3D 
6, = ty 9 (+) +52 22 ) peru’. (8) 
P (25 D2. Dy ) b (9D,, 7 Di, ) 
The total solution consists of parts (7) and (8): 


oOo, = 6 . 
1r ITh + orp (9) 
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The constants are obtained from the boundary conditions 
o,(b)=p,, (10a ) 
6,,(a)=p,. (10b ) 


After substitution of (9) with (7) and (8) into (10a,b) the constants can be de- 
termined from the linear system of two equations 


2 
(Dy.- 3Dy)e@ 2 (ag,- 5p) ) ra, 
c, =| P; ero ) 2 


- - a 
(9D,,-D,;) (25 D,, -D,,) 
2 
-(p, _ (Dy- 3Dyz)eo a? (ap, - 5 op) Op a )22| 
. (9D.-Dy) (25D,.-Dy,) , 
2 
é -a{-| —_ (Dy~3Dz)ee 7 Lene Sere) 20) 4 
2 i” (9D, -D,,) (25D,, -D,,) 
2 
+| cs (D,, - 3D, )ew a _ (op, = Sap) Op a! a =| a}, 
Po” (9D,,-Du) (25D,-D,) vo 
Ot 
dy pg aM ofa et) 
oh (C2) -(#) 
Introducing the abbreviation @,=a/b, the complete solution for the radial 
stresses reads : 


On = B,(=)" + B,(¢)? 


where A = 


2 (11) 
N (D,,- 3D,,)eu ay % (ap, - 5 Op )® (2Y 
(9D,,-D,,) (25 D,, -D,,) 
where B, and B, are given by 
2 
1 d2 (D,.- 3D ew 2 
ey {P07 - p, + (1 - 60 be o0,,00,,)0 
Po" — Po 
; (an, - Sang) ( (a) I}. 
(25 D,, - D,,) 
1 oN (D2 3D, ew 2 
Bi oacge inet + (1-08 ae 
Po — 0p Du 
a (aq, — Sag, ) © (4)']] 
(25D,,-D,,) \b/ 15° 
After determination of o,, , the radial stresses can be calculated from (2): 
On = Ot ro, tere. (12) 


The radial expansion can then be calculated from (3b ) and (4c): 


u=Te, =1D 16, + rDa25,, + Apt °e(r ). 





Radial deflection under 
external traction u,, 
centrifugal force Ux, 
temperature Ug 



















[Degree] 
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Fig. B-13 ; Circumferential stresses in a CFRP-disk 
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Fig. B-12 shows that the radial deflection depends on the angle +a; the smallest 
value occurs at «* = + 60°. The circumferential stresses in dependence of the de- 
gree of anisotropy / D,,/D22 are presented in Fig. B-13. Here, it is obvious that 
the circumferential stresses are approximately constant for y/D,,/Dj2 * 2,0 so 
that the high stresses at the inner and the outer boundary respectively can be re- 
duced together. 


Exercise B-8-7: 


An infinite disk possesses an elliptical hole. The disk is subjected to a uni- 
axial tensile stress o,, see Fig. B-14. No external loads act at the boundary 
of the ellipse. 


Calculate the stresses in the disk by the complex solution method. For this 
purpose, use the conformal mapping 


2-£(¢)=e(¢+%) 


_atb _a-b 
Fe” ET eb Osmsl 








with c 


to transform the area outside the elliptical hole in the z-plane into an area 
outside the unit circle (\¢ | = 1) in the complex ¢-plane. 





X= 00 x—> co 


Fig. B-14: Infinite disk with an elliptical hole under uniaxial tension o, 


Solution : 


Comments on conformal mapping 

The equation z = f(T) assigns any point z= x + iy = re'® of the complex z— 
domain to a point T = E + in = Re’® of the complex C—domain (see Fig. B-15). 
For further details on conformal mapping refer to, eg., [ A.8, B.6 ]. 





Fig. B-15: Mapping from the complex C—domain to the complex z—domain and 
vice versa 


First, we will show that the given equation 
2=t(t)=c(t+ 2) (1) 


maps the area outside the unit-1-—circle in the C-domain into the area outside 
an ellipse in the z—domain. Thus, the circle with radius 1 is transformed into an 
ellipse. 


The equation for the circle with radius 1 in the C— domain reads : 
eo 
(R=1). 2) 


Substitution of (2) into (1) leads to 


cae 


z=x+t+iy= f(e) =c(e° + me '°) 


and, after some transformations by means of the MOIVRE formulas, we obtain 


ae soo a? ge 
z=¢(1 ta +i(1 ~ m)&—2—| 


= c[(1+m)cos@ + i(1- m)sin@] (3) 
or x=c(1+m)csO@, ( 4a) 
y=c(1-m)sin@. (4b) 

Eq. (3) and (4) are the parametric relations of the ellipse x + ‘, =1, 


For © = 0 we obtain the large semi-—axis 
x(0)=a=c(i+m). 
The small semi-axis results from © = ™ 


5° 
y(5)=b=c(1-m). 
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Relations for the state of plane stress 
The following approach holds for the stress function © in complex notation and 
fulfills the bipotential equation derived in [ A.5, B.6]: 
= = —;— ey 
(2,2) =5[Ze(z) + 20(z) + fo(z)de + fo (Zaz). (5) 


Ilere, p and are arbitrary analytical functions to be determined by means of 
boundary conditions. ¢ (Z), @ (Z) are the corresponding complex conjugate func- 
tions with =x -iy. 


Eq. (5) provides the following formulas for the stresses and deformations (8.19) : 
Ox + yy = Oy, +O, =2(9' +"), (6a) 


Oyy — Oy + 2it,, =O, - O,, - 210,, = 2(ze" +4"), ( 6b ) 


yy “yy 
2G(u+iv)=-2e'-pPt+xe, (6c) 


3-Vv 


where x = iw is valid for the state of plane stress. 





Boundary conditions 
a) Boundary of the hole 


The boundary conditions at the boundary of the hole result from the fact that the 
load vector must equal the stress vector t at the boundary. 


In accordance with Fig. B-16 we formulate the equilibrium conditions considering 
the +/- sign of dx: 


x-direction : t, dst = o,, dyt + t,,(—dx)t 
oo dy dx dy dx 

=> t. = Oy Gs ~ yxds = Ory ds + Say ae: 

y —direction : t,dst = o,,(-dx)t +t, dyt 

=—+ t= dx dy eo dy 


y ~ Oy Get ty ge =~ Oxx Ge ~ xy ds ° 


y 





Fig. B-16: Equilibrium at the boundary of the hole 
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Soon 


Since the boundary load is zero it holds that : 


< d . 
t=t, + it, = 7, (0, -i0,)=0 


=> oO, - i, = const . 


Since the choice of constante is not yet limited, we can set them zero: 


: -( 9 3 3 } - oO 
0-10, =i(5>- Sy ge ae Om “PGE =O 
or, with (5) at the boundary of the hole (z)+z9' + =0. (7) 


Using the chain rule we transform the formulas for the stresses and displacements 
into functions of ¢: 


z=f(C) => (2) =¢9[f(C)] 9,(C)=9%, 
p(z) = 9[f(C)] w(T=%, 
dp = de, dt 9 (C) 9 


dz =e dz eto ke 


de _acsryx ait at 


i 


e 7altan 
ayo 
a@ f° 
From (6a) through (6c) we then obtain the transformed relation : 
%  & 
Oxy + Syy =2(7+4), (8a) 
f fe" 4 
Oxy ~ Oxy + Pity = 2(— oi" - Fare +a). (8b) 
: f — = 
2G(u + iv) le ha -$, + %9,. ( 8c ) 
At the boundary, we have, according to (7): 
fa 
0, + 7%, +4 =0- (9a ) 


According to [B.6], (9a) can be replaced by its conjugate form. We now achieve a 
simplified notation in the form 


— f 
9, + ari +¥,=0, (9b ) 
where t=c(t+#) : f =c(1-%) A (" = 2em =. (10) 


Determination of the stress function by means of LAURENT — series 


In the following, power series shall be established for the functions ¢, und 
[B.6]. Since the stresses in equations (8a) and ( 8b ) must converge at infinity, no 
term with positive exponents are allowed to occur in the series. First, the follow- 
ing LAURENT -series are set up for the derivatives : 
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co co 
roam ~n 
e= Dao” , w= DBL (11) 
n=0 n=0 
with A, and B, as complex constants. 


Integration yields: 


oa AG 
9, =AyC+ Ay Ino + 2 mar +> (12a ) 
n=2 
-n+4l1 
co yor 
$, = Bot + ByInt + ry (12b ) 
n=2 
By differentiation we obtain from (11): 
oo 
' -n-1 
e' = 2-2at (32) 
n=0 


Determination of the constants 
a) Conditions at infinity 
By means of ( 8a) and (11), we state for the stresses at infinity : 


-o(443) 


Ao 
F = 4Re— =o. 








6, + 6. 
(xs wy ) (00 
The imaginary part of A) only represents a rigid body displacement of the disk 
and is therefore set zero, i.e. 

_ 6G, 
0 47 
Correspondingly, it follows from ( 8b ) that 
f ft" vi 
=2( “3 ei" - (3 e+e) = 


i¢—+ co 





(d= 2 + 2it,,) 





C+ co 


{co 


co 
=2(0-04+ %)=-«, => By =-->-- 


Hence, we have obtained the results for Ay and By . 
b) Boundary of the hole R =1 
For boundary condition (9b ) we derive the remaining relations for the determina- 


tion of the constants : 


— f 
+ rei +o, =0 


me ae ee =(e%° + mel?) (1- me)" = 


1— me 


FS (et? + me)(1 + sett? + me 49, mie i? + es) _ 


: oO . 
me? re (14 m? ) > mote (2n- DiS ; 
n=1 


il 
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-i@e -210 -310 
ey =A,+A,e + Age , ane + wee, 


ne! = A,me® + Ay (1+ m’)e i? + A, (i+ m’)e *'° +... + 
-2i 2, -4i0 
+ A,m + A,(1+ m’)e ao A,(1+ m')e #4 +...+ 
ay 


+ A,me? + A,(14 mje? 4 A, (14 m +... 4... 


and with (12a,b ) 


_ —- «iO = = io A, 210 A, 310 
= Age -1A,0- Age “a5, —@ © eee yy 
ie, -ie B, -rx16 B -3ie 
?, = Boe + iB, © - Bue ng, © Sane 


Now, all of the above equations are substituted into (9b) and rearranged with re- 
spect to the e—functions. After that we get 


A, =0, B, =0, 
A, =0 for n>3, 
B, = <32(1 + m?)(m-1)(2n-1)m"~? for n>2, 
Bon41 = 0 for n>O. 
We thus obtain eis 01 + (m - 2), (13a ) 


of = Se [-1+(1-m4m) 3+ 


+(14+m’) )(m - 2) >, aoe 1) nt I 


Determination of the stresses 


(13b ) 


The circumferential stress can be calculated by means of equation (13a) : 


C0 1 +(m-2)% 


' 
Py 
Oxy + Oyy = Oy + Ogg = 4Re( Tt) = 4Re 2 —-__*_ = 
c(1- 3) 
C 
2 2 2i0 
C +m-2 Re +m-2 
= 6, Re -_.~———. = 6, Re —_-5- 5 ——— = 
0 —— 0 Reem 


psi Re em 2)(Re -2i0 a 2 
0 (R? e7#@ - m)(R’e -2i10 


~ m) 
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4 2 -210 2 -2ie 2 20 
R+mRe 7 _ oR e -mRe- 


Rt _-mRee O~ m Reon met 


2 
= 6, Re -m +2m _ 
=4 R‘ + 2m -—m’ - 2R’cos20 

° Rt 2mcos 20 +m? 


At the boundary of the hole R = 1, we have 6, = 0 and therefore the stress 


becomes 
1+2m-m’ - 2cos20 
Cee = % ‘ 
1-2mcos20 +m 


In the special case of a circular hole we have a = b and, correspondingly, m = 0. 
For © = n/2 we obtain the maximum stress 


Omax = 359 : 


The stresses at arbitrary points r, © are calculated from (8b). These calculations 
shall not be performed here. Further examples pertaining to the increase of 
stresses at holes and notches can be found, eg., in [ A-15, B.6]. 


Exercise B-8-8: 


An infinite disk subjected to a uniaxial tensile stress 0) possesses a crack 
with the length 2a (Fig. B-17). The state of stress within the disk is de- 
scribed by the complex stress functions 


eGR Sot EG, 5B 
n= 4 + * ( (=) 2), 
O,%Z Opa 1 
y =O - 2 ___i—"n 
2 2 (2) ug 
Viva 
withz=x+t+iy. 


Check whether the corresponding stresses ful- 
fill all boundary conditions 





Fig. B-17: Infinite disk with a crack 
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Solution: 


In order to apply equations (8.19), we calculate the derivatives 


2 343[7he Be 
Sees? | 
a % 1 


? = Oat, 73h" (1b ) 
[ey -1] 
1 _%, % = (1c) 


With (1a,b,c), the stresses follow from (819) 


Zz Zz 
Oy, + yy = — 6) + + SS ’ (2a) 
zy _y (2) eri 
(@)-1 VG 
S28, 
Oy ~ Oy, + Zit, = Oy + Gy oe WR (2b ) 
[(é) 2] 


In order to calculate the stresses themselves, the right—hand sides must be separ- 
ated into their real and imaginary parts. For checking the boundary conditions the 
following considerations of the limit values are sufficient. 


1) For large z und Z , ie. the outer boundaries, holds 


Oxy + yy =, (3a) 
G,y — O,, + 2it,, =o, (3b) 
and it follows that 6, =0 , Cy=% , ty =0 


in accordance with the given load. 


2) Along the x-axis, ie. 2 = %= x, the relations (8.19) become 


x 
Oxy + yy = Oy + 26, =, (4a) 
x 
{(2) -1 
a 
Oyy — Ong + Zit, = O- ( 4b ) 


For reasons of symmetry, we have along the x—axis 
a) ty =0. 


The ea is valid both for the non-loaded crack surfaces al < 1 and along the 
axis |= | > 1. 
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Solution of ( 4a,b ) now yields 


b) — Gy for |=] <1, 
Oxy = x 
09| ee - 1 for |%|>1. 
{Qa 


The stress 6,,, along the crack remains constant. At the crack tips x = ta, a sin- 
gularity occurs, and for large x 6,, approaches zero (load~free outer boundary ). 


c) 0 for |x] <1, 
Oyy = x 
a x 
Gp for |<] >2. 


7 2 
(S) -1 
The stress Gyy is equal to zero at the surface of the crack |=| < 1, but at the 


crack tips x = ta, dyy (as well as 6x ) exhibits a singularity. 


Thus, the stresses derivable from the functions given in the problem formulation 
fulfill all boundary conditions. 


Exercise B-9-1: 


An isotropic, shear —rigid rectangular plate (dimensions a, b, thickness t) is 
simply supported at x=0 and x=a, clamped at y=0, and free at y=b 
( Fig. B-18 ). The plate is subjected to a transverse, triangular load 


p(y) =p(1-£). 


Determine the complete solution to the plate equation, and formulate the 
boundary conditions. 


Po 


pty) 


Fig. B-18: Rectangular plate with different 
boundary conditions 
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Solution: 
The differential equation (9.13) (‘e =0) 


KAA w = p,(1-%) (1) 


has the homogeneous solution with the double root \,, = +4" (see (9.42) ) 


nt nt nny 
Ww, = oe + Bt 2 FY cosh “TY + 


(2) 





+ C sinh 2ZY + DF —— ney s inh 7") sin“ ; 


This solution fulfills both the homogeneous differential equation and the boundary 
conditions at the boundaries x = const: 


w(0,y)=M,,(0,y) =w(a,y)=M,,(a,y)=0. 


In order to determine the particular solution, the load in z-direction is expressed 
as a FOURIER series as discussed in the beginning of Section 9.2, 


p(x,y)= P (1 -2) =(1 -£) Deasin ARE 


4 
pe = fgsin 22 sees n= 1,3, 5.5... (3b )- 





(3a) 
with 

nt 7 
Using the isang series expansion for the particular solution 


-(-2)3 


it follows from the differential equation that 


4 
(EY R(-S)-em(t-§) > ea!) 


The complete solution is then obtained from (2) and (4): 


w=w, + w= BP 2lC- Dts 


zee 


(4) 











(6) 


— eee my |. nx 


Y sin h-=¥ sin —> 


‘osh 

















+B, + C, sinh +D,— 


Owing to the sine—expansion, the complete solution fulfills the boundary condi- 
tions at x = const, too. 


For the determination of the 4xn unknowns A,,...,D,, we have two boundary 


conditions for each of the boundaries y = const. and these apply for each value 
of 1 = 


for y=0 acc to(916) —> w(x,0)=0, wy(x,0)=0, (7a) 
for y=b acc. to (914a,b) ——+> M,,(x,b) =0, Q,(*,b) =0. (7%) 
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The stress resultants are obtained from (911) according to (7b ) or, alternatively, 
in analogy with (9.14c) with o/ox =(), , /oy =()y: 


Myy = —K(wyy + Vw)» 
Q, =-K(w,,, + (2-v)*,,,)- 


Exercise B-9-2: 


A simply supported semi-infinite 
plate strip (width a, thickness t) 
as shown in Fig. B-19 is subjected 
to a load in form of a uniformly 
distributed moment along the 
boundary y = 0. The moment per 
unit length of the boundary is 
denoted by M,. 


Determine the influence of the 
plate shear stiffness on the deflec- 
tion. 





Fig. B-19: Semi-infinite plate strip subjected 
to boundary moment M, 


Solution: 


We now deal with a shear —elastic plate, and refer to the basic equations (9.7). 
Since no surface load acts, the basic equations reduce to 


KA®O=0 , Aw=-©O , ¥-JA¥=0, (1) 
5 
where the shear influence factor is abbreviated as 
a inv K 
x, 2 Gt,’ 


In order to solve the coupled partial differential equations, we introduce into (1) 
the following approximation series of products with a seperation of variables, 


© => f,(y)sina,x, (2a ) 
¥ = Ye, (y)cosa,x , ( 2b) 
w= Zh, (y)sine,x, (2c) 


where «, = nx/a. These approximations take into account the simple support at 
the boundaries x = const. The circular functions are now separated from (1), and 
for each n one obtains a coupled system of ordinary differential equations with 
constant coefficients, and with the abbreviations 0/ax = (),, o/ay = ( yy it 
follows in this case 
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be eet =0, (3a) 

hay ~% Dp =f,, (3b ) 

En - 3 (Eniyy nn) = 0- (3c ) 
As solutions to these differential equations we have 

fi, =CGe?, (4a) 

g, =D,e ™’, ( 4b ) 

b= (A, tye )e on (4c) 


with x =x, + a : 
where only the decaying parts of the semi-infinite plate strip are of interest. 
We now expand the boundary moment M, as a FOURIER series 

My = 2M, sina, x . (5) 


In order to state the boundary conditions, we have to express the moments in 
terms of the solutions (4). From (9.3) and (9.6) follows that 


K 
Myy = K(¥y,y + V9, x) =K — Wyy- VW xx + Ge (yy + vO i) + 
1 
te (t= VY xy) = 


2 2 2 2 - 
= K{[-2a, + van A, +52 (2a, -ajyt very)]e Onyx 














(6a ) 
+ oe (a - van )C,e %*” +r, a, (1 - v) Dye?” | sin a, x , 
_1l-v _ 1l-v K l-v 
May = ZK Wy x + hay) = GZ K]- 249 + Se [209 + 2 
CF 7 Y yy) |f = 
1- 2 Ca 2 - 
= = K{[202a, + £2 (a, - a2y)]0 ony 4 
( 6b ) 
K 2 -a,y . 1- 2 2 ~, 
+ Gp (-24,)C,e ™ +3" (-a, ~,)D,e | cosa, x. 
The boundary conditions then yield : 
w(x,0)=0 — A,=0, (7a) 


M, K 2 
M,,(x,0) = My — =e, [1+ Lea -v)]+ 


1 
+ 5->n% (1 -v)D,, (7) 
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Gs 
2 +G, 





M,,(x,0)=0 —> + [-2026, »| = 0. (7%) 


The solution of (7b) and (7c) with the shear area of the rectangle 


3 2 
5 1 1-v Et 
og) >a wai-v) FE 5st 10 


2(14+v) 6 _t 





yields 
=a An: (8) 


n 


a 


n 


Mn SS My 
K a 
1425-4 pe le- va Ate Zefa] 
‘s ae 4 
For the deflection in (2c) follows with the solution for hy in (4c) 


7 M 
“nY__ A, . (9) 
2Ka;, 
In the shear —rigid case (Gt, —+ 00 ,1/x,—>0, Pe —> co), only the first 
summand remains in the denominator of A, in (8). In comparison, we now focus 
on the first term n = 1. Considering the example of a = 10 rt, we obtain 


w= > sina, x a,ye 


iehe Ds, shot ( ay aie 
1~ a” wt °? “1” 1ot/ ~ 42? 
and the factor A, is calculated as 0.98 . 
Wel — ded, 
Then, Yan 7 0.98 =102. 


Thus, the effect of taking into account the finite shear stiffness in our plate ex- 
ample with a = 10 rt, is that the deflection increases by only 2% in comparison 
with that of the shear-—rigid plate. 


Hence, from an engineering point of view, KIRCHHOFF’s plate theory generally 
provides sufficiently precise solutions for thin plates (in the present example t/a 
=1/10n ~ 1/30). 

The influence of the fast decaying part of the solution (2, > a, ) on the resultant 
forces is discussed comprehensively in [ B.5]. 


Exercise B-9-3: 


A rectangular plate of constant thickness t (length a, width 2b, v = 0,3) is 
simply supported at the boundaries x = 0,a. As shown in Fig. B-20, two 
tubes with the same bending stiffness El, are welded to the plate alone the 
boundaries y = +b. The plate is subjected to a temperature gradient 
through the iste thickness. The temperature gradient depends on y, and is 
given by: 


'e(y)=0,(1-mZ), 
T,-T 


where 0, =—*, + = const and O0<m<1. 
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The temperatures of both tubes are equal to the temperature of the plate 
mid-plane which is everywhere equal to (T; + Tz)/2. (Ty) and T2 denote 
the temperatures of the plate surfaces along the x-axis ). 


a) Derive the differential equation for the deflection of the plate under the 
given temperature field and boundary conditions by means of an energy 
principle. The tubes can be assumed to be rigid with respect to torsion. 


b) Set up the general solution of the differential equations and the system 
of equations for determining the integration constants. 


c) Discuss the influence of the elastic support from the two tubes (para- 
meter \ = (EI, )/(aK), 0 < A < co) on the deflection and the stresses 
of a plate with the ratio a/b = 1 and ‘© = @, = const (m = 0). 





Fig. B-20: Rectangular plate with two simply supported and two elastically 
supported boundaries subjected to a temperature gradient lo(y) 
through its thickness 


Solution: 
a) Differential equation and boundary conditions 


The derivation is carried out by means of the principle of stationary ( minimum ) 
total potential energy (6.20). Due to the absence of external static forces in the 
current example, the potential of such forces is zero, We now establish the non— 
vanishing energy expressions for our problem: 


- Deformation energy of the plate 

The deformation energy of the plate consists of elastic energy due to pure bending 
and thermal deformation energy due to the temperature gradient through the plate 
thickness. The total deformation energy for the plate is given by (9.33) 
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W x + wy) -2(1- v)( Wx yy - Way) + 


+b 
=k 
a2, 


1 ions 


(1) 


$2(1 + v) op 'O(w.,, + W yy ) | dxdy 
with the notations 0/ox = ( dx , o/oy = ( Vy 


— Elastic energy of the tubes 
Based on [A.8, A.18, A.19] we have for either of the tubes 


a 


My (x) 
Hl, = 25 i} T, (x) dx 





Considering My (x) = -Elyw(x,+b),, yields: 


a 
EI 
nl, = = [ w(x,4b)3, ds, (2) 


x=0 
The total energy of the system then reads: 
l= Ty +0, 


+b 
ee 
“2 


2 2 
Wee + Myyy) ~ 201 — v)( Hype yy — Waxy?) + 


+2(1+4+ v) ap 'O(w iy + W yy ) | ax dy t 


ie 


a 


a 
El 2 Ely 2 
Pat J eG, & $= w(x,-b), dx 
x=0 x=06 
and in abbreviated form 
T= [[P(xy)axdy + [t(x,v)ax + [r(x,-b) ax (3) 


with 
2 
F(x,y) = KY (see +} w yy) - 2(1 - v) (we ® yy - Wy) + 


$2(1 + v) ap 'O( We + Wyy)] 


£(x,4b) = "22 | w(x, 4b) ye | 


These functions are independent except at the boundaries. 


According to (6.20), the variation of the total energy of the system has to vanish, 
ie. 


sl = 8, + sl, =0. 
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We formulate the EULER equation in analogy with (6.95) as the necessary condi- 








tion : OF (28) ; (28) A 
ow Ow,x 4x OW,y 4y (4) 
x (-) a (s Ve * Say )e on 


Note that 3 II, only enters in the boundary integral. 


oF oF oF 
With a Oo, wx =O , owy =0, 


we obtain 








oF K 1 
-=Kla(wi. ty) -201-v)wy, + 2(1 + v)ep’o], 


OW, xx 
FF _K 
me =Klaqi-v)w,, 


_oF_ 
OW, yy 





= Kl2(wy + +w,,)-2(1-v)w,. + 2(1 + v)az'e| ; 
Substitution into (4) yields the differential equation that describes the problem 


x + 2W ergy + Wyyyyy + (1 + var ( Oy + Oy) = 0 


xxyy 


or, abbreviated, tl +v)a,A? @=0. (5) 


- Boundary conditions 
The variation additionally yields the boundary conditions in analogy with (6.35) . 


Boundary x = 0,a: 


oF 
50 | OW, x (= ) -( Soy )4= =m 


oF 
OW, xx 


Owing to Sw = 0; sw a? 0 (simply supported at the boundary x = 0,a), the 
boundary conditions at fs =0,a are: 


w=0, (7a) 


Wot wet +v)a,'@=0. (7%) 





(6) 


8w =0. 





Boundary y = +b 














- =0, 
ow |- (53h Axx + oe (SS Ay Cee r) | (8) 
oF 


OM ss Sage =0. 
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Owing to Sw # 0; sw = 0 (tubes torsionally rigid, boundary y = +b), the 
boundary conditions at y = +b are: 


wy=9, (9a) 
Ee -Ww -(2-v)w -(14v) ‘eo =0 ( 9b ) 
K +XXXX "yyy xxy Op ry ° 


According to (9b ), the transverse force at the boundary is transferred as a load 
to the beam. 


b) Solution of the differential equation 


Since A'@ = 0 in the present problem, (5) can be reduced to the bipotential 
equation : 


AAw=0. (10) 
The solution to (10) consists of two partial solutions : 
w=w,t Wy. (11) 


Partial solution w,: Solution of the plate strip 


w =o0 — w,=A+Bx+Cx +Dx° 


1,xx xx 


with the constants A, B, C, D. 
Boundary conditions for the plate strip according to (7a,b) for x = 0, a: 
w,(0)=0 and w,(a)=0, (12a) 


Wy xx (0) + (1 +v)ap'@=0 and w, ,,(4@)+(1 +v)ap'@=0. (12b ) 


From (12a,b) we determine the constants after which we obtain w, as 


Ww, =3(1 + v)ap®,(ax-x’)(1-mz), (13) 


Partial solution We: 





LEVY ’s approximation (9.40): Ww, = = Y, (y ) sin nee : ( 14) 
. n 
This approximation (14) identically fulfills the following boundary conditions: 
w,(0,y)=0 and w,(a,y)=0, (15a ) 
We xx(0,¥) + VW yy(0,¥) =0 


(15b ) 
and Wayxx(85¥) + YW. yy (ary) = 0. 
jaye the total solution w = w, + w, also fulfills the boundary conditions 
Tab ). 
Substitution of equation (14) into (10) yields for the n-th term: 
nr n’nt 
Y -2 Y +—, Y, =0. (16) 
a 


N¢XXXX a2 nsXX n 


162 9 Plates 


The solution of (16) then reads : 
nny 


Y,(y) =(1 + v)a,9, (a, cosh “=¥ + B, “2 sinh a + 





+ C, sinh 2=Y + D BEY cosh DEY ) 


na a 
with the yet unknown constants A,,..,D,. 


Now we can form the total solution w = w, + wo as: 
1 y 
w=(1+ vag 6, {4 x(a -x)(1-m¥) + 


nny nny 


co 
+ > (A, cosh 22Y + B 22Y sinn BEY 4 (17) 
n=1,2 











+C, sinh *2Y + D, 3 cosh AY ) sin are | is 


We wish to express all terms in (17) by means of one summation sign, ie. we 
write a FOURIER series for the first term (see [ET2| 8.2.4] ): 


f(x)= 5x(a ~x)= 2.458 nee ‘ 
The FOURIER coefficients are then calculated as follows : 





a 
a= 2 | (x) sin 22% ax => 
0 








sie 


a = 


a a 
fx (a ~ x)sin 22% dx = [xsin ®2 ax - 4 [sin 23 dx . 
a a a 
0 0 
After some calculations we obtain: 
2a” +1 
n 

a, = e3(1 + (-1) |, (18) 

and the total solution thus reads: 


co 
w=(1+v)a,0, > a,(1-m ¥) + A, cosh 22Y + 
n=1,2 ie 
+ B, =x sinh any + C, sinh =2¥ + p, =2 cosh nny sin nwux 


nity 

















In order to determine the constants, we have to form the derivatives of (19) up 
to the fourth order (with a, = (n7z)/a), and then to substitute into the bound- 
ary conditions (9a,b ) . 


First, let us consider the boundary conditions (9a ): 








y=b: =" + A, sinha, b + B, (sinha, b + «, beosha, b) + 
nm 
20a 
+ C, cosha, b + D, (cosha, b + a, bsinha, b) = 0; (a) 
y = -b: -=" — A, sinha, b - B, (sinha, b + a ae ee 
Ps ( 20b ) 


+ C, cosh a, b + D,, (cosh a, b + «, bsinh a, b ) = 
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For establishing the transverse shear force boundary condition (9b) it is addi- 
tionally required to expand 


1 
(1+v)a,e@,=(1+ v)a,0,(-2) 
in a FOURIER series: 


-Bo2E Dd, 5 ate ax [(- 1)" - 1]sine, x . 
Inserting into re tiers (9b ) now yields: 


ly 


y=b: vac, a,(1-m) + A,cosha,b +B, o, bsinha, b + ( 20c ) 





+ C,, sinh a, b + D,, a, bcosh a, b| = 
- {[ An sinha, b + B, (3sinha,b + a, bcosha, b) + 
+ C, cosha, b + D,,(3cosha, b + a, bsinh a, b)| - 





a,m : F 
-(2- v)|- i + A, sinha, b + B, (sinha, b + a, bcosha, b) + 


+ C, cosh a, b+ D, (cosha,b + a, bsinha, b)| + 
+= ((- ag -1]} =0; 


y=-b: Pr aa,[a,(1 + m ) + A, cosha,b + B a, bsinha, b - (20d ) 
- C, sinha, b - D,,%, beosh «, | - 
- {[-A, sinha, b — B, (3sinha, b + a, beosha,b) + 
a C,, cosh a, b } D,, (3cosh a, b + a, bsink a, b)| - 
-(2- v)[-2 - A, sinha, b — B, (sinha, b + a, bcosha, b) + 
+ C,cosha, b + D, (cosha, b + a,b sinh «, b)| + 


a [(-1)" -1]} <0. 


Eq. (20a+d) presents a linear system of four equations by means of which the 
four free constants can be determined . 








c) Special case of m = 0 


Because of symmetry we must have C, = D, = 0. Eqs. (20a,c) then yield the 


following reduced system of equations for the integration constants with > = 
Ely /Ka. ((20b,d ) lead to the same equations ) : 


A, sinha, b + B, (sinha, b + a, bcosha,b)=0, ( 21a ) 
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aa,|a, $ A, cosha, b fb B, , b sinh a, b] - 


-{[ A, sinha, b +B, (Ssinha,b + a, beosha,, b)| - ( 21b ) 
—(2- v)[ A, sink a, b + B, (sinha, b + a,b coshar, b)|| =!0': 
Transformed : 
A, sinha, b + B, (sinha, b + a, bcosha,b)=0, ( 22a.) 
Aaa, [a, + A, cosha,b +B a, bsinha,b]-2B sinha,b=0. (22b) 


Eq. (22a) leads to: 

sinha, b + «,bcosha,b 

Keys he e 
n n sinha,b 


From ( 22b ) follows : 


cosha,,b 


Aaa a, a Aaa, Bo ~ Sinha, b- 


(sinha, b + a, bcosha, b ) + 


+ a, bsinh a, b| - 2B, sinha, b =U. 


The integration constants can now be stated as: 
B an 


nt Se ae Ce ee 
cosha, b + a,b + cm sinha, b 


A, = —B,(1 + a,b cotha,b). 





Numerical evaluation: 
— Deflection function at y = 0: 
nwx 


w=(1+4+ ‘nd > Cat A, ) sin ae 


n=1 





The given numerical values lead to: 
a 


571 = a,b=2™=b=nn » m=0, 


2 
a, = “%- = 012912" » a =0 , a,=00048a , a,=0 ,.... 
na 


1) =0(EI, =0): B =0 , A =0 


n n 


— wer(l1 + v) ap ©, a” (01291 sin ™ + 0.0048 sin 3% ) 
2 
2)X=1: B, = 1201 © —— = 0.00582? 5 
coshn {| m | sinhr 
A, = -B,(1 + nxcothn) = —0.0241a7, 


2 
° 
a 
2 
Oo 
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eo eee 
=(1+ va ©, "| 01050 sin = + 0.0048 sin 3% I: 


2 
3) =00: B = 0.1291 a 


1 cosh x + 1 


-B,(1+ reothr) = — 0.0364 a” , 


= 0.00878 a” , 


Ay 


B,~0 , A,0 


—> w2(1 +} v) arp ©, a°| 0.0927 sin ™* + 0.0048 sin 3m 





Fig. B-21 presents the curves for the dimensionless deflections 


w(x,0) o_O) aty =0. 


(1 +v)ap Oa” 
- Moments M,,,, at y = 0: 


M,, =-K[w,, tvyw,, + (1+ v)op9], 
~ nx\?_. nx 
W yx(X,0)=-(1+v)ap@, > (a, + A,) =z) sin- - 
n=1 


The FOURIER series 


Da, (BE) sin 85% = 5 25 (14 (a t)(AE) ain GE = 


n=1 














presents the constant ”one” in the interval O< x<a. 


This leads to 


< nr 2 nhwx 
Wg ( #10) = -(1 + v)ago,[1+ > A,(A2) sin 222], 
n=1 











Fig. B-21: Dimensionless deflection w(x,0) of the plate 
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and with 


W yy (X10) =-(1+ v) ap O, Sa, + B,)(2E) sin 


n=1 





nwx 
a 


the moments at y = 0 yield the expression: 


nex 


M,, = K(1+v)a,0, > |G -v)A,- 2vB,|(2%) sin = 





Here, we apply the same assumptions as in the case of the deflection functions, 
i.e., 


2 
1)’ =0: [(1- va, - 2vB,]® =0 
> M,, =0.- 
nr? 
2)rxA=1: (1-y)Ap— 2vB, oy =~ O20 
be, . TX 
— M,,, © 0.202 sin -—- K(1 + v) a, 0, . 


2 
3) = 00: [( -v)A, - 2vB,|% = -0.314 
a 


—_ M,, © —0.314sin™* K(1 + v)ap®,. 


x: a 


The curves for the dimensionless bending moments 


-M,,,(x,0) 
K(1+v)a,®, 
at y = 0 are presented in Fig. B-22. 


M,,.(x,0) = 


With vanishing stiffness of the tubes (> = 0) at the boundaries the plate de- 
forms without stresses. 














Fig. B-22: Dimensionless bending moments M,,,(x,0) 
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Exercise B-9-4: 


A thin, rectangular plate with all boundaries clamped (dimensions a, b, 
thickness t) is subjected to a uniformly distributed load with the intensity 


P = Py ( Fig. B-23). 
Determine the deflection function by means of the RITZ method, using the 
trigonometrical double series as an approximation function 


oo 


wt = >. Yan — cos ee )(Qa 5S cos 28*¥ ) 
1 








Fig. B-23: Clamped rectangular plate subjected 
to uniformly distributed load 


Solution: 
For this task, we first write the internal potential (strain energy) of a rectangu- 


lar plate according to ( 9.33), expressed in terms of the approximation function 


w*: 


ba 
1 2 2 
= 5K] [[ (wry + why)? - 201 v) (wt why — wt )aedy (1) 
00 


3 
with the plate stiffness K = Pe and the notation o/ox =(),, d/dy = 
-v 


(),y- 


For the external potential ( potential of the external forces) we have, in terms of 
w*, 


ba 
-[ [powraxay . (2) 
0 0 
When applying the RITZ method, the approximation function has to fulfill at 
least the geometrical boundary conditions. These are : 
w*(0,y)=wt(0,y)=0 , w*(a,y)=wt(a,y)=0; 


w*(x,0) =w*(x,0)=0 , w*(x,b) =w* (x,b)=0. 


(3) 
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The principle of virtual displacements (see (6.20) ) is now used as a necessary 
condition for determining the unknown coefficients amn 


oll _ (Tj + Tl, ) +I. ) LO 6: (4) 
tam Cm 
For the given approximation function 
co co 
2mmnx 2n1y 
w*(x,y)= Ze > Ama (4 - cos 2M (4 oF cos RY ) ; 


we now calculate the derivatives 





























co co 
2mn . 2mnx 2nny 
we = > > aan sin (1 ~ cos b ), 
m=I1n=1 
co oo 
2mnx \2nn . 2nny 
a >» >. #mn( 1 ~ €08 = )?2% sin b? 
m=In=1 
S S 4m'1 Bmx ( 2any ) 
we = amn——z— ©O8 1 — cos ’ (5a ) 
— < 2mnx an’ 2nny 
wey > > a, (1 = 00s 7 JRF coe 2 , (5b ) 
m=l1n=1 
~~ y 4mnn 2mmnx 2nny 
aa, Pm : 5 
why = 2 DA ah sin—> mm: (5c) 


For simplicity, the solution based on a single term approximation (m,n = 1) 
only, will be presented in the following. 


Substituting (5) into the expression I] = I]; + Il, for the total potential, gives in 
view of (1) and (2): 


ba 
1 
=$xf{{| wae cop cia EY 
00 


2 2 
2nmx \4n 2ny 
+ ay, (1 - cos 22% ) 47 cos 2 = 


b 
2 16 n* 2mx 2mx zat 2ny 
“aoe ke (1 - cos = )cos 2#¥ 1 — cos b )- 


oan sin’( = ) sin’ (22) | ax ay ~ 


“| fo ay (1 = cos 2X JQ = cos 2®Y ) ax dy - 

















-2(1-v) 








eee 
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Integration leads to the following expression : 
4 2 
Il=2n Kaba? (4, at 4S.) Sayan (6) 
a ab b 


The application of equation (4) as a necessary condition for determining the un- 
known coefficient aj, now leads to 


oll 4 3 2 3 ! 
Jay 78 Kaboy (3 + aie + ie) - mab Ho 
Po 
=> ay = 3 A 
4x ‘x3 +a a, Be +5) 
a 


The single term approximation w* to the deflection function is thus found to be 


w*(x,y) pai) ~ cos 2®* (1 ~ cos 2™¥) 
a ab ob 








Special case of a quadratic plate (a = b): 
4 


a 
wt(x,y) = Se 





with a maximum deflection of 


More precise values can be achieved by employing a four—term approach. Com- 
parison of the maximum deflection obtained in the two cases with 


pat 


Ww, = -—— 
0 tk 


yields the following values : 





This example clearly shows a relatively fast convergence of the RITZ method. 
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Exercise B-9-5: 


Determine the maximum deflection due to a uniformly distributed load p, 
by means of the GALERKIN method for a rectangular plate with two clam- 
ped and two simply supported edges (Fig. B-24). 


simply supported 
mm P 


Fig. B-24: Rectangular plate with mixed 
boundary conditions 





Solution: 


The GALERKIN method requires fulfillment of all houndary conditions. In order 
to comply with this demand, we formulate beam solutions for both coordinate di- 
rections. These solutions enable us to fulfill the corresponding boundary condi- 
tions of the plate. For this purpose, the eigenfunctions of the vibrating beam or of 
the beam subjected to buckling prove to be useful, since they also comply with 
desirable properties of orthogonality. 


In the present task, we will proceed from the basic equations for a vibrating uni- 
form beam (bending stiffness E J, mass density e, length a) [ A.20, B.4]: 


4 2 


ow e ow 
—z +3 = 0. 1 
ox EI 97? (1) 


By means of the separation approach 
w(x,t) = ZX, (x)sinw, t (2) 


Eq. (1) is transformed with (2) into an ordinary differential equation with con- 
stant coefficients for X,, (x) with d/dx =() |: 


4 
Xm axxx (%) - “PX, (x) = 0, (3) 


2 
4/ ew 
where A, =a Er , (m=1,2,...) denote eigenvalues. 


The solution of (3) reads : 


x 
ma ~ 


(4) 


x 


X,n(x) = Oy, sind, + Cy, 005 2,,% + Cy, sinh A,,% + Cy cosh 2 
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The eigenvalues are calculated from the boundary conditions for a simply sup- 
ported—clamped beam: 


w(0)=0 ,w,,(0)=0 —> X(0)=0 , X, .,(0)=0, (5a) 
w(a)=0 , w,(a)=0 — X(a)=0 , X, (a) =0. (5b ) 
We substitute (4) into (5a) and (5b), and hereby obtain a homogeneous, linear 
system of equations for the constants. The necessary condition (for non-trivial 


solutions ) that the determinant of the coefficients must vanish, leads to the char- 
acteristic equation for the eigenvalues, 


tand,, = tanha,, - (6) 


Eq. (6) possesses an infinite number of real—valued solutions 4,,. Furthermore, 
by means of (5a,b) all constants Cj, in (4) can be reduced by an arbitrary 
factor, so the eigenfunctions can be written 


ie x sinam . x 
Xq = sin Ay anh ge (7) 
As mentioned above, the eigenfunctions are orthogonal, i.e. 


{. for m#n, 


a 
i} X,, X, dx — 


x=0 

z 0 for m#n, 

[rnekwe= 4 a 8 

x=0 Xe ae ™ m=n. 
0 


In the present example, the same boundary conditions apply for the y —direction, 
and we can therefore use the analogous eigenfunctions Y,(y) for this direction. 
Thus, the product series approximation for the plate deflection function reads as 
follows : 


w* (xy) = 2 > whan Xm (*) Ya(¥) (9) 
If the distributed load is expanded with respect to the eigenfunctions 
P= D> Xm (*) Ya ¥) (100 ) 
with 2. aes (10b ) 
TPKE aay 
and if (9) and (10a ) are substituted into (6.38), we obtain 
K DD whan J PX ¥ (24 Xin Yo) ax dy - 2 2 Pron J Xm Yu % Ye dx dy =0. 


By considering the orthogonality this yields : 


Pmn 3 Ig 
wt = 11 
mr K([, Ig + 21g Is + 13 14) i) 


fx2ax 2 on. = ms 
0 


(8) 





where 
a a a 2 

eS ae X,, 4x , b= Rie tee 1, = [ X,,4x (d/dx =(),), 
0 0 0 
a a a 2 

t= J ¥asayvy Yay » 15 = J Xnyy Yay » = J ¥nay (a/ay =(),)- 


Limitation to a single—term approximation of the form 








- a ; x sind; . x) 3 y sindy , y 
w* = wi, X, Y, = wi, (sin M457 ahi; sinh , > (sin Mz sinh; sinh i) 
yields with A, = 3.9266 
and after substitution: 
Pa 
wf, = 0.001985 . 
Proceeding from wr. = wy = 0, the maximum deflection is determined as 
4 
Pp? 
wr x = 0.00223 —E— atx = y = 0383a . 


This value differs from the exact solution by ~ 3% only. 


Exercise B-9-6: 


A circular plate clamped at the outer boundary r = a is subjected to a 
constant circular line load q at a radius r = b (b < a) from the centre 
point (Fig. B-25). 


a) Determine the general solutions for the inner (r < b) and the outer part 
of the plate. How many free constants are obtained for the solution of 
this problem? 


b) How do the boundary conditions and the transition conditions read? 


c) Calculate the deflection functions for both the inner and the outer part 
of the plate. How large is the maximum deflection of the plate ? 


d) Prove that the radial and the tangential moments in the inner part are 
equal. 





Fig. B-25: Clamped circular plate with a constant circular line load 
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Solution : 


a) The circular plate is divided into an inner and an outer part with the fol- 
lowing axisymmetrical loads corresponding Fig. B-26. 


==), 


outer section inner section 





Fig. B-26: Free—body diagram for the outer and inner part of the circular plate 


According to (9.47), the solution for the outer part (r > b, index ”o0”) is 
wo(r)=G+Cr+Gmb4COrint, (1) 
and for the inner part (r < b, index ”i”) we obtain 
w;(r)=C, + Cer’. (2) 


Solution (2) takes into consideration that for r —> 0 the deflection must be 
finite. 


When solving this problem, we altogether obtain six free constants Cy,...,C, . 
b) Boundary conditions and transition conditions 
Boundary conditions for the outer part (r > b): 
w,(a)=0 , Wo x(a) =0 (d/dr =(),), (3a) 

M,(b)=M , @,,(b)=-4. (3b ) 
Boundary conditions for the inner part (r < b): 

M,,,(b) = M, (4) 
where M denotes the yet unknown radial moment at r = b. 


In addition, the following transition conditions have to be fulfilled for r = b : 
Ww; =, Wo ’ (5a ) 


WwW. =Wo,- (5b ) 
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c) Deflection functions 
— Outer part 


First, we determine the derivatives of wo (r : in (1): 


Woy = 2C, ees 24C,(2rmt +r), (6a ) 
=2¢,-& t 6b 
Woorr =2 1-3 + C(2Ind +3), ( 6b ) 
r 

Awe 2 Wo ep Foy = 4C, + 40, (In = 41). (6c) 

Substitution of (6) and (1) into the boundary conditions (3a,b ) yields : 
w, (a) =0=G,+CGa, (7a) 

C2 

we (a a)=0=2Ca+>+C,a, (7%) 
Q,,(b) =-q=-kiaAw, =-4KG,+, ( 8a ) 


M,,,(b) = M = -K[w Wo wr + + = ¥%o,r] = 


= -K[20,(1 +v) - Fa -v)+ c,(2(1 +v)inbB 434 v)| 


> 20,(1+v)- B(r-v) +e,(2(1 + v)inbeaev) = M. (8b ) 
‘ bq 
Eq. (8a) yields : Cc, = 7K" (9a ) 


We divide (7b) by a, and (8b) by (1 + v) and subtract : 

1,1 1-y 1 |= M 
c,(L y+ tte» a Dd =-—_M—., 
a(2y + tetge) + lt 5 (2G +v)mb +s 4) K+) 


By substituting (9a ) we obtain: 


1 
ae i i- | mies) 
2t127 1+v 





- (9b ) 
“4 1 
4K\| P(e + vind +3 +v) i 
Solution of (7b) with respect to C, yields : 
__1/& __G& _ bq 1 
c,=-3(Gre,)=-- FB. (9c) 
For Cp one obtains from (7a ) 
2_C 2 
Cy=-Ca= 2 + Bae (9a) 
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By that, the deflection function of the outer plate can be determined, however, still 
in dependence on the yet unknown radial moment M at r = b. 


— Inner part: 
Derivatives from (2): Wey = 2Cgr, (10a ) 


er 


= 2C, (10b ) 


Wir 


Substitution of (10 a,b) into the boundary condition (4) yields : 


M,,,(b)=M — M = -K(w +~w, ) = -K(20, + 2vC,) 


i,rr roi 
2 M 
7 =~ SRG)" (us) 
The second constant Cy can be determined by means of the transition condition 
(5a): 
w,(b) = w,(b) = C, + Cb 
2 
2 Mb 
— Cy =~, 0b) + SRT ESy - (11b ) 
Thus, the deflection of the inner plate according to (2) is 
2-2 
= = : 12 
wi(r) = 9b) ~ aR ay lB’) (22) 


In order to write the final expressions for the deflection functions, we determine 
the radial moment M by means of the transition condition (5b). 


According to (6a ) and (9c) : 


Wox(b) =2C,b + 2 + 6,(2bIn® +b) = 


-o,(¢- 3) +20, bin’. (13) 


Herein, we substitute C, and C, from (9a,b): 


Wy ,r(b) = (+ = ata 


1 
toy 
ate ltv 


laces) 


bq 
- kl!- WW re (2(1+v)mb sev} + +298 nb 


and after reformulation we obtain : 
= -b 1 bq 
Wo x(d) = =P a {a - 2a] (1 +v)- 
vty 3 
b*-a (14) 
-2(1 + v)inB-3-v]}+ Band. 


b 
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Equations (10a ) and (lla ) provide : 
Mb (15) 


w, ,(b) = ~ K+) . 


Substitution into the transition condition and some algebra finally lead to: 
Shs bafi(,_ vb? b| 
M= Gi+v)ba[ l(a be) +imbl. (16 ) 


Eqs. (9a-+d) substituted into (1) yields the following expressions for the outer 

deflection function: 

“ine ab (1+v) { M - bala. 
. b*(1+v)+a(1i-v) K(i+v) 4K 


1 b 1 ra r 
-sL(2u + v)inb+s4v)]} 4-5 4mt)+ 





ba(a_r = 
+ 4 2 2 +r int) 
With M given by (16 ) follows : 
2 2 2 2 2 
-g@bl(r , bP) rl, b yy # 
wolt) = “aK (5+ 5 )me+5+3)0 = )I- (17) 
The deflection function for the inner plate then becomes : 
2 2 2 2 2 
ablfr b b,1 r b 
The maximum deformation w,,,, for the circular plate is obtained from (18): 
2 2 2 
7 _qab{bi, bi 1 b 


d) Radial and tangential moments 


The moments in the inner part are calculated by means of (9.26): 


M, = -K[ wi, + Fir] , 


My, = -K[4w,, + Vwi orl 5 


According to (10a,b ) it holds that 
w, ,(r)=2C,r , W; (Fr) = 2C,. 
Substitution of the above derivatives yields : 


M 


mr 


-K(2c, + 2% cr) =~-2C0,K(1+v), 


Myy 


-K(L2c,r + 2vC,) =-20,K(1+v) —> M,= Me = Ms 


The two moments are constant for 0 < r < b and equal to the moment M (see 


(ia)). 
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Exercise B-9-7: 


A circular ring plate made of steel (E,v) is clamped at the inner boundary 
r =b; the plate is subjected to the following harmonically varying line load 
at the outer boundary (Fig. B-27) 


F 
q(a,~) = =i cosy = q.cosy. 


a) Write the differential equation and 
the boundary conditions for the 
circular plate. 


b) Determine the deflection function 
w(r,q@) for the circular plate. 


Fig. B-27: Clamped circular ring plate 
with a line load at the outer 
boundary 





Solution : 


a) Based upon the differential equation (9.25) for the shear-rigid, isotropic circu- 
lar plate 


Aw = (2 het we p(s) 


+ — 
or | 6 or ' r og? 


and as we have p(r,¢) = 0 (no surface load) in the present case, the problem 
is governed by the homogeneous differential equation 


DAw=0. (2) 

The boundary conditions for the problem read : 
w(b,p)=0 , wi(b,e)=0; ( 2ab ) 
M,(a,e)=0 , Q,(a,e)=a(a,e) =a, cose. ( 2c,¢ ) 


b) Deflection function w(r,¢) 


Due to the harmonic form of the line load, we assume that the deflection function 
w(r,@) can be written in the following harmonic form with a separation of 
variables, 


w(r,~) =w,(r)cose. (3) 
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This form corresponds to the first term (n = 1) in (9.49), which upon substitu- 
tion into the plate equation (9.25) transforms this partial differential equation in- 
to the ordinary differential equation (9.50) with n = 1 for the function w,, and 
the solution w, for the homogeneous equation is given in (9.5fa). As (1) is ho- 
mogeneous, its solution w thus takes the form: 


w(re)=(Qr+ 2+ oe + Grint loose. (4) 
In order to determine the four free constants, we calculate the derivatives 
=(¢,-Frsqr4cmt +clcse, (5a) 
Woy = [2S 4 sar+ lose, (5b ) 
Wyy = [r+ 2+ Cy + Cyrint loose , (5c) 
Aw = Wee t EW + Bh igy = [so,r + 74 Jcose . (5d ) 


The radial moment is obtained from (9.26) with (5a+c) 
1 1 
r -K[ w+ (Ew, + aM 50) = 


c Cc 
-x[29 + 6Gr+ + 


M 


Cc, C 
+o(F-Frsert+$ tint +o - 
Steet Gr - Bint )Jeos 
ar 
> M,, = -K(2%(1-v) + 20,2(3+v) + C2 (1+ v)] cose. (6) 
r 


By means of (9.27a) the effective transverse shear force is determined as: 


~ 1-v (1 1 
Q, =-k[ (Aw), + r (44 .-F%e lel 








Q,=-K[+80,- 258422 (-4 4S -s0,r-Biat - 
ee $C r+ Aint) ee 
—_> =-x| 20 )o, + 2(3+v)C, - se, cos P . (7) 
Substitution into the boundary conditions yields : 
(4) in (2a) —> bc, + 24°C, =0, (8a) 
(5a) in (2b) —> C, ~ F430’, +c, =0, (8b ) 


(6) in (2) —> Me sila laces Oee: (8c) 
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(7) in (2d) —> 


2(1- 3- 
-K[ 20) c, 4 2(3 + vo, -{ rt x C,]eos ¢ = a(a,e) = aco @ 


2(1-v) _(B-v), _ _% 
—> a a C, + 2(3 + v)C, aro x: (8d) 
C, can be eliminated from (8a ) and (8b): 
C2 2 
C, =-F- vc, 


Cy 2 
Cc, = qi 3b G-G, 


2 
— AP - 20'C,-C,=0. (9) 


The relations (9), (8c) and (8d) form a system of linear equations for determi- 
nation of the constants C2, C3 and C,: 


4 «abc -C, = 0, 
(a-v) eq, + 2(34+v)ac, + (14+v) ic, = 0, (10) 
2 1 q 
(1-v)=7¢, + 2(3+v) Cy + (-3+v)7& =-xK- 


Solution of (10) yields the following constants : 


_ qab? (3 +v)a? -(1 +v)b? 


Cc os ? 
3 8K (34v)a*+(1—v)b* 


4? (1-v)b + 1+v)a Cc _ ae 
8K (3 +v)a* +(1-v)b : 4 4K ° 
Finally, ( 8a ) becomes : 


C2 2 
Qe sae Cc; — C= 


Cc, = 


a* (3+ vat -2(1 + v) ab? ~(1-v)b* 
8K (3+ v)a*+(1- v)b* 


We can now calculate the deflection function w(r,¢) from (4). 


Assuming that v = 1/3, with a = 4b we obtain a maximum deflection at the 


boundary given by 
3 


3 
_ 4440 \%5 4,5 
w(a,0) =(161n4 - 4440 ) Sr ~ 11.78 —-. 


Exercise B-9-8: 


A shear -rigid circular plate ( radius a, thickness t ) as shown in Fig. B-28 is 
resting on a linearly elastic foundation (foundation stiffness k [ N/m*]), and 
is subjected to a constant surface load p,. 


a) Express the total potential of the given system. 
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b) Derive the differential equation and the boundary conditions for the 
plate by a calculus of variations approach. 


c) Calculate the maximum deflection at the centre of the plate by means 
of the RITZ method applying w* = a, + ar’ (where a, and a, are 
free coefficients ) as an approximation to the deflection function. 


Numerical values: 


E = 21- 10° MPa, t = 0.02 m, v = 03, a =0.5 m, k = 0.487 - 10° N/m’. 





Fig. B-28: Circular plate subjected to a uniformly distributed load p, and 
resting on an elastic foundation 


Solution: 
a) Total potential 


The total potential energy is the sum of the elastic energy of the plate IIp, the 
elastic energy of the foundation I]},, and the potential of the external load II, : 


T=, + TM, + TW, - (1) 


The elastic energy of the circular plate can be obtained from (9.35). Since we 
are dealing with an axisymmetric problem all derivatives ( )iw —> 0. Thus, we 
obtain the simplified form with d/dr = ( ),, 


_1 Et 1 2 2(1-v) 
0 Fae [[mm tema) mela (2) 
rela aay | 
K 
The elastic energy of the foundation is 


2a 


a 2a a 
th, =4 [ [(xw)warrde = 2 i [v? rarae . (3) 
00 ge=0 r=0 
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Finally, the potential of the external forces is 


» 


n 


pe 


a 
- | fr. wrdrdg. (4) 
é 


After integration over p, (1) with (2) and (4) yields the total potential energy 
a 
2 = 
l= w [{{(%. + 4 w,,) ~ 20) wwe +kw - 2pyw | rr - (5) 
0 


b) Differential equation and boundary conditions 


In the following, we will determine the differential equation and the boundary 
conditions of the problem. The calculus of variations is employed to achieve this 
goal. 


The basic requirement is that the variation of the total potential energy must 
vanish, and in view of (5) and (6.34) this may be expressed as: 
SIL = x5 P(r, w,w ps W_, dr =O (6a) 
0 
with the basic function 


a +2w iw ws ~2(1- v)w ewe] + 


F(r,w,w,,w,,) = K[rw,, : 


+krw -2pyrw. ( 6b ) 


Based on (635), we obtain as a necessary condition from (6a) the EULER 
differential equation 


$= -() +() z (7) 


wT ir 








with the boundary conditions 








oF _ 

a - (aE) | <0, 
aF se | =o (8b ) 
OW, rr To ; 





If we substitute the derivatives 


or = 2krw-2por, 








( ar ) = 2K[(2+v)w + rw 


OW rr (rr Ilr ead 
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into (7), we obtain the differential equation for the present problem as 
2krw - 2Pot - 2K(vw,., + ange - x) + 


Tr of(r 
+ 2K[(2 + V) Wer + IW rer =0 


2 1 1 k P 
mane Wome +t Mar Mr tea t KM = K (9) 
Eg. (9) is a differential equation of the BESSEL type [B.3]. 


By substituting the derivatives into ( 8a,b ) , the boundary conditions result as 
a 


1 1 
K(4~, — Aw ee — Wyrne )8W is =0, (10a ) 





a 


(10b ) 


I 
o 





K(w + w,,) dw 
—n pion? 
=My 


Eq. (10a,b ) allows us to establish different combinations of boundary conditions. 


0 


c) Solution by means of the RITZ method 
The following approximation for the deflection function is given : 
w(r)=a,¢ar. (1a ) 
The approximation must comply with the essential (geometrical ) boundary con- 
ditions, i.e., 
w*(a)=0, (12a ) 
w* (0) =0. (12b ) 


Substituting (11a) into (12a) ((12b) is automatically fulfilled ) gives: 
2 


a) ta,a=0 —> a=-aa. 
Thus, the approximation function only depends on one free coefficient, say, a, : 
w*(r)=a,(r-a’). (1tb ) 
The derivatives 
* 


w* =2a,r , wt =2a, 


Bs 2 ar 


substituted into (5) yield : 
a 

x [{K[(2a, + 2a) - 20) 90, 257] + 
0 


+ kag(r* -2r'a7 + a*)- 2 Py a,(r° -a")}rdr = 


Il 


a 
x [{ Kaj 8(1 tv)r+kaj(r-2ra’+¢a‘r)- 
a 


~ 2Ppa,(r° -ra’)}dr. 
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After integration we obtain 


2 2 1 6 1.4 
=n {a3[4Ka(1 +v)+Lka®] + appyda'l. (13) 
From the extremum condition (6.87) , i.e. ae = 0 follows that 


Poa” 


2 1,6 1 4 
8Ka(l1+v)+ ka ]l+=pa =0 — a, = -—————,—, 
aa 3 ke] +3Po * 16K(1 + v) +2kat 


and thus the approximative deflection function is determined as 


4 
Po 2 
(1-4). 


w*(r) = ———__—___—__ 
(r) 16K(1 +v) + 2kat a 


For the given numerical values we obtain 

we = w*(0) = 1.296 * ; 
The exact solution can be found in [MARKUS, G.: Theory and Calculation of axi- 
symmetrical Structures (in German ). Diisseldorf: Werner-Verlag, 4th edition 
1986] as: 


l-vios 
ber « — —— bei’a 
w= 1 ae a i (14) 
(ber a- 1 bei' «ber a+ (bei a+— — ber’ a)bei « 
3 /K 
with a=+ , l=4/> . 


In (14), ”ber” and ”bei” denote modified cylindrical functions with complex ar- 
guments, named after LORD KELVIN (see ” Tables of BESSEL Functions Yo(z) 
and Y,(z) for Complex Arguments”, New York, Columbia University Press 
1950). A BESSEL function with imaginary arguments consists, eg., of the two 
KELVIN functions : 


I)(xy+i ) = berx + beix. 

The maximum deflection calculated by means of (14) leads to: 
wy = 1.239%, 

Hence, the ratio between the approximate and the exact value is 


w* 
we = 1.046 , ie. the agreement is rather good. 
0 


Exercise B-9-9: 


Consider a thin, circular, rotationally symmetric shear-rigid plate with ra- 
dius a (Fig. B-29). The plate has nonuniform thickness described by the 
hyperbolic function 


tr)=t(E)", 


184 9 Plates 





for the distance of the lower plate surface from the plane upper surface of 
the plate. Here, t, denotes the plate thickness at the outer boundary, and x 
is a free shape parameter. At the centre of the plate (r = 0) the thickness 
function tends to infinity, and a point support can be assumed here. This 
local behaviour contradicts the assumption for a thin plate, and therefore 
the results in close proximity to the centre point of the plate present a 
rough approximation only. 





Fig. B-29: Centre—supported circular plate with nonuniform thickness 


a) Derive the differential equation for a plate with variable thickness. 


b) Determine the deflection functions for this type of circular plate (a = 
0.15 m, t, = 0.005 m) corresponding to the three values of the shape pa- 
rameter x = 0.5; 2.0 and 3.0. Compare the results to those for a plate 
with constant thickness t, = 0.005 m. 


Solution : 
a) Formulation of the differential equation 


We disregard the fact that the mid—surface of the plate is not plane, and proceed 
from the equilibrium conditions for a circular plate subjected to an axisymmetric 
load (see [ ET2]): 


(rQ,),. + p(r)r =0, (1a) 


(rM -M,, -Qr=0. (1b) 


IT ie 


By denoting the slope of the deflection function by } (d/dr = ( ),), the radial 
and circumferential moments read : 


M,, =K(r)(o,+v¥), (2a) 


M,, = K(r)(£4+vo,) ( 2b ) 
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with the radius — dependent plate stiffness 


K(r) = FEC) 


12(1-v*) 
Substitution of ( 2a,b ) into (1b ) leads to the differential equation 


1 K(r),r 1 K(r),; Q(r) 
as os a (F-— e = 5 3 
Vie + F(t K(r) r)¥, 5( K(r) vr)e K(r) ( ) 
If we substitute the prescribed function for the plate thickness 
-x/3 
t(r) =t,(2) (4) 
into the plate stiffness K(1r), we obtain 
-x 
K =k,(2) (5a) 
; Et, 
with Ky = ay = const . 
12(1-v*) 
The derivative of K with respect to r is 
~x 
K(r),,=-Ky2(£) (sb) 


The relations (5a,b) are now substituted into (3), and we herewith obtain a dif- 
ferential equation of the form 





1- 1+ Q * 
ban + LE y,, - Loo = 2 (E) (63) 
+2 
or, alternately, Pp +(1-x)ro,-(14+vx)g= 2h : ( 6b ) 





Ky a* 

The above equation is an EULER differential equation for the slope pp of the de- 
flection. On the right-hand side, the yet unknown transverse force Q, occurs 
which consists of the constant surface load p and of a concentrated load F at the 
centre of the plate (reaction force from the support). 


To determine Q, (1) in (6b), we integrate once (1a) with p = const and obtain 
1-2 
rQ,(r)=C,~ 5pr 3 


Here, we determine the integration constant C, from the boundary condition 
Q,(a) = 0, and find C, = (pa?)/2. Substituting this and solving the above 
equation for Q,(r) yields 


1 ( pa? 
Q.(r)= 3 (FF - pr) . nd 
Eq. (7) is now substituted into (6b ), and we obtain 








- 2 x+2 
Ure + (1 - x) Pd, (1+ vx)b = oe (BE pr) FS 2 
cull (pete. . pre 
= 5k, ( aX os ) (8) 


as a differential equation which describes the given problem. 
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b) Deflection 
The solution to (8) consists of a homogeneous and a particular part. 
Homogeneous solution : 


By assuming that 


p=cr (9) 
the homogeneous equation yields : 
rn? -xrx-(1+ vx) =0. (10) 


The roots in (10) yield 


2 
a= Zt YP titye. (11) 


Particular solution : 


In order to determine the particular solution, we assume it to be of the right- 
hand-side type. For the first particular solution we write 


y =A(x+1)r, 
o= art =» Pr (12) 
1 


-1 
Vora = A(x + 1)xr 


Substitution of this function and its derivatives into (8) leads to: 











x41 
A(x 4+1)xr 7+ (1-x)rA(x 41) -(14¢ vx)Ar Y= 1 PF 
2Ky ax-2 
a lk Pp 
— Al (x + 1)x + (1 x)(x +1) - (1+ vx)] = 3 a 
rr SY 
Sy hl SP 
Ax(1 “=a 3 
—> A=—__P___,. 
2x(1-v)K,a_ 
Thus, the first particular solution is : 
x+1 
% =-—__ ___—. (13) 
1 2x(1-v)Kpa 
For the second particular solution we assume that 
+2 
y = B(x +3)r" ; 
Yoo = Bret? —e P2,r (14) 


41 
Ppp er = B(x + 3)(x+2)P°™. 


Substitution of (14) into (8) then yields : 


r’ B(x + a)(2ka)r + (1-x)rB(x + sc = 
(ipsa =o 
(1+ vx) ws 


a B= 


ee PL te 
2[8+(3 ~v)x]Ky a © 
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The second particular integral is then written as 


x+3 
+. = r ; (15) 


P20 2[ 8 +(3-v)x] Ky a 
and the total solution then reads: 


r™ +1 r* +3 


A1 A2 Pp P 
=C Cc —_____., -__f____. 16 
ae + 2(-v)xhe 2[ 8 +(3-v)x] Ky & (16) 


The free constants C, and C2 are determined from the following boundary con- 
ditions: 
1) y(0)=0. 
According to (11), X2 must always be negative, ie. the solution will always 
take the form C,/ rl2! , and therefore we must have C, = 0. 


2) M,,(a) =0, ie. the radial moment at the outer boundary has to vanish. 
Considering (2a) and (5a), M,, can be determined as follows : 


My = Ko(£) “(o,. + ¥F). (17) 


If we form the derivative of (16) and substitute it into (17), we obtain 


dee. att (x+1)p —(x+3)pa’ 
M,,(r =a) = Ky|2,C,a™ *2Q-v)xK 2[8+(3-v)x]K * 
3 


3 
Al pa pa 
+¥%(Cal+ = =0 
= ( . 2(1-v)xK, 2[8+(3-v)x]K, ) 
2 
—+ 62-32 [222 ess) | (a8) 
#1302 +v) Ky (8 +(3-v)x)(1-v)x 
The slope of the deflection function can now be calculated by means of (16), and 
the deflection itself is obtained by integration, 


po=-w, — w=-[o(r)ar + Oy. (19) 
The boundary condition for determining the remaining free constant C, reads 
w(0)=0 —» C,=0. 


After integration of (19), we obtain the following function for the deflection : 


1 Ay+1 pr*t? 
w(r)=-C,~—~r - + 
A +1 2(1-v)x( x2 
1 x (x +2) Kya 
20a 
daa ( 20a ) 


ee PE 
2[8+(3-v)x](x+4) Kya ’ 
and, in shorthand notation: 


w(r)=(Kyt!- Kt? 4 Kt), ( 20b ) 
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15 
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Fig. B-30: Deflection of a point-supported plate with variable thickness 


where 
as x?42(2+v)x+4(1 + v) 
1 AHF +) Ky [8-4 (3-v) x](1—v) Oy #1) 
Soe 
Mo = Fv) xa 2(x42)K, 


K, 





= 1 
2 2[8+(3-v)] (x +4) Ky a ; 


Fig. B-30 shows curves for the deflection for the shape parameters x = 0.5 ; 2.0 
and 3.0. These curves may be compared with the solution for a plate with central 
support and constant wall thickness 

4 2 2/3+v r 

r+2ar (349 + aint )| 

which is also shown in the figure. This expression cannot be determined as a spe- 
cial case (x = 0) of (20b), since the characteristic equation (10) possesses a 
double root » = +1 for x = 0. 





Ww 





— Po 
const ~ 64K 


Exercise B-10-1: 


A shear-rigid rectangular plate (dimensions a, b; thickness t ) with simply 
supported edges and with a stiffener along its centre line y = 0 (cross sec- 
tional area A,, bending stiffness El,,) as shown in Fig. B-31, is subjected to 
an axial load N, = const. 


a) Establish the differential equations for buckling of the two plate parts 
indicated by @ and ©) in the figure. 
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Fig. B-31: Rectangular plate with stiffener 


b) Buckling modes that are symmetrical and antisymmetrical with respect 
to the longitudinal stiffener may occur which can be described by 
means of the transition conditions. Discuss the characteristic buckling 
equation of the stiffened plate. 


Solution : 


a) Each of the two plate parts @ and (@) can be viewed as a rectangular plate 
with simply supported longitudinal boundaries at x = + a/2. The corresponding 
differential equation reads according to (10.18) 


KAAw, + Nw, = 9 (i =1,2 number of the plate parts) , (1) 
where N,, is considered positive if compression and 0/dx =() ,- 
For the solution we use LEVY’s series approximation (9.40): 
w(x.9) = Dmg (¥) sin BEX (2) 
with m= 2,4,6... . 


Substitution into (1) yields an ordinary differential equation of fourth order for 


Wm (y) (d/dy = ( hs) 


Wak T dveey ~ 2 Wan (¥ )yy( 2%) + wn(y)| (22) ~ (Sey =0. 


(3a) 
With the shorthand notations 9, = ue : n = a , (3a) reads : 
2 
2 4 n 
Win (Y Darry ~ 294% CY Dzy + 95 (2 - ZF) tg (7) = 0. (3b) 


Herewith, we have transformed (1) into an ordinary differential equation with 
constant coefficients. The assumption w,,(y) = e*% leads to the characteristic 
equation 


4 2,2 4 
a* - 2972 +af(1-3 = (4a) 
1 
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with the roots 


Ay 2 =479,(9, + n,) = 479, (n, + 9) =4x,, 


( 4b ) 
dog = £7/9,(9 —2,) =+i7/9,(n, - 9) = tix. 
The solution to (3b) then reads 
w(y)=Ce% + Ce 1% + Cre 2% + Cre 2”, (5a) 


If the exponential functions are substituted by trigonometrical and hyperbolical 
functions, (5a ) is transformed into: 


w,,(y) = Acoshx,y + Bsinhx,y + Ccosx,y + Dsinx,y, (5b ) 


and thus the general solution of (1) including ( 5b ) reads : 





w(x,y) =[Acoshx,y + Bsinhx,y + Ccosx,y + Dsinx,y]sin maEX , (6) 


where the constants A, B, C and D are to be determined by means of the bound- 
ary conditions. 


Because of symmetry, solutions for the plate parts (1) and @) have the same 
form (6). 


b) The plate as a whole may exhibit buckling modes that are symmetric and an- 
tisymmetric with respect to the stiffener (see Fig. B-32). 


— Symmetrical buckling 
The corresponding boundary conditions read as follows : 
b b 
w(x,+5)=0 —> Wy ( $5) = 0. (7a) 


The bending moment Myy has to vanish at the boundaries y = + b/2 which im- 
plies, according to (911): 


b b b 
M,,(x,5) = -K[w(x,9 yy + vw (x55),xx] de 
Assuming this boundary is to remain straight, we therefore demand that 


QO. 


b 
W (45) xx = 0 , and thus w(x,2) y= 





symmetrical 
buckling 


antisymmetrical 
buckling Fig. B-32: Symmetrical and antisymmetrical 


buckling of a plate 


Exercise B-10-1 191 





Considering (2) this means: 
b 
Win ( > ),yy = 0- (7) 


With symmetrical buckling, the buckling shape at the stiffener has to have hori- 
zontal tangents in the y~—direction and we therefore have 


w(x,0), =0, 
i.e. according to (2): 
Wyn (0), = 0. (7c) 


Finally, we have to formulate the transition condition between the single plate 
parts and the stiffener (see Fig. B-33). Assuming that q = q(x) is the stiffener 
loading and Qy, (i = 1,2) are KIRCHHOFF'’s effective transverse forces corre- 
sponding to (9.14), we demand that: 


q=Q,, -Q,,- (8) 
It follows from (9.14c) that 
Q, = Saw ee + (2 rs Vw xy | ’ 
and from (8 ) follows: 
Qy, ~ Qy = — Ki wy yyy — We yyy + (2 - vray ~ Wo ,xxy ) a0 ot 
For reasons of symmetry we have for y = 0 that: 
Wy — Way and Wiyyy ~~ Weyyy ° 
Thus, the following is valid for the stiffener loading at y = 0: 
q(x) =-2Kw,,,, . (9) 


The stiffener loading q resulting from the difference of the effective transverse 
shear forces relates tu the displacement w via the differential equation of the 
bending of a BERNOULLI -beam with an additional axial load [ A.19] 

F, = N,4# 


x xh’? 





Fig. B-33: Free—body diagram of the transition between plate and stiffener 


192 10 Coupled Disk—Plate Problems 


ie, a(x) = EL, Wiyege + NAP w 


with the bending stiffness EI,, , the cross sectional area A,, and the height h of 
the stiffener. Comparison with (9) yields: 


+2Kw,,,,| =0, (10) 


A 
[ 21, s exae +N ly=0 


x = Wy xx 
and by means of ( 2) follows 


2 2 
(2 )[py,, (2) - ny At] wa (0) + 2K Wy, (0) yyy = 
By including the TIMOSHENKO parameters [ B.8]} 
_ Ely, As 
1 Eb bh ’ 
we obtain 
_ (mn \*| Ely, (mn \ _ Nx As 
o = (BE) re (3) - XK bh 
The transition condition (10) divided by K becomes 
bOw,,(0) + 2w, (0), =0. (7d) 


s= 








= 9}(y97- 028). 








With (7a+d) we now have four equations for determining the four constants of 
(5b). 


Substitution yields the four homogeneous equations : 


cosh xD A + sinh x,2 B + cos xB C + sinx,> D=0, 


x cosh x, 2 A +% i sinh x, > , B- 1g 005 x, B C- xzsinx,8 D=0, 


(11a ) 
x, B +x, D=0, 
b® A +2 B +b®C -2x,D=0. 
The system determinant is: 
cosh x, 8 sinh xb COS Xo 2 sin x28 
2 b 2.. b 2 b as b 
Ay = x, cosh 4 4 sinh %q X26 MQ ~X_8INXO | _9. (1b) 
0 xy 0 xX 
b® 2x; b® 2x; 


The vanishing of the buckling determinant delivers the so-called buckling condi- 
tion : 
Hy %q(2q - 9g) + OB (xq tan x, B ~ x, tanh xB) = 0. (12) 


According to ( 4b ) and with the above introduced abbreviations we can formulate: 


N. 
1,2= 79, (n, + 9) = mur ( y+ BE). 
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wK 
Since we devote our main interest to the critical load N, = N =k 


Xeri 2)? 
3 ‘crit b 
N, tT 
V am. = vk = 


with the buckling value k. Therefore, with « = a/b we have 


a= VME (feet BE) = 2 /B( fe #8). us) 


In (13) the buckling value k is still contained in the values x, and x, . This 
equation is therefore solved by trial —and—error. 





we 


Fig. B-34 presents the k—values for different stiffness ratios y in dependence on 
the dimension ratio a. 

Ely, _ _ As _ 

Ryo eb 

one obtains the garland- shaped curves of the unstiffened plate as already describ- 
ed in [ET2] with a minimum at k = 4. For 


For y= 





y¥=0 , &8=02 


the k-value drops below 4 which implies that the stiffener under compression 
possessing no bending stiffness (E1,, * 0) but a certain cross ~ section (A, > 0) 
has to be supported by the plate. An arrangement of this type would of course be 
unsuitable. 


Buckling value k 








a = a/b 


Fig. B-34: Buckling value of a plate with one stiffener dependent on the ratio 
a=a/b 
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— Antisymmetrical buckling 


Eq. (9) is valid only if the buckling mode is symmetric with respect to the stiff- 
ener (Fig. B-35a). However, an antisymmetrical buckling mode as shown in Fig. 
B-35b can also occur. If this is the case, the boundary conditions (7a,b ) remain 
unchanged, i.e. 


w(t $) =0, (14a) 

w,,(+2),, =0. (14b ) 
Furthermore, we have to consider the transition conditions at y = 0: 

w,,(0) =0, (14c) 

Win(0) yy =0- (144 ) 


The above conditions correspond to those of a plate simply supported at the 
boundaries y = 0 and y = b/2. The present buckling case can therefore be redu- 
ced to that of a rectangular plate with the width b/2 and all edges simply sup- 
ported. In analogy with [ET2] we obtain the buckling value: 


k= (224m) (15) 


with m, as the number of longitudinal waves in the case of antisymmetrical buck- 
ling. m, here generally differs from the value m of the symmetrical buckling. 


a) N. N 


without stiffener 





Fig. B-35: Buckling modes of the 
stiffened plate 


a) Symmetrical buckling mode 
b) Antisymmetrical buckling mode 
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Fig. B-36: Buckling values in dependence of bending stiffness 


The buckling value belonging to the antisymmetrical buckling is independent of 
the dimensions and of the stiffness (if we neglect the torsional stiffness of the 
central stiffener), since during buckling this stiffener coincides with a nodal line 
of the buckling mode and is therefore not subject to deflection. 


If we present the k~—values of both buckling modes in dependence of the bending 
stiffness y of the stiffener for a specific width ratio (eg. a = a/b = 2) anda 
specific cross-sectional area A, of the stiffener (eg. § = 0.2), we obtain the dia- 
gram in Fig. B-36. 


By increasing the stiffness of the stiffener, both the supporting force and the k- 
values increase; when the stiffness of the supporting stiffener reaches a specific 
value y*, either a symmetrical buckling mode with deflected stiffener, or an anti- 
symmetrical buckling mode with an undeflected stiffener can occur. k* = 16 is 
valid both for the former and latter buckling mode (see Fig. B-36). An increase 
of the stiffness of the stiffener beyond the above value y* is obviously useless, 
since the plate would nevertheless show antimetrical buckling, and the k—values 
would remain unchanged. y* is called least stiffness. 


Exercise B-10-2: 


A thin circular plate (radius a, thickness t, YOUNG’s modulus E) is 
clamped along its outer boundary as shown in Fig. B-37 and is subjected to 
a constant surface load p that leads to large deflections. 


This problem is to be treated as a coupled disk-plate problem, and the de- 
flection is to be determined by means of the GALERKIN method with a 
single-term approximation. The results are to be compared with those ob- 
tained by linear theory. 
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p 
Pedy eddy 


Fig. B-37: Clamped circular 
plate under uniform 
pressure 





Solution : 
We proceed from von KARMAN‘s equations in operator notation (10.13) 
-P,t 
AAw= 7+ 0 (w,®), (Ja) 


AA o =-EO*(w,w). (1b) 


This system of nonlinear, partial differential equations, which is coupled in w and 
®, is rewritten in tensor notation according to (1014) : 


vY iP , t ow fv 

Wis =~ Kt KE € Whav Pag » (2a) 
76 E op fv 
w=-5t © whi Wag - ( 2b ) 


The problem is most conveniently solved in polar coordinates for which reason we 
transform the covariant derivatives in the equation by means of (2.40) 


+ nee jes ~,, Vale \, , 


b+tle rae lon ,, +20 e whos o,, + (3a) 
+ 1, 12 ly |, + 2, 21 wlan lo] 
1 yo} 1 — a _ 
Fe lies elves g ®,,) al, |. = 
= -2/.” en Wloe whi +en owl, why + (3b ) 
+ a ~ whi whoa +e o. why wl | ‘ 


The metric tensors, their determinant, and the CHRISTOFFEL symbols required 
for the further treatment of the problem, have already been determined for 
cylindrical coordinates (see 2.5). If we now substitute the permutation symbols 
(2.20b) and the covariant derivatives (2.34b) (eg. why = Waly etc.) into the 
right—hand sides, and if we take into consideration that the dependence on the 
angle coordinate E“ = vanishes in the derivatives owing to the aca 
shape and loads, the equations reduce with —! =r and d/dr = (), 


{r[2(w,),].} = B+ h(n. Ope (4a) 


(18 en Ld. -BlouL,- cw) 
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In order to solve this nonlinear system of differential equations, we first integrate 
(4b ). This a 
Tr 


0, = Bl p( [et dr Jar + Cyr( 14+ 2InZ) + 2C,r ee (5) 


Eq. (5) contains terms with three constants which can be determined from the 
following conditions. First, we use the disk stresses according to (8.7) 


N 1 
6. = = Sows (6a ) 
6 ee Sg ( 6b ) 
ee” tr 


Substitution of equation i. into (a,b ) yields : 
3, 





-2, [+( (we) r)dr + (1+ 2iIn=) +26, fe 


(7a) 


iT 





2 
__E/1 (wr) r C3 
aw : Oiaunereet ee oe (7%) 
Owing to the condition that the stresses in the middle of the disk (r = 0) cannot 
become infinite (finitness condition), the constants C, and C3 must vanish. 


The remaining constant can be calculated from the boundary condition 


u(a)=0. (8) 
For this purpose we proceed from the material law (89) and then replace the ex- 
pansion € , by the radial displacement u, using the corresponding linearized 
strain —displacement equation of the axisymmetrical stress state in (8.8). (Higher 
order terms with respect to the deflection w in the strain—displacement equation 
vanish in this case.) It then follows that 


r 
u=Tey, = lop — Yr) - 


By introducing ( 7a,b ) we obtain: 


u= sic te + 
ay |r ( [= er) ar + 220 -») 


In order to evaluate a: we require an approximation for the deflection w. For 
this purpose, we choose the solution of a clamped plate with small deflection 


2 


we=e(i-%). (10) 


(9) 


Here, c is a free coefficient describing the maximum deflection at the centre. The 
above approximation function fulfills all boundary conditions. After calculation we 
obtain 








afte r 10 r* 7 6 
wat S(35 OL +t)+ asi 
ll 
405,(2, 622 422 jeter) 
a2 3 a4 6 36 E 
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From (8) then follows 


ag! 2C,(1- 
ales) aa| 88 ASE 25 
a 


6 E 
2 5-3 
—+ Cc, = E> . 
2 a? 12(1-v) 
Using the approximation w* according to (10), we now state with (5) an appro- 


ximation for ©: 
E2/r* 2 r® 1 r) 5 -3v 
*« __E I_2Z2r ,ir_ S 
or = r © (3 3 a® + 6 a® + Er 6(1- v)° (12) 


Further calculation is then carried out by means er GALERKIN’s equations, 
stated according to (6.98). By means of ( 4a) we write the operator 


1 
L(w*,o*) = K{r[4 (ewe), re }oe — DE t( wh OF Je (13) 
which we Pan into 


ft fucee, ©*)w*rdrdp =0. 





y=0r=0 

After integration we finally obtain a cubic equation in terms of = = max : 
2B-s$v(c} + 16 fi B(2f=5 
21 i-v \t S(i-v)t ES? ~P* 


Fig. B-38 presents the numerical evaluation of the calculation with v = 1/3. In the 
case of higher loads (p > 5), the nonlinear theory leads to smaller deflections 
than the linear theory, owing to the membrane forces in the plate which increase 
the stiffness against transverse deflection and thus facilitate a higher load bearing 
capacity [B.8]. 


Q 


nonlinear 





f. 


0 50 100 150 =. 200 


Fig. B-38: Comparison of maximum deflections obtained by linear and by non- 
linear theory (dotted lines denote deviation of the pressure for special 
deflection values in the scope of the linear and nonlinear theory) 


C Curved load-bearing structures 


C.1 Definitions — Formulas — Concepts 


11 General fundamentals of shells 
11.1 Surface theory — description of shells 


11.1.1 Representation of surfaces 


We assume that there exist one-to-one relationships between the curvilinear 
coordinates (GAUSSIAN surface parameters ) £*(a = 1,2) and the Cartesi- 
an coordinates x'(i = 1,2,3) of the points P of a surface (Fig. 11.1). This 
correlation is expressed by 

x =x'(€) (11.14) 


or, in vector notation with the position vector r of a point on the surface 
[C.5,C.11] as 


r=r(@)=x(f)e . (11.16) 


Differentiability with continuous first derivatives is assumed along with 
non-singularity of the JACOBIAN matrix (functional matrix ): 





ax ax’ ax? 
i 1 1 T 
pa Oma O8 PS A088 : (112) 
0 1 2 3 
ox ox ox 
a of ag? 





Fig. 1.1: Definition of the parametric representation of a surface 


200 11 General fundamentals of shells 


If €? = const for variable €1, (11.16) describes space curves embedded on 
the surface, and these curves are called ¢!-lines. In analogy, with €1 = 
const , one obtains £7—lines. These €1— and €?-lines constitute a curvilinear 
coordinate mesh on the surface ( Fig. 11.1). 


a) Surfaces of revolution 


Definition 1: One obtains a surface of revolution (Fig. 11.2), if a two-di- 
mensional curve m positioned in the x’, x3- plane (x? =0) 


1 2 3 3 
x =r,x =0,x =x(r) 
is rotated around the x*- axis as axis of revolution. 


Using the polar coordinates e 2r,€é ? = as GAUSSIAN parameters; the 
vector r reads: 


r=r(r,0) = rcos#e, + rsinde, + x (r)e, (11.8a) 


or according to (11.1b) 


x =recosd , 
x =rsind , (11.86) 
x =x (r) . 


Note: In (11.8a,b), r describes the projection of r and not its value. The 
r-lines (8% = const) are called meridional curves; for 3 = 0 we ob- 
tain the zero-meridian m. The #- lines (r = const) are called pa- 
rallels of latitude. Both types of lines cover the surface with an 
orthogonal parametrical mesh ( Fig.11.2). 


Special case : 
— Spherical surface 


If the meridional curve 3 = 0 of a surface of revolution is chosen as a 
circle with the radius a and centre point in the origin (Fig. 11.3), a sphere 
is described. After introducing an angle y, one obtains 


x' = asiny , x =0 , X =acosy. (1144) 
The position vector r of the spherical surface then reads: 
r=r(y,8) = (asiny)cos¥e, + (asiny)sinve, + acosye, (114b) 
with the components 


x’ = (asiny)cosd , xX =(asing)sinv , x = acosy. (11.4¢) 
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Fig. 11.2: Generation of a surface Fig. 1.3: Parameters of a 
of revolution spherical surface 


On the surface of the earth, the geographical ¢,3-coordinate system is ge- 
nerally applied, where ¢ = > -—y denotes the latitude and # the longitude 
of a respective point. The circle of latitude @ = 0 describes the equator. 


b) Ruled surfaces 


Definition 2: The term ruled surface (derived from "surface réglée” = 
linear surface ) or radial surface denotes each surface generat- 
ed by moving a straight line g along a guide-line d (direc- 
trix) (Fig. 114). The single positions of the straight line are 
called the generatrices g of the ruled surface. 





directrix d 


Fig. 11.4: Generation of a ruled Fig. 1.5: Skew hyperbolical 
surface paraboloid surface 
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Such a movement can be described by defining the path y = y(€') of a 
point P, of the straight line, and a unit vector z(€!) which points in the 
direction of the straight line. The ruled surface is then formulated as 


r=r(€*)=y(C)+ Eu (E) , (115) 


where €? is the distance of a point P on the surface (Fig. 11.4) to the point 
P, of intersection of the inherent generatrix g and the directrix d. 


For this purpose, it is assumed that 

d 

ae XZ=y,xzf#O0, 

ie. the generatrix must not point into the direction of the directrix. The 
7 - lines (£1 = const ) are the linear generatrices of the surface. According to 
(11.5) the directrix r(€’,0) = y(€’) occurs for €? = 0 in the family of the 
é- lines ( €? = const ). 


Special cases: 
~ Cylindrical surfaces 


We obtain a special type of a ruled surface if all generatrices are parallel to 
each other, and if thus the vector z is constant. In this case equation (11.5) 


reads: ‘ 
=r(@)=y()+2 . (116) 


Surfaces of this type are called cylindrical surfaces. Depending on the form of 
the directrices we obtain different types of cylinder surfaces, e.g. elliptical cy- 
linder surface: 


y(¥3)=acoste,+bsinve, and z=e, . (11.7) 


~ Skew hyperbolical paraboloid surface 


A so-called skew hyperbolic paraboloid is generated according to Fig. 11.5 by 
moving the straight line g along the x'- or x’ -axis, respectively, as genera- 
trices. Here, one also uses the term conoid surface, the explicit representation 
of which reads: 


a. f 1.2 
ake (1180) 
The parametrical representation of this surface is 
2 f 1,2 
r=r(f*)=€e, + € e,+sap ites (11.8 b) 


with the dimensions a,b and the height f ( Fig. 11.5). 
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Fig. 116: Generation of a translation 
surface 


©) Translation or sliding surfaces 


Definition 8: _ A translation or sliding surface is generated by a parallel dis- 
placement of one curve g along a second, a so-called guide 
curve or directrix d. This surface can be described as follows: 


r=r(é")=y(é')+2(€’) , (1194) 


where the curves shifted in parallel are called the generatric- 
es g or sliding curves of the translation surface (Fig. 11.6 ). 
In a more extended definition ( €° —> €*), translation surfaces 
are represented by 


r=r(é)=y(€)+2() . (11.9) 


11.1.2 Fundamental quantities of first and second order 


Base vectors on the surface 


or 

a, = ee = Be a (11.10) 
The base vectors a, are lying in the tangential plane which touches the 
surface at a point with the position vector r(é°) (Fig. 11.7a). From the 
base vectors (covariant surface tensors of order one ) one obtains, in analo- 
gy to (21a), the components of the covariant metric tensor or surface ten- 
sor. 


Components of the covariant metric or surface tensor 


Fundamental quantities of first order — first fundamental form of surface 
theory — 


ap =Na' Ke =a,° ag - (11.11) 
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Fig. 11.7: Covariant and contravariant base vectors 


Determinant of the surface tensor 


a 


Ay Ay2 


(11.12) 


a= | ane = 








3, Ag 


Length of an arc element 


ds = /a,,°e" at (1113) 
(t = curve parameter, ( ) = d/dt). 
Area of a surface element 

dA = fa dé'de? . (11.14) 


Contravariant components of the surface tensor from (2.5c) 


Boy ara (11.15a) 
Contravariant base vectors (Fig. 11.7b) 
mae . (11.156) 


Unit vector perpendicular to the surface ( Fig. 11.8 ) 
a, xa 
eo 4, 
|a, x a,| 
Fundamental quantities of second order ( Fig. 11.8) — tensor of curvature 


dr- da, = —b , dé" de” (11.17) 


a, ? ? 
with the curvature components b_, = [a >21+82] : (11.18) 


ap fa 


(11.16) 
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Determinant of the tensor of curvature 


b,, b 


1 12 
b,, b. 


b= [bo | or 








21 22 


Curvature in a point of a curve of the surface 


1 _ i _ Pap de™ ae 
R dag 1% dP 


Characteristic equation for principal curvatures x; (i = 1,2) 


ba gk +2 = 6 -2HK+K=0 
a 


Invariants 
H= 5a bag = pb aug = be mean curvature , 
K = |bg| =" GAUSSIAN curvature 


CHRISTOFFEL symbols in surface theory 


a _ 1,0 _ 
P py = 9 & (856, + Q408 Bre) 
; ’ _ _.o 
Special cases : Tes =-b, , 


Pio bin: 
Py, = Ps, = Ty = 0 
GAUSS-WEINGARTEN derivative equations 
ang = Pg 8, + bap ag 
or als = bag 83 ; 


a3,q = - tf a, 
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Fig. 1L8: Curvature of a surface 


(11.19) 


(1120) 


(11.21) 


(11.224) 


_ (11.22) 


(11.230) 


(11.236) 


(1124) 
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Example: Application to surfaces of revolution 
Referring to Fig. 11.9, the arc length s and the angle # are chosen as 
GAUSSIAN surface parameters ——> e 20g." ; ar 2%. 


According to (11.8a) the parametric representation of the surfaces of revo- 
lution then reads: 


r(s,0)=r(s)cos Je, +1r(s)sinde,+z(s)e, . (11.25) 
With (11.10) the covariant base vectors result as 


a,=r, =r, cosve,+r,sinve,+z,e, , 
(11.26) 


a, =T5= ~rsinve, + rcosve, , 
where the derivatives with respect to s are denoted by a/as = (), and 


0/ad = (),5. Accordingly, a, is parallel to the x!, x?- plane. 


With 
(dr) + (de) =(ds) oor rt te? =1 


the derivative of z is 


2 
z,= -y} =P (1127) 


With the chosen measuring direction of s , z decreases with increasing s, 
Le., z, < 0 . Thus, the negative sign is valid for z. 







meridian 
& =const 


latitude 
s = const 


Fig. 11.9: Coordinates at a surface of 
revolution 
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The components of the covariant metric tensor then become 


2 2 2.9 2 2 2 
a, = a-a, =r, coos Vt, sind+z2, =r, +z, =1, 


ay = a - a, =r,cosd(-rsind) +r sind(rcosd) =a, =0 , 


2 2 


i = 22 2, 6B 
ag = a,- a, =r sin d+rco v=r 


Thus, one obtains 


(ap)=(5 s . (11.8) 


0 r2 


Due to ay2 = a2, = 0, the coordinate lines intersect each other perpendicu- 
larly; ie. s and ¥% form an orthogonal system. 


By means of the determinant 


0 


2 
eal (11.29) 


=|a| =|" 








the contravariant metric tensor can be calculated by inversion 


0 
(a?) = k oe (11.30) 


In order to determine the curvature tensor, the derivatives of the base vec- 
tors are required: 


Api =Fes = Figg cos ve, + T es sinve, + 3&3 5 


a, 2 = Tos -r,sinve, +r, cosve, = ayy > 


a2 = Fes —reosve, — rsin ve, 


We obtain from the scalar triple product (11.18) 


, T4,cosd rr. sind Zz, 
by = = 1, cosd r sind Zz 


—rsind rcosd 0 


208 11 General fundamentals of shells 


or after differentiation of (11.27) with 


rf 
Z Po ,8 88 


88 
fi-a 
r?r r 
— by =U fl -1, to S 7 ‘o_o 


The other components are analogously determined as: 





(ba) | A i — (11.31a) 
or the mixed tensor of curvature 
re 5 
(bs) =a" b= 1-17 (11.81b) 
1- fe 
0 ~ r 
and 
b=|bol=-tet - (11.82) 


Since a,, = a,, as well as b,, = b,, vanish, the coordinate lines are also 
curvature lines, i.e. lines with extremal curvature. 


The mean curvature results from ( 11.220) as 


2 2 
r 1- rr.+r.-l 
n= deped{ te A) aE ca 
2 
l-r, r 2r 1-r? 


and the GAUSSIAN curvature follows from (11.22b) 


K=~=--# ; (11.38b) 


The CHRISTOFFEL symbols are determined by means of (11.23a). We ob- 
tain for instance: 


1 1 ow 1, 2:11 
Py =a (@2,,2 + 42,2 - a2) =- | A oe a 


(r’) =-Ir, 


Ga. 


i 
2 
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The further values are written without detailed calculation using (11.28a): 


F ? ayes = 11.94 
a WV ie eae =. ah? (11.840) 


(11.34b) 


11.2 Basic theory of shells [C.9,C10,C11,C12,C.14,C.17,C.18,C.19] 
Geometry of shells 


The shell continuum according to Fig. 11.10 is described by means of the 
mid-surface of the shell which halves the shel] thickness t at each point. 
The shell space is presented by the GAUSSIAN surface parameters e* of 
the mid-surface, and by a coordinate ¢ perpendicular to the mid-surface. 


Position vector r, of an arbitrary point P of the shell space: 


rp (€°,6) = (E") + Ca(E") (11.85) 
Covariant base in the three-dimensional space: 
G=%, - (11.36) 


Eq. (11.36) with (11.85) and (1124) yields: 
B, = (62 — Cdr ay = He ay 
83 = a - 

The three-dimensional base g, is transformed into the base a, of the mid- 


surface by means of the shell tensor or shell shifter ue introduced by 
NAGHDI [C.17]. 


(11.87) 
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Fig. 11.10: Coordinates and base vectors 


Contravariant base in the three-dimensional space: 


3 3 


gs" =(u )5a° , 
(11.88) 
fe =a 


Determinant yp of the shell tensor: 


1- Cb} -¢by 


-¢bi 1-(¢b; 


—_— a — 
= |u| = 
2 
=1- ¢(by + bz) + (?(byby ~ bby ) = 
=1-2HC+K¢’ , (11.39a) 
where H is the mean curvature, and K is the GAUSSIAN measure of cur- 


vature (11.22a,b). The latter expression also denotes the ratio between the 
space metric g and the surface metric a [ET 1,2], ie., 


(11.396) 


B= a 


a 
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Kinematics of a shell continuum 


According to Fig. 11.11, the base point P, on the mid-surface of the shell 
allocated to P is transformed into P, (the state of deformation is denoted 


by ~). 
The position vector f, consists of the following parts: 


F,(€7,0) = (7,0) + v, (£70) (11.400) 
with the vector of displacement vy, 
vi(€°56) = v(E) + Cw(E*) (11.40b) 


The total distortion (normal rotation and shear deformation) is described 
by the vector w(€*). 
The following assumptions are made: 
a) Plane cross sections remain plane after loading (see (11.40b)). 
b) Normal stresses 7 in the ¢-direction are neglected (thin-walled 
shell), ie. 7,, = 0. 
Displacements of a shear-elastic shell are described by five independent 
components v,,w, and w,: 
v=(v, +¢w,)a*+wa : (11.41) 


This relation denotes a space tensor. Its components v, are referred to the 
spatial base g* at the point P of the undeformed shell. 






FES) 


Fig. 11.11: Kinematics of the shell continuum 
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Strain tensor 


CAUCHY-GREEN’s strain tensor according to (4.12b) limited to small 
strains (linear theory) : 


s 1/s s 
ty = $(*4; it vil) : (11.42) 
After transformation to the mid-surface of the shell we obtain 
1 
Og = 5 (Vale + Vela ~ 2bagW) (1143) 


Normal and shear strains of the mid-surface of the shell ; 


i) 


21 e e e 
Bap = (ale + W ela -b AP - be Vole + 2b, b,,w) (1144) 
= Alterations of curvature and torsion; 


1 
V30 = 7 (Wa t+wyit be Vo (11.45) 


I 


Shear strains . 


Stress Resultants 


In analogy to the plate problem, the three-dimensional shell problem is re- 
duced to a two-dimensional problem of the mid-surface of the shell. Resul- 
tant forces and moments are introduced instead of the stresses which are 
obtained by integrating the stresses over the shell thickness. 


+t/2 

Membrane forces N@ = [ed reac , (11.460) 
— 4/2 
+t/2 

Transverse shear forces Q* ={|n Paid dé , (11.46b) 
-+/2 
+t/2 

Moments MY = | wpb rode . (11.46c) 
-t/2 


B 


N® and M%* are nonsymmetrical because of py oe 


In the theory of shallow shells one can approximate ue x6 o 4 Les 


+ t/2 

M% = [yr cae , (11.470) 
- ¢/2 
+ t/2 

NOP fh rac (11.4%) 


— t/2 
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N°? is called the symmetrical pseudo” tensor of resultant membrane 


forces, and it is valid that 
N°? =N% + Deum (11.48) 
Equilibrium conditions [ET 2] 


N™|, ~ Q7be + p® = 0 (1148a) 


two equilibrium conditions of the resultant forces in the mid-surface; 


ID 


Q*|.. + N“ bo, + p=0 (11.48) 


equilibrium conditions of forces perpendicular to the mid-surface; 


I) 


M“|_ -Q° =0 (1148c) 


two equilibrium conditions of the resultant moments. 


) 


Constitutive equations for isotropic shells [C5] 





NS — pyr Og (11.492) 
QS Gta, (11.49b) 
MY = KH?" g (11.49¢) 
with strain stiffness D = = rT 
-v 
ree Et 
bending stiffness K = 12(1-0) ’ (1149d) 
shear stiffness Gt = eae ; 
2(l+v) 
and the elasticity tensor 
He _ 1 5 vy (a%? af + aw® ab? + : a aa”) ; (1149) 


11.3 Shear-rigid shells with weak curvature 


Here, the following additional assumption is made: 


~ The shear deformation due to transverse forces is neglected. This 
means that points lying on a normal to the undeformed mid-surface 
after deformation lie on a normal to the deformed mid-surface (nor- 
mal hypothesis ). 
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This is one of the principle assumptions behind BERNOULLI ‘’s beam the- 
ory and KIRCHHOFF'’s plate theory (see Chapters 9, 10). It follows that 


oa = 5 (We twot be¥,) =0 —> w,=-w,- bev, .  (11.50a) 
Furthermore, for thin shells N°? is substituted by N ad , that means 
N* ~ N°? NO . (11.50b) 
A similar simplification is valid for the curvatures according to (11.44): 
a, ok ~ 1 /,e 1 (,e ae 
Bap x 5 (Wale + W gla) = -| wag + 5 (vv, )lo + 4 (bev, le = kag - 
(11.51) 


Neglecting the terms with b& in (1148a) and (1151) leads to the basic 
equations: 


— Equilibrium conditions (11.48a,b,c) 


nN“, + p’ =0, 
Q"|,. + N™ bag +p=0, (11.52) 
Ml, -Q = 0 


— Strain-displacement relations (11.43, 11.44) 


] 
Ong = 5 (Val, + Vela -2b,w) , 


(11.58) 
Kop = Cog © - Wop : 
- Constitutive equations (11.49 a,c) 
nN? = DH*%o,, , 
Me? = KH (11.54) 


76 


Equations (11.52), (11.58) and (11.54) for the shear-rigid shell provide 3 + 
3+ 3+ 6= 15 relations for the determination of the 3N°? + 3M% + 


3a,6 + 36,6 + 2v, + w = 15 unknowns. 


12 Membrane theory of shells 
12.1 General basic equations 


Assumption: The stresses 7° are uniformly distributed over the thick- 
ness, i.e. only so-called membrane forces occur, but no bend- 
ing moments and no shear forces are found. 
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~— Equilibrium conditions 
nN“, + po =0, 
oe (12.1) 
N bas +p =0 


These are three equations for three unknown resultant forces N%, i.e. the 
membrane theory is statically determinate. The resultant forces N° can 
be calculated from the equilibrium conditions (12.1) alone and the defor- 
mations from (12.2) and (12.3). 


— Strain-displacement relations 
1 
Og =a (Vale + Vela ~ 2dagW) - (12.2) 
— Constitutive equations 


nN — pH a 


76 (12.8a) 
with H*6% defined by (11.49e) or, alternatively, 
Zi 6 
ep = Et Dagys N 
(12.3b) 
with D, atte. ag, + a,, ag.) — Vagea 
apy ~ 9 a5 “By ory “B65 ap 75 ° 
— Specific deformation energy according to (6.14) or (6.15b) 
zz _ 1 yas _ 1 OB 776 
U =aN Ou = 7Bt Paes N N . (124) 
12.2 Equilibrium conditions of shells of revolution 
Coordinates! s or in meridional direction , 
v in circumferential (latitudinal ) direction. 
Derivatives: d/ds=()s , d/od 2()o . 
~ Equilibrium conditions 
(TN,.),. +Niy9 — OSYN,, trp, =0, (12.50) 
(TN, 5), +Nyy.9 + cosoN,, +rpy =0 , (12.56) 
N N 
—= +-—“e=p. (12.5c) 


ty tT) 
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of revolution 





1 
Case 1: Axisymmetrical loading 
i 
Py =O , Sy FHSO , Ny = 0 


Introducing ds = r, dy , one obtains 


(rNyy), yp — OOS P Nyy + rp, =0 , 
Nee 4 Nee =» 
ry ty 


After elimination and integration, (12.6) leads to 
9” 


Nog = 3 [sealvcoed - p, sing) sina ; 


Case 2: Non-symmetrical loading 


Auxiliary quantities for a shell 


= centre point of curvature 


(126) 


(12.72) 


(12.7%) 


Expansion of loads in circumferential direction by means of FOURIER 


series : 


p,(s,%) 


2,Paoq,( 8) coed ; 
Py(s8,0) = > Po, (8) sinmd ‘ 
m=1 


p(s,v) = > Pa (#)cosmd 


(12.8) 
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A similar product expansion is chosen for the resultant forces: 


oo 
N,, = N,, (s)cosm? , 
m=1 ™ 
co 
Nyy = > Nog, (8) cos md 4 (12.9) 
m=1 
Ny i > Noo, (8 )sinmd 
m=1i1 


Substitution into (12.5) then yield the following set of ordinary differential 
equations: 


(TN, tT MN ~ COSPNgs + TP. =0, 
(rN, ). ~MNyy + cosyN, +rpy =0, (12.10) 
Nem 4 Neem 
ty m2 r= 


Introduction of angle y and elimination of Nos, in (12.10) yield two ordi- 
nary differential equations : 





qy ty Nyon _ = 
(Noo ies? (1 + Tet ON won + ane =P, Coty -TyPy s 
(12.11) 
ee P, 
( Nye, dy + at 7 cot PNyg,, + ae =mr, aap —T) Py 
Special shells: 
1) Spherical shell (r, = r, = a, r = asing) 
(singN,), + (Nye ),s -cosyN,, +asingp,=0 , (12.12a) 
(singNys).p + (Nog)o + CosYN ys + asingp, =0 , (12.12b) 
Nop + Nog =pa . (12.18) 


Boiler Formula: Spherical shell subjected to internal pressure py = const 


N N Ppa 
yy vo 0 
Stresses oo, = t °° 7 se =e Oe (12.13) 
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2) Circular cylindrical shell (r = r, = a, r,dy = dx) 


Nex t+Nwjot Py =0, (12.1ha) 


XX 7X 


N. 


xd »x 


1 
+—=Nop ot Pp =O, (12.14b) 
Nyy =pa . (12.14c) 
Boiler formula: Cylindrical shell with closed ends subjected to internal 
pressure p, = const 


N Po do _ Po@ 
Stresses o. = = =Sr : UHRA ( 12.15) 


Z 





3) Circular conical shell with semi-angle a (r = ssina, cosy = sina, 
ds = r, dy; see Fig. 13.3) 


1 
(sN,,),. + Sina Nev.» ~ Noo + 8P, =0, (12.16) 
1 
(SN,o), +a Nov wt Neo + 8 Py 05 (12.166) 
Nyy =sptana . (12.16c) 


12.3 Equilibrium conditions of translation shells 
Hyperbolical shell 


Considering the class of translation shells we restrict our treatment to the 
special case of a hyperbolic shell. This type of shell has a wide-spread appli- 
cation especially in the design of cooling towers. Due te their negative 
(hyperbolic) curvature, these shells display a bearing behaviour that differs 
decisively from that of shells with a positive (elliptical) curvature (eg. spheri- 
cal shells, elliptical shells of revolution). 


Fig. 122: Coordinates of an axisym- 
metrical hyperbolical shell 
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In order to illustrate this difference, we will proceed from the equilibrium 
conditions of the shell of revolution (12.5). If we solve (12.5c) in terms of 
the resultant force N,. and substitute the solution into (12.5a,b), we obtain 
a system of two first order partial differential equations in terms of the 
force resultants Noy and N oe With ds = r, dy this system reads: 


(r,singNy), + r,cosyNyy + Nooo = %11,(Pcosy — p,sin ¢ ) , 


(12.17) 
(r, sin PNyy),, + 1, cosyNyg - Nw = -r,0,(pssing + Py) - 
By introducing the following substitutions 
2 
U =r, sin PN z 
eT (12.18) 
V=rnsin ONyy , 


the equations are transformed into the simple form 


r sin’ y(pcosy - p, sing) : (12.194) 


2 
r ‘ 
Viot a sing U 


tT) 


Vv : 
1p siny v0 


= -r,r,8ing(p,sing +py) - (12.19b) 





We now consider only the homogeneous part of the two differential equa- 
tions (12.19). V can be eliminated by differentiating (12.19a) with respect 
to y and (12.19b) with respect to ¥, and subtracting the equations. We 


then have 
2 


oe T, : ‘ra 
r, sin yg U Lt 1,12 U ost 1, sing (=, sin), UL,=0 . (12.20a) 
Within the classification of linear partial differential equations of second 
order we write 
AU, +CU,,+ aU, =0, (12.20b) 
where A, C, a are functions of vy. Depending on the sign of the discrimi- 
nant 
3.2 
D=AC=r,rnsin y , 
eq. (12.20b) exhibits a different solution behaviour, where the decisive fac- 


tor is whether the product of the radii of curvature r,1, is positive or ne- 
gative. The following cases shall be considered: 


a)ryr,>0 — Differential equation of an elliptical type (spherical 
shell, elliptical shell of revolution, etc. ) 


b)r,r,.<0 -— > Differential equation of the hyperbolical type ( hyper- 
bolical shell ) 
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Mechanical interpretation : 


A principle way of solving this problem is to re-transform the partial diffe- 
rential equation into two ordinary differential equations by using a separa- 
tion approach (see [ C.18 ,C.19] ): 


- Solutions of differential equations of the elliptical type with r,r, > 0 
(spherical shell, elliptical shells of revolution ) are such that discontinu- 
ities of the boundary values occuring in the case of point supports do not 
propagate into the inner regions but are confined to a narrow boundary 
zone. 


- Solutions of differential equations of the hyperbolical type with r,r, < 0 
display a completely different behaviour. These solutions are associated 
with curves on the shell surface, so-called characteristics, along which dis- 
continuities of boundary conditions propagate over the entire shell [ c.2]. 
This problem occurs in particular with hyperbolical shells with single sup- 
ports. In this case, the membrane theory is not sufficient for determining 
the state of stress; bending deformations and resultant moments must then 
be considered by an extended theory. 


12.4 Deformations of shells of revolution 


Strain-displacement relations due to (12.2) 


1 
Evo = 7, (be +w), (12.214) 
Eo3 = Liv, +ucosy + wsingy) , (12.21b) 
7, aay 4 ty —~ cos (12.21c) 
‘ps ret 7 we Y * . 


Special shells : 
1) Spherical shell 





1 

ewe =—(u,tw). (12.22a) 
_1¢.1 

a ( ang Vo + ucoty + w), (12.22) 
4 

Vos +( ae ty tv vcoty) : (12.22c) 


2) Circular cylindrical shell 
(12.28a) 


Eos = 4(v, + w) 3 (12.23b) 


1 
tee Ee at es (12.28¢) 
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3) Circular conical shell 


&, =U, , (12.240) 

€s5 =+(s v5 + ut wota) ; ( 12.246) 
eee | aps 

4g = ee eg tas eS (12.24c) 


12.5 Constitutive equations — material law 


Regarding temperature fields °e (y,¥) constant over the thickness 
0 
Noy = Die, + Yegp ~(L + )aqg @] , 





0 
Nog = Dlegg tve,,-(1 + v)ap 9] , (12.25) 
l-v A Et 
Noo = D—Z— Wo with D= a 
or 
aio N % 
Epp = Br (New ~Y Now) + or © , 
1 0 
fo = Br (Now — YNyy) + oy @ , (12.26) 


2Utv)y 


Vo ~ Et ve 


Substitution of (12.21) into (12.26) generally leads to ordinary inhomogeneous 
differential equations of first order with variable coefficients. These equations 


have the general form: 
dy 


® + P(x)y + Q(x) =0 
with the general solution: 
y= |e FPL Q(x) FPO dx + c| 7 (12.27) 


12.6 Specific deformation energy 
General expression in membrane theory according to (12.4) 

TW i 

U = (Noo £90 + Nyy Ep + Nyo Epo) (12.28) 
or 


TT 1 2 2 2 
U = ghg[ Nao + NZ, - 2UNLyNog + 2(1 + 7)Nog| - (12280) 
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13. Bending theory of shells of revolution 


13.1 Basic equations for arbitrary loads 
Derivatives: 0/op =,, or d/ds= is, 0/OVZ io . 


— Equilibrium conditions according to (11.52) and Fig. 13.1: 


(TN ody + 1 Nyoe ~ 1 COSENygy + Q, =-rmp, , (19.10) 
(FNy5 do + Nose + 11 COSON Gy + 1 8INYQ, =-rNPy » (18.16) 
(rQy)6 +Q5,0 —TNUy — 1 sin ONy, =-rrp , (18.1c) 
(tM yy) + Myo, — 1.0089 Myy =1nQ, , (131d) 
(rML5),. + t1Moee + r, cosy My, =rr,Q, . (181e) 





Fig. 13.1: Surface parameters and sign convention for load components 
and stress resultants of a shell element 
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— Strain-displacement relations due to (11.51) 





Kes Xn > (13.20) 
1 cos 

5p ee ee ys (182b) 
1 

Kes = 7 |X + (rd), — 2pcosy (32) 


with the two angular distortions (x = w, , # = wy) according to (11.50a) 


u-Wy, 2 eae fs : 
=> in meridional direction , (13.3a) 
1 


vsing —-W 5 





y= = in circumferential direction . (13.3b) 
Special relations for weakly curved shells of revolution with (11.53) [c.4]: 
Cpp ~~ = (= Welw , (sts) 
Osa = - (4 00 + 7 Mp cee) ; (134b) 
Cos = “a(S Wyo rae wo) ; (134) 
— Material law 
N,, = Die, + vegg -(1 + v ap O] ; (13.50) 
Noy =Dlegg + V6, -(1+v)ap°O] , (13.56) 
N, = D+ We : (13.5c) 
M,, = K[k,, + vky) -(1 + v)ap'O] 5 (135d) 
Myy = K[Kg5 + UK, - (1 +v)ap'@] , (13.5e) 
My =K+7>5% hy (135f) 


with D = Et , Ke= i Bee according to (11.50a) 
1-7? 12(1-v*) 
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Equations (12.21), (13.1), (13.2), (19.38) and (18.5) altogether define a system 
of 19 equations for 19 unknowns (8 resultant forces, 6 strains and curvatu- 
res, 2 angular distortions, 3 displacements ). They allow to calculate the 


stress and deformation states of shells of revolution. 


Case 1: Axisymmetric loads 


Assumptions: N,,=M,,=Q,;=90 ; V = %y5 = % 3 =0 
— Equilibrium conditions from (18.1): 
(TNL) =~ COSPNgg +1Q) =-rypPL, 
(rQ,),, —tN,,-1s8ingN,, =-rnp , 
(My), 110089 Myy =11Q, 


— Strain—displacement relations from (12.21), (132) and (13.3) 


1 
Coy = 1, (4p tw), 


E59 = 1(ucos + wsing) , 


1 
Keg ~ Xp OF Koy ~ 7, te , 
_ cosy 
Keg = 7X 
with x =t(u-w ) 
TY 19 


~ Material law from (18.5a,b,d,e) 


Nip =Dle,, + Yess -(1+v)ap°@] ; 


ey 


Nog = Dies + VEL, -~(1+ v)a,°e] ; 


1 
M = K[x,, + Vk —(1+v)a, @] , 


Myy = K[K59 + VK, -(1+v)a_'0] 


(136) 


(18.70) © 
(13.%) 


(13.7%) 


(13.8a) 
(13.8b) 
(13.92) 


(13.96) 


(13.10) 


(18.114) 
(13.116) 
(13.11¢) 


(13.114) 
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Special shells : 


1) Circular cylindrical shell subjected to axisymmetrical loads 


Derivative: d/dé=,¢ with = = 

— Equilibrium conditions 
Ny,g¢+@P, =0, (13.124) 
Q.g7 Now tap=0, (13.12b) 
M,,,¢-8Q, =0 . (18.12c) 


Elimination of the transverse force from (13.12c) and substitution into 
(18.12b) : 


-M,, ge + aNgg = ap . (13.13) 


— Strain-displacement relations 


ei =u, Fe ay =" 5 (18.142) 

Kyy = sx, > Kgy =O . (13.146) 
Bending angle x= -tw, ‘ (13.14) 
— Material law 

N,, =Dle, +¥4%& -( + v)ay@] : 

Nop =Dlegp +e, ~(1tv)apO] , 

M,, =K[«,, +U¥Kyy -(1 + van 'O} ‘ (isi) 

Myy = K[Xgy +6, -(1+v)a,'e] 


Eqs. (13.14) together with (18.15) in (13.13) yield the boiler equation: 








4 
4 p 2 4 0 
| wc +4nw= "Z —(L+v)aap'O ge +4 aap 'O) (13.162) 





with x =3(1- 7\(2/ (« = decay factor) . (18.16b) 
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Solution for a cylindrical shell with semi-infinite length subjected to 
boundary loads M,R (see Fig. 13.2): 


w = [2 Reoseé + M(cosn€ - sinné)]e* , (18.170) 
Neve ae [2Reoské + M(coseé-sine€)]e“® , (1817) 
oe -[2Rsinng + M(cosxé + sinng)]e“® , (1917) 
Qq = -[R(coseé-sinné)-2%Msinngle*® . (13174) 


2) Spherical shell - Method by GECKELER 


This method utilizes the fast decay of boundary disturbances in a circular 
cylindrical shell (x ~ e~“”). The essential MEISSNER equations are the 
starting relations for the approximation method [C.7]. 


The following two uncoupled differential equations for the bending angle x 
and the transverse force Q., are obtained (d/dy =()w): 


+ 44 x (13.182) 


x PPPpp 





4 
Qvvov + 4HQ, =0 (18.186) 


as _ Eta’ 2 


with 4p Eo v 


v? can be neglected in the case of thin-walled shells + > 1. Then, the 
decay factor given by (13.16b) can be used. 


3) Circular conical shell - Method by GECKELER 


In this case, it is also assumed that a fast decay of the disturbances from the 


boundaries occurs. The corresponding differential equation reads (a /ds= ia): 


Q, jases + 4% Q, = 0 (13.19) 


2 
cot @ 
s?t? 





with Ki = 3(1- v7) 
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Cylindrical shell Spherical shell 










(18.20a,b) 
3 2 
Ra .2 Ma. 
Ar, = ——7;sin + ——-; sin 
Os 2KxK° ‘a 2Kx? 1 


2 
a <= RR : Ma 
[2R +2m| Nog Oe MM Ke 


; aa (13210,b) 


a a 
Xe ~ OKx 


Fig. 13.2: Displacements of the boundaries for cylindrical and spherical 
shells in dependence on the boundary loads R and M 


Here, the decay factor depends on the variable s . Owing to the limitation to 
narrow boundary zones (r, * const ), we can assume the decay factor to be 
approximately constant in these areas. Thus, we obtain the same solution as 
when considering spherical shells. 





Fig. 13.3: Substitute of a conical shell by spherical shells at the boundaries 
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4) Combined shell structures — Solution by Method of Theory of Struc- 
tures [B.4,C.4,C.24] 


The force-quantity procedure, the so-called Method of Theory of Structures 
for the analytical layout of combined structures can also be used successfully 
in shell statics. After a partitioning into single substructures (”0”-, ”1”-, 
”2”-System etc.. ), compatibility conditions have to be formulated at the loca- 
tions of transition between the subsystems. 


Approximate determination of boundary disturbances for conical shells: 
Cone-shaped joint units can be replaced by spherical shells with tangential 
joining. The wall thickness t of the substituting spherical shell is equal to 
that of the conical shell, and the radius a of the substituting shell is equal 
to the distance r,; = s;tana at the boundary of the conical shell (frustum) 
(i = 1 or 2) (Fig. 13.3). 


13.2 Shells of revolution with arbitrary meridional shape - 
Transfer Matrix Method 


Shells of revolution with arbitrarily variable meridional contours constitute 
an important group of components (casings, compensators, turbine disks, 
car wheels, etc. ). 


The structural behaviour of this type of shells can only be calculated ite- 
ratively. One way of solving the problem is to assume the shell to be as- 
sembled of single elements of shells of revolution, in the following abbrevi- 
ated as shell elements. Here, a transfer procedure shall be introduced pro- 
ceeding from the basic equations (19.7) to (19.11) of a shell subjected to 
axisymmetrical loading. These equations can be written as a system of dif- 
ferential equations of first order, ie. the state equations. 


If, on the right-hand side, we substitute into this system of differential 
equations N,,, Mss, €,,) and «,,, via the law of elasticity (19.11b,d) and 
the strain-displacement relations (188), then we obtain six differential 
equations of first order with six unknown state quantities: 


ny : 
(rN) = p| 2 (acosy + wsiny)cosy + 


+ v(u, + w eos o| -rQ,-rnp, » 


r 
(rQ,)., | 2 (ueose + wsiny)sing + (18.22) 


+(ns + w)sing| tN ERP 5 
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7 2 
(TM, ),y =K =X COBY + YCOBYX yp +1r4,Q, , 


ely ty ‘ 2 
i = New ~ FU Cucosy + wsing)-w , 
Wy =u-%X >» (13.22) 
r. r. 
x = Myy ~ TUX cosy 


If we assemble the state quantities in a state vector 
T 
y =(rN,,,rQ,,rM,,, u, w, x) j (18.23) 


we obtain the following symbolic notation for (19.22): 
¥Y,=Ay+By, +p, (1324) 


where the matrices A, B and p are given below: 





I q 2 Tt - 

o -1 O D cos’ y p(t sin + v eos y 0 
t ba 
' q 2 Wa : 

1 0 6 60 D~ cosy sing D(sing +v) sing 0 

be 
1 rt, 0 0 0 K+ cos” yp 
Ae | are See ee Ae oS ee 
! 
14 ' ae 
— -— -1-— 0 
ie 0 0 ! 7 eos 1 : ysiny 

0 an) 1 0 -] 

| 
1%! a 
0 0 Kr 0 0 = Yoosp 


In the 6 x 6-matrix B only the following terms do not vanish: 


b,,=Dvesy , b,,=Dvsing , bs =Kvcosy. 
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The load vector p reads: 
T 
Pp =|-Tr,p,, 1p, 0,0, 0,0 


The shell is now subdivided into the above-mentioned shell elements with 
smal] angles Ay; in such a way that the elements of the matrices within 
each single element are assumed to be constant ( Fig. 13.4). 


This task can be solved by substituting the first derivative for the i-th 
twill by the difference quotient: 
Pe 
(yin), * De, (% - ¥;4) 


All quantities at point i are expressed by values at point (i-1). Equation 
(18.24) then reads 


¥,=Viat So(1- B) (AY. + Pi) - (18254) 


Owing to the suitable structure of matrix B, (b,,, bo4, by. # 0, all remain- 
ing b;; = 0), a potential series expansion of the inverse of (I — B,) yields 
the following identity : 


(1-B)'=1+B, 





Fig. 13.4: Shell element for the transfer procedure 
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Equation (13.25a) then takes the form 
y, = y;, + A¢(1— B,)(A;y,_, + P;) : (13.25 b) 


The state vector y, still contains the radius r, of the i-th subelement. As 
the radius may differ from one subelement to another, it must be elimina- 
ted from the vector when using the transfer matrix procedure. In addition, 
the load quantities must be included into the vector, and we therefore re- 
place y, by a new state vector z, defined as 


z; =(N,,9,,M,,, 0, WX, 1); . (13.26) 


From (13.25b) we then obtain the transformation for the i-th subelement: 
z,=Cz ‘ (18.270) 


i i““i-l 
The transfer matrix C, shall not be written explicitly here as it can be deriv- 
ed from (19.25b). 


The conditions of continuity and compatibility expressing that at the point of 
transition between two elements equal forces and moments are transferred 
and that equal deformations must occur, finally yields the transfer procedure 
between the boundaries i = 0 andi =n: 

Zz, = Tez, = Cz, (13.28) 
The above matrix equation represents a set of linear equations containing six 
equations with 2 x 6 unknown state quantities at both boundaries. By giving 
2 x 3 = 6 boundary conditions at the beginning and at the end of the shell, 
one obtains a solvable set of equations for the boundary quantities. 


Extension to shells with large deflections 


If large deformations are to be treated by a purely linear method, the sin- 
gle step procedure proves to be very suitable. Here, the load is applied in- 
crementally, and the total transfer matrix is recalculated after each incre- 
ment. When using the transfer matrix procedure, one proceeds from the 
equilibrium conditions of the undeformed structure, where the position vec- 
tor r; for the i-th shell element is assumed to be constant, but shall be tre- 
ated as a function of the displacements u and w. Since the position vec- 
tors r, of the deformed structure cannot be determined analytically, matrix 
C can only be calculated for an undeformed structure. Thus, equation 
(13.272) becomes: 


~0 0,_0 0\~0 
@,=Ci(r; Ap )2;, 
Thus, we obtain as a transfer rule (Fig. 13.5): 


~k 
Zz. — ck 


(ey + Arr, Apt )#*, (132%) 
Sa 
k 
r. 
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with 


Art = Ark (uk, wr) ‘ 


The incremental procedure comprises the following steps: 


Step i: The structure is considered unloaded and is subjected to the load 
increment A p (index 0). 


Step 2: The resultant forces and moments as well as the deformations 
are calculated according to the linear theory. 


Step 3: Forces and moments are summed up, and the contour subjected 
to the load is determined on the basis of the deformations. The 
deformed contour is then taken as the starting point for the next 
load step 


—— Step 1 (index 0 — 1,2,...,k in (2)). 


This procedure is repeated until the sum of the load steps Ap‘ equals the 
total load to be applied. Thus, the nonlinear load-deformation-curve is ap- 
proximated by piecewise linear sections as shown in Fig. 13.6. 


Since the equilibrium is established by the deformed structure, a correction 
is not carried out, and thus this procedure has the disadvantage that the 
approximated solution deviates from the exact solution with increasing 
loading. On the other hand, this procedure is characterized by numerical 
stability and by a simple realization since the structural analysis program 
does not require any manipulation. 


linear 





nonlinear 





Fig. 13.5: Shell element of two Fig. 13.6: Linear and nonlinear 
successive load steps incremental procedure 
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13.3 Bending theory of a circular cylindrical shell 
Derivatives: 0/0 =,¢ with € = = , fd 2,9 
a) General shear-rigid theory for an isotropic shell by FLUEGGE [C.4] 


— Equilibrium conditions from (11.52) after elimination of Q™ 


Nyx se + Nox ~ap, , 


1 
Nyo.g t+ Nooo + > (Maw e + M55, ) —aPs » (13.29) 


II 


1 
= Max, e+ Mys.e9 + Mox,¢0 + M55 ,90) — Nog = —aP 


— Resultant forces - displacement relations from (11.58) and (11.54) 


Ni. =Plu, 7 V(Vis + w)] ’ 








Di-v K(1-v) 

Na =< (ug + Ve) - a (wes — Vig) , 
Di-v 

Nox ai q (uy + Ve) ; 


D K 
Nog = 3 (V9 tw t vue) ~ <9 OW ge ~2vg—wt wee), (18.80) 


K 
M._ = sale + V(Wiy — 2V 5 - w)], 


K 
M5 aes Ms, = ca ~ Vv) (Wes =¥5) , 


K 
~ 2 (M00 -2vy-wt W ee) 


= 
& 
& 

Il 


On the basis of (18.29) and (18.80) we obtain within the general bending 
theory of shear-rigid circular cylindrical shells the following coupled sy- 
stem of three partial differential equations for the displacements u, v, Ww: 


2 
l-v l+v ap 
Met a feet gy ee ee ye ey eee 





l+v j=" 
a Yes + Vi99 + 3 Vig + 2k[(1 - V)Vie¢ + 2v 59] + 





2 (13.31) 
- 2k iS ) =- Ps 
+ Wo - 2K(W559- Wo t+ Mes) =-—p > 
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VU. + Vig - 2K(V¥ 559 — Vig + Vi ges) +wt 
+ k(AAw - 2Wgg + w - 2uw ee) =a 


K ? 


ith k er ee — 
=e a’?D 12a? 





Boundary conditions using principle of total potential [ET2] 
— Clamped boundary at x = const: 
u=v=w=w,=0 ; 
— Free boundary at x = const: 
N,, =Nyo= My, = Q, =0 - 
~ Clamped boundary at # = const: 
u=v=w=w,=0. 
— Free boundary at J = const: 


Nog = Nox = Myg =Qy =0 


(13.81c) 


(13.814) 


(18.820) 


(18.826) 


(1383.0) 


(18.88) 


In cases of shear-rigid shells, only four boundary conditions (the differen- 
tial equation is of the eighth order) can be fulfilled. Three of the existing 
five boundary stress resultants are re-defined as effective ones (similar to 
KIRCHHOFF’s plate theory), namely the effective transverse shear forces 


= M = M 
CaQ+—s «¢ = 4-— 
and the effective in-plane shear force 


- Mys 
Nyy = Ny + — 





b) Simplified DONNELL’s theory [C.3,C.15] 


— Equilibrium conditions without external loads: 
Nyxe + Nox =9 » 


Ni9.¢ + Noo,5 =9 . 


1 
a (Max ee + 2My,.¢0 + Myo.99) — Nog = 0 


(13.34) 


(13.85) 


(13.86) 
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— Resultant force — displacement relations 


D 
N,x =—[u, + v(vg + w)], 


D 
N 59 =+-(vs +wt vu.) : 


D i-v 
Ny» = Ng, = > qT (Ug + Vg) ’ 
(18.87) 

K 
M,. ~ 25 (Weg + YW 99) ’ 

K 
M 55 = —~3 (Woo + UW) , 

K 

Myo = My = ——7(1-v) Wey 


From (18.86) we obtain, by substituting (13.87), a simplified, coupled set of 
three differential equations for the displacements : 


l-v l+vyv 
Wee + Yen + a Veo t UW 


lty lev rf 18.88 
—z7 4,4 + Viv8 + Vie + Wy (BH) 


vurtvsy twt kAAw 





Solution with respect to w yields one differential equation of eighth order : 
k AAAA w + (1-07) W gege = 0 (18.89) 


or a coupled system of two differential equations of fourth order for the dis- 
placement w and AIRY’s stress function © (similarly to the coupled disk- 
plate problem ) : 


(18.404) 


(13.406) 





The corresponding boundary conditions are analogous to (18.92) — (19.85). 
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c) Solution of closed shells under boundary loads 

- Complete theory 
With p, = ps = p = 0, (18.81a,b,c) are transformed into a system of ho- 
mogeneous differential equations. In the case of a closed shell, all displace- 
ments must be functions of the circumferential angle ¥, since after one 
rotation at # = 2m the same values as in the initial point # must occur. 
The separation approach using FOURIER expansion series 


co co co 
u= >'u,, cosmo ,Vv= > v,, sinm# ,_ w= > w,,cosm 9 (18.41) 
m=1 m=1 m=1 


yields from (13.81) a coupled system of ordinary differential equations with 
constant coefficients for the unknown functions u,(€), v,,(€); Wa(é) (€ = 
x/a). The given problem is then treated further by applying exponential 
approximations: 


uu, = Ue > Vn = ve , Wy = We . (18.42) 
This leads to a homogeneous system of equations which only possesses 
non-trivial solutions provided that the determinant of the coefficients va- 


nishes. If higher order terms (k«<1) are neglected, one obtains the charac- 
teristic equation for the unknown eigenvalues i: 


2 
NM - 2(2m?—v) 9° +[ 4" + 6m?(m? -1)]a* - (18.48) 
~2m?[2m* - (44 7)m? 4+ (24v)]\? + m*(m?-1)P?=0 . 


This fourth order equation in »* has four complex roots. We thus obtain 
solutions for 


m>2, (13.440) 
m=0 and m=1. (13.446) 
The total solution consists of the single solutions of (18.440) and (18.446) 
(see [ET 2] for more details) . 
- Simplified theory 
Here, we use the eighth order differential equation (13.39). 


With F 
w = We cosmd i (18.45) 


we obtain the characteristic equation 
2 
Ms am d* (4+ +6m*)\*—4m°)? +m? =0 . (18.46) 


Comparison of the eigenvalue equation (18.46) with (13.48) shows that in 
the simplified theory only the highest terms in the coefficients are retain- 
ed. The two theories yield the same results for m = 0 and m > 2. For the 
case of m = 1, however, there is no agreement. MORLEY has solved this 
problem according to (13.30) by introducing higher order constitutive laws 
{C.16]. 
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d) Theory for fast decaying boundary disturbances 


If an arbitrary loading is given at the boundary, one has to calculate all 
partial amplitudes by means of the total solution, simultaneously consider- 
ing the boundary conditions. The fast decaying partial solution (large ) is 
predominantly removed via the circumferential force N,, and the bending 
moment M,,, and one thus obtains an approximative theory with respect 
to the large roots. Here, the following simplifying assumptions are valid: 


- My,5 = M55 = 0 is set in the equilibrium conditions. Thus, (13.29) re- 
duces to 


Nye t Nexo =9, 
Nyse + Nose =9 5 (18.47) 
AMyce— Now =0 — (0/S (Je, 2/82 ()y) 


- The strain ¢,, (12.28) and the shear strain 7,5 (12.28c) are set 
zero. It then holds for the derivatives of the displacements that 
u,=0 
% : (13.48) 
Us tvVes 0 


~ If the influence of POISSON’s ratio is neglected (v = 0) for the mem- 
brane force, the simplified material law (18.37) reads 


Et 
Noo =—— (9 + w) ’ 


(18.49) 


The seven equations (19.47) to (13.49) allow calculation of the seven un- 
knowns 
G4 Wg Ws, Nee. o> IN Ge Neg as Me 


xX 


Owing to (13.48), no material law can be given for N,, and N,,. These two 
membrane forces are obtained from (13.47). 


Substitution of (13.49) into (1847) yields after some re-calculation the 
sixth order differential equation 
2 


l-v 
W eceeee + —; vae™ Oo. (18.50) 


Introducing (13.45) leads to the eigenvalue equation 


z 
5° 4. +e =0 (18.51) 
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with the roots 


: : ies 1-v? 
Ay23.4=+ % tin, with n=p,=y7 9 k : (18.52) 





In the scope of this approximation the boundary disturbances thus decay 
independently of the number of circumferential waves, ie. in the same 
manner as in the axisymmetric case (see Case 1 in Section 13.1). 


e) Theory for slowly decaying boundary disturbances 


This theory plays an important role in the case of small roots in the ei-_ 
genvalue equation, since these roots extend over a large area of the shell. 
In this context, a special approximation theory has been developed which 
is called Theory of Flexible Shells or Semi-Membrane Theory [C1]. As 
the theory omits the bending forces, it should more suitably be termed 
Semi-Bending Theory. In the total solution we have shown that, in the ca- 
se of small roots, the moment M,, gains a decisive influence. A 
corresponding approximation theory can thus be determined on the basis 
of the following assumptions: 


¢ = 0 is set. Hence, 


~ For the conditions of equilibrium, M,, = M, 


(18.29) becomes 


Nyxg + Ngo =9, 
1 
Nyo.¢ + Nos,o + ZT Moo,0 = 9 » (1358) 
1 _ 
a M50,00 7 Nos =0 


- The strain ¢,, and the shear strain 7,, vanish. This requires state- 
ment of the following couplings between the displacements: 


vet¢w =0, 
a (18.54) 
Us + vex Oo... 


- Considering (18.54) and neglecting v in the membrane force, the mate- 
rial law (18.80) reduces to 


(18.55) 


K 
Myx = S72 (00 + w) 


The seven equations (13.53) to (18.55) allow calculation of the seven un- 
knowns 


u,v, wy, Ny + Nyy + Nop +» Myy 


Solution then leads to 
2 


v 
kK “eee + W,ss000009 + 2559909 + W900 = 9 (18.56) 
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With (18.45), the eigenvalue equation follows from (13.56) 
2 
4 + m*(m?- 1)? = 0 (18.57) 


If, in accordance with DONNELL’s approximation, w is neglected against 
W 991 we obtain from 








2 
1 s* + m* =0 (18.58a) 
the small roots as: 
1 1-v? 
a . 2 iA 
r5,6,7,8 =+ Ke + 1p with Ko -— Hp > mM 2 k Z (13.58b) 


The semi-bending theory can be further simplified if the bending-stiff shell 
(bending moments are transferred in circumferential direction only) is re- 
placed by a membrane shell stiffened by discretely positioned ring stiffe- 
ners (Fig. 13.7). 


Eqs. (18.53) to (13.55) then yield for each shell field (the bending stiffness 


K of the membrane shell is assumed to he zero) : 


ve = Us > 
Et 
a - ae No 3 
(18.59) 
Nyx,€ 7 Nyo.9 ’ 
Ny Se 0 


According to that, the in-plane shear N,, has to be constant in each field 
(shear field theory), while N,, is linear with respect to x. The shear in 
the longitudinal direction is then changed at the stiffener ring. If the ring 
is also considered as a shell with the length [,, we obtain from the second 


equation of (19.53) with (18.54) and (19.55) 


((Nyo aim (Nye k @ 
Go * = x (200000 + 2¥,2000 + ¥,00) 


(1360) 





Fig. 13.7: Stiffened Shell 
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or, with the bending stiffness of a ring EI, = 1,K, , the step condition at 
the transition from the i-th to the (i + 1)-th field 


El, 
2 (¥, 880080 + 2V,9909 + Vieo) - (1361) 





Nxs 544 7 Nye, = 
Equations (19.59) and (19.61) suggest assemblage of the essential field 
quantities u,v,N,,,N,»5 in a state vector, and to solve the problem by 
means of the transfer matrix procedure as described in Section 13.2 [ET2]. 


f) Orthotropic cylindrical shells 


In analogy with the orthotropic plates considered in Section 9.1, the corre- 
sponding material laws can also be stated for orthotropic shells. Here, the 
principal stiffness directions are perpendicular to each other (eg. sandwich 
shell, shells made of fibre composite materials, stiffened shells). Assuming 
DONNELL ‘’s simplifications, the material law reads as follows: 


x 





D 
Met se Lea w) 














xx a 
D. 
Nos =—* (vetw)+—*u, , 
D 
Ny» = ae (us + Vie) ’ 
K (13.62) 
M,x = a2 Wee : a? Wises > 
K 
M,, =—“*w —F Wee 
od a? 108 a? #&€ 
M,, =—*2w 
xd a2 &d 


Depending on the given material or on the considered construction, the 
strain stiffnesses D,, D,, D,, the shear stiffness D,,, the bending stiff- 
nesses K,, K,, K,, as well as the torsional stiffness K,, have to be calcu- 
lated or to be determined by experiments. 


Substitution of (18.62) into (18.29) yields a system of equations that is ana- 
logous with (18.81) and which contains eight independent characteristic va- 
lues for the stiffness as parameters: D,, Ds, D,, D.5, K,, Ks, K,, K,y- 
Depending on the problem formulation, the system can be solved by means 
of approximations of the type (1845). Further details concerning stiffened 


shells can be found in [B.7,B.9,C.6,ET2]. 
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14 Theory of shallow shells 
14.1 Characteristics of shallow shells 


Shallow shells possess a very large characteristic shell radius or, in other 
words, a very small, non-vanishing shell curvature. Therefore, a typical beha- 
viour of such shells also occurs, namely the support of transverse loads on 
the mid-surface by means of membrane forces. This effect has already been 
described within the scope of membrane theory in Chapter 12. 


In addition, the theory of shallow shells does not neglect completely the 
transverse forces and bending moments, but considers them in the equa- 
tions of equilibrium of forces perpendicular to the mid-surface, as well as 
in the equilibrium of moments. Thus, we are no longer dealing with a sta- 
tically determinate system, as was the case in the membrane theory, and 
the computational effort for solving the shell problem therefore increases. 
In the following, however, it will be shown that the effort does not exceed 
an acceptable limit in comparison with a treatment by the complete shell 
theory [C.7,C.8,C.20]. 





Fig. 14.1: Typical forms of shallow shells 


a) Elliptical paraboloid over a rectangular base 
b) Hyperbolical paraboloid 


c) Shells with horizontal boundaries over a rectangular base 
(soap-film shells ) 


242 14 Theory of shallow shells 





Typical examples of important shapes of shallow shells (Fig. 14.1) 


Let an elliptical paraboloid surface be extended over a rectangular base 
( Fig. 14.1a). The explicit form can be derived from [ET 2] and by a coordi- 
nate transformation as 


2 2 
2=4,(1-4)+4(1-%-) 


Fig. 14.1b presents the form of a hyperbolical paraboloid. In Section 11.1. 
this type of surface has already been treated under the heading of surfa- 
ces. In explicit notation these surfaces can be described as follows: 


z2=f* 
a 


Finally, Fig. 14.1c illustrates a so-called soap-film shell, ice. a shell with 
horizontal boundaries extended over a rectangular base. 


14.2 Basic equations and boundary conditions 


The following notations of approximation are valid (projections onto the 
plane are denoted by ~ )[C.11]: 


N°? w N® : M*? = M%* , Oo ee. 
= 14.1 
pi. ips PoP, (44) 
ve =v, + wa, , Ww RW (142) 
— Equilibrium conditions according to (11.52) 
NY. + p° =0, 
Q*|, + ae +p =0, (14.3) 
MA =o 
~ Strain-displacement relations due to (11.58) and (141), (14.2) 
Lg = 
Cp = 5 (Vale + Vala + 2l./¢ +2|, |.) , (44 4) 
Cap = ~ lap 
— Constitutive equations due to (11.54) 
NY = DEY" o,:, (1450) 


MO SR ee’, (14.5b) 
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Fig. 14.2: Projection of a mid-surface onto the x', x’-plane E of the three- 
dimensional space 


Reduction of the number of basic equations follows in analogy with (713) 
Bp 6 a8 
ne = 2°79] ,-P (146) 


and = P™| = pe. (14.7) 


We obtain two coupled differential equations with w and @ for a curvi- 
linear system of coordinates : 





Ka’ a el = 7 al 48,5 -pt P* slog 


a’ a o| 


gt Ete” P72| 4/5, - fe Dace le =0 


afy 





Eqs. (14.8) expressed in Cartesian coordinates (0/0x = ( ),x , 0/oy =( ),y) 
read as follows: 


KAAw - 0*(2,) = F,(x,y) 
AAG + FEt0*(2,w) = F,(x,y) (14.9) 


with AA =(_ ) xxx + 2( )isxyy + ( )iyyyy  bipotential operator, 
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4 
0 (f,g) = Es B,yyt ft vg Bxt = 2£ xy Bxy ’ 
and F\(x,y)=p-2,.JP,dx-2,,fpydy , (14.10) 


F,(x,y) = (f pdx) yy + (f Py d¥ )ax — Y (Pas + Pysy)- 


Special cases: 
1) Curvature and distortion vanish in one direction 


2 = 2 0 , Byg = hy = finite . 


The differential equation (14.9) can be simplified with p, = p, = 0: 
KAAw-«, 9. =P, (14.110) 
AAS + Etr, Wx =0 . (14.11b) 


The above equations correspond to the differential equations of a cylindri- 
cal shell (see (18.40a,b) ). 


2) No curvature or distortion occur in both directions 


> Bay F By = 2 yy = 0 


The system of differential equations then splits into the two uncoupled 
differential equations 


KAAw=p, (14.120) 
AAG Oo. (14.12b) 


The first relation (14.122) is the differential equation of KIRCHHOFF '’s pla- 
te theory (9.18) while (14.12b) is a special case of the differential equations 
of the theory of disks (81) following from the compatibility condition. 


Boundary conditions 


At each of the four boundaries of the reference plane, boundary stress re- 
sultants (Nyx, Nxy, Mxx, My, Qx, or Nyy, Nuys Myy, Mxy, Qy) or boun- 
dary displacements or -slopes (u, v, w, w,, W,,) can be described. Howe- 
ver, since the order of the system of differential equations only possesses 
four boundary conditions, so-called effective transverse shear forces (13.34) 
and one effective in-plane shear force have to be introduced in analogy 
with KIRCHHOFF's plate theory (see 9.1). The effective forces read as fol- 
lows: 
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Qe im Q. + Ms ’ 
Qe - Q + Mo 


In case of a shallow shell, the effective in-plane shear force Nyy, can be 
replaced by the shear force N,. In order to avoid confusion with projected 
forces according to (14.1), the effective forces are here indicated by ( ),. 


(14.18) 


The following boundary conditions may be formulated for a boundary x = 
const: 


— Clamped edge 
u=v=w=w,=0 . (14.14a) 


N,, =M,,=V=w=0 . (14.146) 
- Free edge 
N,, =N,, =M,=Q,. =0 . (14.14c) 


14.3 Shallow shell over a rectangular base with constant principal 
curvatures 


This tye of shell can often be found in civil engineering applications, eg. 
as a typical roof construction extended over a rectangular base (length 2a, 
width 2b). The mid-surface of the shell is defined by z = z(x,y), where 


the following characteristical values are assumed : 


Zxx = Ky, =const , 2) =K, =const , 2,,=0. (14.15) 


The shell is simply supported at all boundaries, and is subjected to a ver- 
tical surface load p(x,y) (p, = Pp, = 0). 


From the system (14.9) we obtain with (14.15) 
KAAw -—«,%  - Ky % 5 =p, (14.160) 
AAG + Et(x,w, + KW) =O. (14.16b ) 
Using an auxiliary function ~(x,y) and the approaches 
w=AAy , (14.170) 


& =-EtO*(z,p) =-Et(a, vy, + hy Vax) =O, (14.1%) 
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(14.16) is now transformed into 2 partia] differential equation of eighth 
order. The differential operator 04 transforms into a modified LAPLACE- 
operator with constant coefficients A*y = x, Wiyy + Ky ¥xx- The appro- 
aches for w and © (14.17) ada fulfill (11.160) Substitution into 
(14.16a) then yields 


AaaAy+ Et arary=2 K . (14.18) 





The approaches for the auxiliary functions ~ (14.18) are also substituted 
into the relations for the stress resultants (14.6) and (14.5b), and we thus 
obtain in Cartesian coordinates 


N= ©, = —Et(*, 9... + %2¥iyyyy) = ~EtA* ye, , 

N=) 22 = -Et(x, V4 Ky Viyyxx) = ~EtA*d,, 5 p (1419) 
N = =e = Et(k, Pan, + Ky VD yyyx) i EtA*y., . 

M,, = -KAA(¥,, + Byy) > 

M,, =-KAA(Wy + Vax) > (14.20) 
M,, =-K(1-v)AAy,, 


In the follwoing, a solution shall be given for a shell that is simply 
supported at all edges. For this purpose we draw on the treatment of the 
simply supported, shear-rigid plate (see Section 9.2). This problem was sol- 
ved using a FOURIER double series expansion that strictly fulfilled both 
the KIRCHHOFF plate equation and the boundary conditions. The shallow 
shell is treated analogously by choosing a FOURIER double series expan- 
sion for the auxiliary function w: 


vixy) = > > Yon sin eS (1421) 


m=1 n=1 
where 7, are free FOURIER-coefficients (m,n = 1,2,3,...). 


It can be shown that the above approach fulfills the boundary conditions 
of the simply supported shell according to (14.14b). 


C.2. Exercises 


Exercise C-11-1: 


A circular conical surface constitutes a 
special case of an elliptic conical sur- 
face, and belongs to those conical sur- 
faces that can be described by moving 
a generatrix (parameter) along a di- 
rectrix y(¥) (circle with radius a) pa- 
rallel to the x!,x?-plane (see Fig. C-1). 
The position vector r of a point P on 
the surface reads in parametric pre- 
sentation: 





r=r(s,¥)= ssinacosve, + 
+ ssinasinve, : : Z 
at Fig. C-1: Circular conical surface 

+ scosae, 


with s,v GAUSSIAN parameters , 
= const  semi-angle of acone . 


Determine 
a) the fundamental quantities of first and second order , 


b) the equilibrium conditions for the membrane theory of a circular coni- 
cal shell. 


Solution: 
a) Fundamental quantity of first order - surface tensors 


By means of the given parametric representation of a circular conical surface 


(1) 


ssin «cos 9 
5 COS & 


r(s,9)= [ssnains 
we determine from (11.10) the covariant base vectors : 


a =2f-r » Where El_»+s5, f+ 9 


a 3 Em 1 
It then follows 
sin « cos 9 —ssin «sin > 
a,=r,=|sinasind| , ag=ry= ssinacosd] . ( 2a,b ) 


i= 
cos & 0 
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By means of (2a,b) and according to (11.11), the covariant components of the sur- 
face tensor ( first fundamental form for the surface) are calculated as: 


Bag = 8, ° ag —> ay =a'a=l, 


aon = a, * a, = 8*8in?a, 
ay = a, a = 0 
The covariant surface tensor thus reads : 
1 0 
a = 3a 
( ap ) \s a, ( ) 
and the determinant due to (11.12) 


a= laag| =s’sin?a . (3b) 


The diagonal form of (3a) (a,, = 0) implies that the parametric lines are mutu- 
ally perpendicular (orthogonal mesh). The contravariant surface tensor can be 
obtained by forming the reciprocal values of the elements of the principal 
diagonal, i.e. 


1 
of -1 
(0) =(ag)"=|9 —1_|- (4) 
s*sin?a 
6) Fundamental quantity of second order - curvature tensor 


The curvature tensor constitutes the second fundamental form for the surface. 
The single components are calculated by means of (11.18) : 


—— [aap 194,85] 
of Ja 


with the derivatives 








0 -ssin «cos 9 
Oa, _ 9a2 | : : 
‘= 0 : aH sy S —ssin a sind ’ 
0 0 
= = Bag: was. one 
82> 81> 35 = ee sin « cos 
0 


One obtains the components of the curvature tensor by formulating the scalar 
triple products : 


0 0 0 
sin « cos 9 sina sin 9 cosa |=0, 


b,, = ——_ 
11 s sin a 
—ssin «sin ssin acos$ 0 
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—ssinacos$ -sinasind 0 
1 * 7 : 7 
b,. = == sin a cos $ sin a sin > cosa | = ssinacosa, 
ssina 
-ssinasin 9 ssin a cos 0 
-—ssin asin $ sin a cos $ 0 
bio = sin « cos > sin « sin cosa }/=0. 
s sin a 
-~ssinasin$ 8 sin a cos 9 0 
The curvature tensor thus reads 
0 0 
b = 5a 
( op) i ae a ( ) 


(sb ) 


The form of the fundamental quantities allows us to draw the following con- 
clusions : 


with the determinant b = [bal =0. 


—  @ = 0 and b,, = 0 mean that the parametric lines are simultaneously lines 
of principal curvature. 


— b,, = 0 implies that the curvature is zero along the parametric line s. 


The curvature at a point P of the surface can be calculated according to (11.20) 


1 _ _ bap dt ae” A Ded Ba 
6 a ~ ay 7? 
R agg de de R, R, 11 (6) 
1 1 bee 1 
a= = -—2 — 1 cota. 
R, Ry 302 8 


The two invariants describe the curvature properties of a surface (see (11.22a,b) ): 


H = =a bag mean curvature , 
Kk = 2 GAUSSIAN curvature . 
This yields 
H = -4scota , (7a) 
K=0. (7% ) 


Surfaces with an equal measure of GAUSSIAN curvature K = const can be 
mapped isometrically onto each other, ie. they are developable on each other. 
Owing to the fact that K = 0 due to (7b), the circular conical surface can be 
developed on the plane, just as is the case with any cylindrical surface. 
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b) Equilibrium conditions for the membrane theory of a circular conical shell 
We proceed from the equations (12.1) 
noe ae p’=0, 
N“b.,+p=0. 
As an example, the first equilibrium condition (6 = 1), ie., 
N1),+N7),+pi=0 , (8a) 


shall be written in expanded form. The resultant normal forces N" |N2! are ten- 
sors of the second order, and their covariant derivatives are to be formed accord- 
ing to (2.35b) : 

11 1 wel 1 yle 21 2 xel 1 y20 1 
Natl N +TyN +N gtlaN +FNo +p =0. (8b ) 


In a first step, the CHRISTOFFEL symbols of the surface have to be determined, 
using (11.23a): 


a _ 1 ,ag 
= 1.00( 


Vey A667 + 80.6 ~ p10) 


One thus obtains the following CHRISTOFFEL symbols: 


(r)=[3 opee] > (eed=[,2 S] om 


By substituting (9a,b ) into (8b ) one obtains: 


nu 1 _ ssin?aN” + p!=0. (10) 


21 1 yl 
ntN, +N 


Finally, the physical components are introduced into (10) by (2.17): 














Neen =N" , (1a) 
NV =n = Ns sin « : (11b ) 
N*? = Ny, = N™ 5s? sin? : (1c ) 
From (10) and (11 ) now follows 
© Nes e Neo 1 1 
os + (spt) + EN - EN ye +P =e 
oNn,, 1 ONgs 
5Os +N sina ov ~ Nog + 5 P, =o (12) 
1 
or (sn). +o2— Niv,0 ~ Nog + SP, =0. 


The above equation is identical with equilibrium condition (12.16a) where (), = 
a/as and (), 20/09 . 
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Finally, the equilibrium condition (12.16c) is checked, i.e., 
N" bi, te N”b,, +p=0 — N7*5 sin «cosa + p=0. 


Using (11c) it follows that 


Nog >t BS Sinacosa+p=0 — Ny,= —-pstane. 
88 52 sin? x ¥ oo 


Exercise C-12-1: 


A shell of revolution with an elliptic meridional shape (Fig. C-2) is subject- 
ed to a constant internal overpressure pp . 


Determine the membrane forces in the shell. 


Fig. C-2: Shell of revolution with 
elliptical meridional shape 





Solution: 


We take from analytical geometry the radius of curvature r, for a point P of the 
ellipse 
_ a? b? 


r  adeicde Lhe nre2? HO 
1" (a? sin? p + b? cos?» )¥? 


and the distance r, = PN to the axis of revolution 


a2 


> 
2 (a?sin? 9 + b*cos*@) 4 


Assuming that p,, = 0, we obtain according to (12.7a) 


” 
20.2 2 oc2 ,, \W/2 442 
(a*tsin* @ + b*cos*@) ab coupde. 
(a? sin? 
=0 


N = Pp 
eP a’ sin? » @ + b’cos*g)*? ° 


ge 
By means of the substitution 
b2 
at.= 62°” 
the integral can be transformed into a basic integral. 


sin’? @ = z — 2sin@cos@d@~ = dz , 
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AEE TTS 






Fig. C-3: Equilibrium at large 


However, the above results can be obtained more easily if we consider the equtlt- 
brium at large for a thin top section, cut symmetrically from the shell of revolu- 
tion at arbitrary angles » (see Fig. C-3). The vertical load F results from the 
pressure acting on the horizontal projection of the shell (circular surface of radius 
r(¢), since the horizontal components of py counterbalance each other) : 


F= tr’ (@) Pp, : 
From the equilibrium at large follows that 
2nr(e)N sing =F= rr’ (~) Pp > 


and by assuming that r(¢) =r, sin ¢@ , one obtains the membrane force in the 
meridional direction 





_ Pots 
Nyy ~ 2 ’ 
and the membrane force in the latitudinal direction by (12.7b) 
= T2 Poto _ ~ has 
Nye = T2Po rT, 2 = Pot, (1 21 


7 a2 
e= olas wl r,-Yr7-> >; a 
At the top ( 0) holds with r, = r, = 4— that 





2 
Po 
Nyy = Nos= “op? 
2 
and at the equator (¢ = =) follows with r, = e > T, = a that 
P,a 2 

tah ees a a 
Noy = 2 , Nog = Poa (1 - ob) 


For a > /2b , ie. in cases of more shallow shells, a compressive stress occurs in 
the circumferential direction at the equator. An elliptic shell bottom reduces its 
diameter when subjected to overpressure. In the special case of a spherical shell 
with r) = r, = a = b, the boiler formula (12.13) is verified in the form: 
Po 4 

Noy = Noo = —9- 
A spherical shell subjected to internal overpressure only exhibits tensile stresses. 
The same applies for a cylinder. 
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Exercise C-12-2: 


A spherical boiler (radius a, wall 
thickness t) subjected to internal 
overpressure p, is supported in bear- 
ings at its top and bottom points (Fig. 
C-4). The boiler rotates around the 
vertical axis A-A with a constant an- 
gular velocity w. 


Determine the rotational speed for 
unset of yielding, assuming that only 
a membrane state of stress exists and 
that the deadweight can be neglected. 





Numerical values : Fig. C-4: Spherical boiler 
a=lm , t=2-10°m , 


o, = 360MPa (yield stress) , pp = 0.8MPa , 9 = 7.86kg/m°. 


Solution : 


Besides the internal overpressure, a centrifugal load occurs in this problem. With 
r= asing, the resulting load components in the meridional and the normal di- 
rection become : 


p= Pp) tetwasin’o, (1a ) 
P, = etw7asin pcos ¢ : (1b) 


Substitution of (1a,b ) into (12.72) yields 
yg 








—z | pocos # sin vaa. 
sin’ @ _ 
y=0 


No = ng | ose Py sin? )sin¢dp = 
sin? Pd 





Fig. C-5: Components of the centri- 
fugal load 
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All terms with w vanish so that the meridional resultant force Ny y only depends 
on the internal pressure py . After integration we obtain 


_ oa _ Pocos 29 
Now = Gere +0). (2) 


Since the meridional resultant force Nyy has to be finite for p = 0, we get 





Ao: 4a _ Pp cos 29 . _ Po 
aaa 4 +c) — eas 
P= 
Substitution of C into (2) yields : 
a 
N = Po® : (3a ) 


YP 2 


The resultant forces in the latitudinal direction are calculated by means of equa- 
tion (12.12c) and by superposing the two load cases : 


Py? 
Nyy = a + ptwa?sin?e . ( 3b ) 
The stresses in the latitudinal and meridional direction then become: 


_ Po 2 _ Po® 
S59 = oT + ee a? sin? o » Soy = “oF é 


The maximum stress occurs at m/2. Following the von MISES hypothesis, the 


maximum stress can be expressed as follows : 
= 2 Bs 
6, =o) + 93 6,55 — 
P 
a (= o = + (ew? a*y eee =p Bato c< Oy - (4) 


With w = a , Felation ( 4) allows us to calculate the rotational speed n for un- 
set of yielding: 


_ 30 ale 2 Poo? Pot \ | 
BO 1 ( o, - 3(=2; rae c= 


- —%__ _|/__1____(f360? — 3- 100? - 
et = ( 3607 - 3- 100 100) 


7.86 - 107 


nh * 26.4 rev/sec 
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Exercise C-12-3: 


Calculate the membrane forces in a spherical shell (radius a) subjected to a 
wind pressure described by the approximate distribution 


p=-p,singcos? . 


Tangential frictional forces occur in practice but will be neglected here. 


side view top view 





Fig. C-6: Spherical shell subjected to wind pressure load 


Solution: 
Assuming that p,, = py = 0, the equilibrium conditions (12.12) read : 
sin e(Ny),y + cospNy + (Ny ),9 — C8 P Nyy = 0, 
sin e (Nyy), + 2008 P Nyy + (Nyy), -— 0, (1) 
Noy + Noy = —Ppasin pcos d ‘ 
By a product approach according to (12.9) 
Nv, = ©(¢)cos9 , Nug=¥(e)sin® , Ny,=O(e)cos9, (2) 


we transform the system of partial differential equations (1) into a system of or- 
dinary differential equations (|, = ( )’): 


sing ®'+cosp® +¥-cospO=0, (3a) 
sno ¥' + 2cosp¥ — © =0, (3b ) 
+0 =-ppasing . (3c) 


By eliminating from (3c ) 


© =-®-ppasing, 
we obtain 


sing ®' + 2cosp ® + ¥ + pyasin ycose 


(4) 


Il 
° 
moet 


sing ¥' + 2cosp ¥ + © + pyasine =0 
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The form of (4) suggests introduction of the sum and the difference of the un- 
known functions as new functions : 


F,=O+¥ , FL=O-¥. (5) 


If we now divide (4) by sing, (5) yields by addition and subtraction, respective- 
ly, of the two equations (4) 





FiotAoFi2t Pi2=0 (6) 
with 4, 2 = 2cotp + a : Py 2 = Poa(cosp +1), (7) 


where the index 1 implies ” + ” and the index 2 implies ”-”. 


The ordinary inhomogeneous differential equations of the first order with variable 
coefficients (6) have the following solutions according to (12.27): 


F,42> (es a [P.zel 22 ay Je Pua : (8) 


The integrals are evaluated by means of (7): 





fae = | (cot + aig de = 2lnsing + In tan 5 . 
oJ uae = ener reer er = sin?ytan £ 7 
In a similar way we determine 
2 id 
= cot > = tan> 
e frae == = s eJ ade = sin? @ cot = » e Pade =z _— 57 
sin’ p 2 sin’ @ 
For F, we then obtain 
g 
= Ps cot 2 
F,=|c, - P,a(cosp + 1)sin v tan $de | 32 : (9) 


By means of 


1+ cosy = 2cos” £ , sin?y = 4sin? © cos? £ ‘ 


the integral can be determined as follows : 


[(cos e + 1) sin? tan $ de = [scos* £ sin’ Sag = frin® eae = 


= -cos@ + F cose : 
If we substitute 


22 
2cos => 
cot iS — ee 


2 in? cos & 
2sin — cos 5 


1 + cos @ 
sin P \ 
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we obtain from (9) 


1 1 + cosp 
F =|c a (cos p —- —cos® Jit core 
1 1 + Po ( ? 3 °° e) sin? @ ’ 
and analogously 
1 3 1 — cos@ 
F =[c - oso — © cos a COs 
3 ep elete 3° e) sin’ 


Substitution into (5) and solving leads, after introduction of two new integration 
constants D,=C,+C, and D,=C,-C,, to 


1 
®=5(F,+F,)= 





(10) 


= 4[p, + D,cos@ + 2p,acos @( cos » - Leo" )] 5 ‘ 


4(F,- F,)=2[D, + D, cos @ + 2p,a(cos ¢ - 1 con® )| 





r= > 
sin? » 


In order to ensure finiteness of the resultant forces at the top (p — 0), we de- 
mand that 
D, + D,+2p,az=0 (11) 
1 2 073 - 
Since sin? occurs in the denominator, not only the numerator but also its first 


and second derivative have to vanish at the point » = 0. We obtain, from the 
second equation (10), for the first derivative of the term in square brackets 


=0 





[-D,sin e+ 2p,a(-sin e + cos*@ sin °)| 
and for the second derivative 


[-D, cos» + 2p)a(—cos =0. 





Whereas the first condition is fulfilled directly for p = 0, the second derivative 
for p = 0 yields: 


-D, + 2pga(-1+1)=0 — D,=0 
and thus, according to (11), 
_ _4 
D, = ~3 Po® 
hshigs (10) and (2) the following expressions for the membrane forces are ob- 
ined : 








= 2 wkend cos 
Noy 7 p,a( 3 + cos @ 3 cos e) “eo ‘ 
N = pya(-2 + cose - +cos*e ) 1 _sin9 (12) 
es 0 3 3 sin? ’ 


= 2 2 -2 = 
Nyse = Poa a(2cos ¢ sin” @ cos *e girs con® 


258 12 Membrane theory of shells 


—_<_ + 
>> 
> SS No 
> 
~~ ~< 





C 


F 
2 


Fig. C-7: Support of the spherical shell at the ground 


The wind load p(@,®) possesses a resultant F in the x-direction which can be 
equilibrated by the resultant of the shear forces Ny» at the cut p = n/2. At 
other cuts defined by », components of Ny, contribute to the equilibrium at 
large. However, since the shear forces at the two semi-spheres act in the same di- 
rection and therefore add up, their resulting force has to be provided by the 
ground through a stiffening ring (Fig. C-7). Without this or a similar type of 
support, the spherical shell would be blown away. Thus, the support disturbes 
the membrane state of the shell which can therefore only be considered as an ap- 
proximation. 


Exercise C-12-4: 


A hanging conical shell (height h, conical semi-angle a ) supported as de- 
picted in Fig. C-8 is filled with liquid of mass density 0. 


Determine expressions for the membrane forces in the ranges I and II 
shown in Fig. C-8. The deadweight of the shell can be disregarded. 


Fig. C-8: Hanging conical shell 
filled with liquid 





Solution : 

The loads are axisymmetrical, and can be written as follows for the two ranges : 
Range I: p=0, p,=90 , (1a) 
Range II: P = 062 = eg(h, - scosa), pP,=0 . (1b) 
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The expressions for the membrane forces can be determined by means of the 
equilibrium conditions (12.16) for the axisymmetrical load case 


2 (5N,,) = Nyy ; (2a) 
Nye =pstana . ( 2b ) 
Range I: Nos = 9 —> N,= ©. (2c ) 


In order to determine the constant C, we proceed from the ” equilibrium at 
large” at the transition between range I and II. We demand according to Fig. C-9 
that 


2 sina 
(N,,cosa )2mh, tana = Fogn(hi tan?a )h, — N= geek . 


(3) 


We determine the constant C from the boundary conditions for s = s, = h,/cos a 
with (3) as follows : 





N,,(5,) = “8% C= Sogh ee —+ C= togh Hee . 


Substitution into (2c) then yields the following expression for the membrane force 
N,, in range I: 
h3 
-1,,- 1 sina 
N= 6 98 costa 5 (4) 
Range II: By including (1b ), we obtain from (2b) 
Nys = 8eg(h, - scosa) tana 


and from ( 2a ) after integration 


)tan a . (5a) 


Fig. C-9: Equilibrium at large for 
range II of the conical shell 
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At the boundary s = s, we have 





‘i nh? h? ‘ 
egsina 1 1 1 2 sino 
No(s) = 2gsine {By Ctana = Legh? Re 
os (81) h, Qsin?7a 3sin?a + ae 6 Oe costa 
— C=0 


Thus, we determine the following expression for the membrane force N,, in range 
II: 
N. = ®85 (3h, tana - 2ssina) . (5b) 


Exercise C-12-5: 


A section of a casing has the shape of a circular toroidal shell as shown in 
Fig. C-10 (radius of the circular section a, radius from centre point ry, wall 
thickness t ). 


At the boundary y~ = y, the shell is subjected to a uniformly distributed 
boundary load N, acting in the tangential direction. 





To 


Fig. C-10: Section of a casing with toroidal shell shape 


a) Determine the membrane forces and the stresses in the shell. 


b) State the basic equations for determining the displacements u and w for 
the section of the casing. 


Solution : 

a) We proceed from the equilibrium conditions for shells of revolution with arbi- 

trary contours (126) subject to an axisymmetrical loading (p, = 0 ; xr = 0): 
(TN yg )ip — 1008 P Nyy + TTP, = 0 : (1a) 


N N 
oo 
2 + =p. (1b ) 
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With the angle ¢ relative to the axis of rotational symmetry, the radius of curva- 
ture r; =a, the distance r = asin +r, from the centre line, and the auxiliary 
radius r, = a + ry/sing resulting from the projection onto the centre line, the 


following system of equations is obtained : 





[(asing + r)NU UJ, - acospNyy = 0, (2a) 
Nop | __sine _y au (2b) 
fot asing vv ; 
Differentiation of (2a) and transformation of (2b ) yield 
N,,acose + Nyy (asine + ro) - Nygacosp = 0 
a cos p = 
> Nyy FoF aaing (yw ~ Noe) = 9, (3a) 
To + asing 
Noo= ~~ asing Now - kPa 
If we substitute ( 3b ) into (3a), we get 
a cos ty + a sing > 
Nyy.y Tg + asin (1 asin @ ) ee . 
a cos p 7 
moe Noo + [Fo asing | cot @|Nyy = 0. 
P(@) 
The general solution of the differential equation of type N +P(e~)N,, =0 
PY 1p vy 
reads 
= Ce SP(v) av 
Nyy = Ce JP(e)de 
Evaluation of the integral leads to: 
7 acos @ _ 
JP(e)de = Jaane de + J cot ede = 
r 
cee EP de + fot ede = in(2 + sing) + In(sing) (4) 
+ + sing 
— N= Ce” [in( 2 + sing) + In(siny)] 
1 1 1 
N = C] ———_—"——__—; = C*-— : a 
on ad fx sine ate | . sin p(T, + asin @) (5) 
Boundary condition : Nyy ( = ®o) = —No - (6) 
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1 


= = C* 
From (5) follows that Ny Cc ‘sin @o (to + 2 8in >) 


—> +»=«s« or = -sin Y(t, + asing,)N, . 
Thus we obtain 


sin p(T, + asin ®o) 
=- 7 
Nyy sin g(r) + asing No (7) 


and by including (3b): 


sin @g(ry + a sing) 
=O ee . 8 
Nos cunts Ny (8) 


The stresses are given by 


N Nos 
a= and 599=—- - (9) 


b) With axisymmetrical loading and support conditions, we apply the following 
strain-displacement relations (12.21) with 0/09 =(),=0 and v=0: 


Uyt w 1 


$i ee ite) ; (10a ) 
_ ucosp + wsing  ucose + wsing 

°99 FCN ET ? (10b ) 

Yys =O. (10c ) 


According to (12.26) the constitutive equations read : 


1 
foe = EE (Nyy ~ YNoo) » ime) 


890 = Hr (Nos - Nyy) - (1b ) 
Solution of (10) with respect to w yields: 
(10a ) — w=€& a-u, , 


E59 ( asin p + 1.) - ucos © 


(10b ) —> w= sin? 


By comparing we obtain 


Epp asin y — u,gsin p = Ey, (asin + ry) — ucos@ 





r 
> Uy — Ucotp = ea — egg(a + ae) . (12) 
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We now substitute (11) into (12) and get 





1 To 
uy, ~ ucote = Ho. - vNys)a- (Nyy - VN, )(a isa )| = 





To r 
= Be[nio(a + ve + v2) -Nyg(at vet ao ) 7 (13) 
Finally, substitution of the membrane forces (7) and (8) into oY yields : 


__#in (to + asin) {a (l+v)+v—"— tee fe] 


- toe = 
Tic Sree sin p (1, + asin@) 











(14) 
sin @)(r, + asin g,)(a(1 +v) in shy 
os asin? 
The linear, first order differential equation (14) reads in abbreviated form 
u, + P(p)u = Q(¢) 
with P(g) =-cot@ and Q(¢@) = right-hand side of (14). 
With (12.27), the general solution is 
u(e) =e FP lv) | fac eel) ae +c ; (15) 
Calculation of the integrals : 
eSP(v)de _ _-Scotedy _ _-Insing _ a =; 
eo SP(v) de = elcotydp _ ,insing § _ aera: 
Jace )elP(o)a ap = 





ro 
_ _ Nolo a(t) 4+ aing Nolo a(1 + v) + ae 
~ Et (tp) + asin) sin? ?~ Et asin? 





with 1, = sin Py (rq + asingy) . 
In order to determine the constants of integration , we write the boundary condi- 
tions at point A 

u(p-F)=0. (16) 


Thus we obtain the meridional displacement u{@ ) by means of which we can de- 
termine the normal displacement w(¢) from (10a). For reasons of brevity, the 
integrals will not be determined here. 
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Exercise C-12-6: 


A thin-walled circular cylindrical shell with one end clamped as shown in 
Fig. C-11 is subjected to a sinusoidal distribution of tangential membrane 
forces at its free end with the shown vertical force F, as resultant. 


Fig. C-11: Circular cylindrical shell 
subjected to an end load 





a) How large are the membrane forces? 


b) Determine the vertical displacement w of the bottom point A of the 
free end of the shell. 


c) Check this displacement by means of the first theorem of CASTIG- 
LIANO. 


Solution : 


a) We assume that the vertical force Fp at the free end of the shell stems from 
the following sinusoidal distribution (see Fig. C-12): 


-N,, =ksind . 
Then xf af 
Fp = 4[-N,sindado = 4ka | sin’949 = aka (1) 
0 0 


must hold. From (1) follows that k = F,/7a, and according to (12.14) with 
Py = P, = Pp = O we obtain the resultant forces as follows 
FR i 1 Fr 
Nyg=9 , Nyy = -;Rsin9 >» Nyy =p ra xed + C,(9) : 
Owing to the boundary condition N,,(x = 0)= 0 , the constant C,(9) va- 
nishes. Thus, the final result reads 


Fre Fr 
Nyg=O , Ny5 = — zg sind ; Ny, = Taz * cos a (2) 





An, 


Fig. C-12: Relationship between vertical load Fp 
and tangential membrane forces N, 5 
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This corresponds to the solution that would be obtained by the elementary beam 
theory. By defining the moment of inertia for a thin-walled circular section as I, 
= 7a°t and the bending moment of the cantilever beam M, = —Fpx, the nor 
mal stress at sections x = const is 


M F F N 
6 = ~t, = BX acoss = —B.xlcoss = = ‘ 
x d@& nas t maz” t t 


b) The deformations are calculated by means of the equations of the constitutive 
equations (12.26) after substituting the strain-displacement relations of the circu- 
lar cylindrical shell (12.23): 


Ux = Fe (M.-Y Noe) » (3a) 
viet w = Fe (Noo - VN,x) ; (3b ) 
1 2(1 + v) 

a Yyst Vx = Et Ny» = (3c ) 


After substituting the resultant forces (2) into equations (3), we calculate the 
axial displacement u by integrating (3a), the tangential displacement from (3c ) 
and, finally, by a simple transformation the radial displacement w from ( 3b ). We 
then obtain 


Fp x? 
u= 2 |B, Scose + ©, (9) ; (4a) 
1 F F Fp x? . 
v= ty |-201 + v) 5B xsind + —B, = sind - 3 Ct c,(9)| , (4b) 
F, F 3 
a 1 R R x x 
w= Bel FR (2 + v) xcos9 - FR; ¥cos9 + ¥ Cy 49 ~ C3,9| (4c ) 


The two arbitrary functions C,(9) and C,( 9) only allow the fulfillment of two 
boundary conditions, eg. u(!) = v(l) = 0, instead of the four boundary condi- 
tions for the clamped boundary u(!) = v(1) = w(!) =w,,(l) = 0. Thus, 

P 


- F 
(4a) yields u(l)=0 —> C,(9) = -—B Fcos8 , (5a) 


(4b) yields v(l)=0 —> 


= Frising- RE a 1 Fe Ps 
C,(9) = 2(1 + v) aa lsind mar @ NS t+ GZ mai 2 sind 


Fr. 3 
—  ¢,(9)=*Bsino[-£, 4 2(.¢v)] . (5b) 


We then obtain the radial displacement w from (4c) with (5a,b ) 


x3 x [2 13 
6a> ° a Qa 


F 
w= Ets cos$ (2+ v)%- 
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Since no function is available to fulfill w(1) = 0, this condition cannot be com- 
plied with. It holds that 


FR l oo 
w(l)=-358 = 0088 $ 0 . Similarly, w (1) +0 





The membrane theory cannot meet these essential boundary conditions and there- 
fore only yields an approximate solution as we have already seen in various exam- 
ples. In order to fulfill the essential boundary conditions w(/) = w(t) =0,a 
bending solution has to be superposed onto the approximate solution. 


From (5c ) we obtain for the displacement of point A: 
Fr [_3 I 
mx = Etel gas t20t+v)a]- (6) 


When compared to TIMOSHENKO beam theory, the first term represents the 
contribution from bending, and the second term the contribution from shear de- 
formation. 


w(x=0,9=n)=w 


c) Comparison by means of the Theorem of CASTIGLIANO 


The displacement of the point of load application can be calculated by means of 
the first theorem of CASTIGLIANO (6.27a) as follows : 


au*(F)) _ aU(F)) 7 
Yi oF! oF (7) 


Equation (7) applies to a linearly elastic structure. In the present case, the defor- 
mation energy according to (12.26b) can be employed. For the circular cylindrical 
shell x = @, so: 





U= 2 + N35, -2v NL. Nog + 2(1 + v)N2,/dA . (8a) 


= Et 


According to (2), Ny, = 0 holds in the present case, ie. ( 8a) reduces to: 
vaste | [Ns +2(14+v)N2,/dA (8b ) 
2Et xx xd . 
A 


We then obtain the displacement w by (7) with (8b) as 


1 oN 
ohh fl Max SEr + 2(1 + ¥) Nag See Ore adgdx . (9) 


We now substitute into (9) the resultant forces N,, and N,, from (2) and their 


derivatives : 
2a 


w i ER, x? cos? + 2(1 + v) ER, sin? 9 |axao : 
so aes 
After integration we obtain the same result as given in (6) 
Wax = ety | er +2(1+v)t 


max — ah 
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Exercise C-12-7: 


A type of shell often found in civil and mechanical engineering is a ruled 
shell as shown in Fig. C-13. Its mid-surface has the form of a special hy- 
perbolical paraboloid which is generated by moving a straight line g along 
a rectangle ABCD. The rectangle lies in the x1, x*plane and has the side 
lengths i,, 1,. The straight line moves along the line AD and along the hy- 
potenuse of the triangle BEC. This so-called skew hyperbolical paraboloid 
shell is also termed a hypar shell and its parametric description is given 
by 


i, L 
r(x,y) = xe, + ye, + —e, (x2 @,y2?,c=42). 


Fig. C-13: Coordinates of a hyper- 
bolical paraboloid shell 





a) Set up the equilibrium conditions of this shell according to membrane 
theory. 


b) Determine the resultant forces and moments for a shell subjected to 
the deadweight g per unit surface area, i.e. its physical load compo- 
nents in the global Cartesian coordinate system x’ (i = 1,2,3) are 
given as: 


P=P,=0 , p=-g 


Solution 


a) Equilibrium conditions 

First, the fundamental quantities of first and second order as well as the CHRI- 
STOFFEL-symbols have to be determined. Proceeding from the given parameter 
description 


x 
r(x,y)=xe, tye, + ve, : 
the base vectors are determined as : 
a,=r, =e, +e, j (1a) 


a=r,=e,t+>e, ‘ (1b ) 


268 12 Membrane theory of shells 


Similarly, the metric tensors are calculated according to (11.11), the determinant 
according to (11.12), and the covariant tensor of curvature according to (11.18): 

















yy xy 
1+ (2) “2 
( a4p ) = 2 ’ ( 2a. ) 
xy x 
“c2 1+) 
x \2 y 2 
a = fagol =1 + (2) +(2) ’ (>) 
x\? xy 
op ~1 1 1+ () “2 
(0%) = (a9) =a] gale (2) 
x 
"et a (z 
1 
0 
cfa 
ba =|, 5 (3) 
0 
c¥a 
From (11.23a), the CHRISTOFFEL-symbols of the second kind result as 
1 ° oe 2 : a 
(Iue)= y ’ (Tog) = = , (4) 
0 0 
c2a c2a 
In order to formulate the equilibrium conditions (12.1) 
Ny, + N74), LS get: 
12 22 2 
N’4,+NL+p =0, (5) 


il 12 22 
Nb, +2N by +N by tp=0, 


the covariant derivatives of the stress resultants are required. With the relations 
(2.350) and (4) they become 


ll 11 2y 12 
N }|,=N +——N’ , 
h Ay 2, 








nN”, =N", + z n?? 4 * nw? ; 
cfa ca (6) 
2y 42 x Be y 21 
Whew era h tases 
22 22 2x 4.12 
N la =N 2+ 7, N 
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Substitution of the derivatives (6) into (5) yields: 








ll 

NY +N? =0, 

12 22 

N +N =0, (7) 
n” +p =0 





Te 


The solution of this system of equations requires a transformation into physical 
components. Owing to the occuring non-orthogonal surface coordinate system (me- 
tric ( 2a ) is fully occupied ), the relations (2.17) cannot be used for determining the 
physical components. On the basis of [C.6 ,C.11] we therefore define, as physical 
components of a stress vector t!, the components of the stress vector in the di- 
rection of the unit vectors that are parallel to the base vectors and that are thus 
not perpendicular to a tetrahedron cut plane. We obtain from the equilibrium of 
the tetrahedron 


wi | a oA : (8a) 
g@) 


In transition to the shell, (8a) yields the physical components of the membrane 
forces 


a, 
ne — _/-FA) ye, (8b ) 
ala) 


Substitution of ( 8b ) into (7) requires formation of the following derivatives : 





a: Soo a Be if aes ke 
ox ctava Ya a1, a, » ox 322 ala ’ 
8. of a 2 = ee 30 Bee 
oy 322 ctava ¥a41 499 : oy an cava 


By manee the physical components of the surface loads 
= 4 Bea) » PP=p, 


and by denoting the physical components of the membrane forces by subscripts 


11 22 
atin *x 
Woes nN | 8 


12 
= eS 
Nyy » N Nyy 


Eqs. (7) finally yield the equilibrium conditions of the skew hyperbolic parabo- 
loid shell (0/dx = ,x , /oy = ,y): 





fa a N +220 


xy, 
yey Pre Ne c2a 


Ya, +N Nyy + p™ va =0 , (9a) 


Nyx mx 
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¥%992° 
Vn + Nyy ga + aM + = Ny + pY'fa =0 , (9b) 


Nyy.x 
2, + p*=0 . (9) 


Eqs. ( 9a,b ) are a system of first order partial differential equations with variable 
coefficients. Eq. (9c ) yields the membrane shear force 


= fant 
Ny = one 


By formulating the derivatives (note (2b )) 


x Cc c 
Nyx =-¢P* - 52P* , N,,,y =-7p* - $ap* , 


and by substituting them together with the metric (2a) into (9a,b), we obtain 
after re-formulation two uncoupled differential equations for the two unknown 
membrane forces: 


(Nee 1859) = SOV ay Pt Gala, pt, - Seem, (102 ) 
(N,, ¥8u )y = fey Pr + satay Pr, - va p™ . (10b ) 


b) Resultant membrane forces 


First, the physical load components in the global Cartesian coordinate system 
x'(i = 1,2,3) have to be decomposed into components both in the direction of 
the local surface parameters and perpendicular to them. 


a, is calculated from a, and a, (1a,b ) by forming the vector product according 
to (11.16): 


a=e,+te, , (11a) 
a,=e,tie,, (11b ) 
a -te,- EQte, . (11c ) 


The above vector equations constitute the transformation between the local base 
vectors and the base vectors in the Cartesian coordinate system. The latter vec- 
tors can be written in abbreviated form as 


— pl 
= Bie; 


Correspondingly, the vector can be written in different bases. The covariant com- 
ponents of the load vector with (29a) read, for instance, 


a aie 
p =B,P 
With (28) 
Cha eee ae 


the transformation coefficients B} are determined by inverting (si, ): 
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z 
44% _ XY Y 
7a C2 c 
i 1 2 
(fy-2] 72 1s E (22) 
x 
-= “c 1 


By substituting the load components we obtain with (2.10) the physical compo- 
nents of the load vectors : 


¥ 2 ya 1 
pt = -Yg7 + a Sage y= (13) 


Substitution of these transformed loads into (10a ) yields after re-formulation 


x 2 
(N,.7 1+ (2) jee) : (14) 
By integration we obtain 


e._v1+(%) 


N= -Zy [n(x + ye? + x24 y? 2)+c(y)]. (15) 


xx 2¥ 
2 ()’ 


From the boundary condition N,,(x,0) = 0, the integration function C(y ) fol- 
lows as 


C(y)=-m yc? + y? 


oy te) _f14(t) 
oar cette 


From (10b ) with the boundary condition Ny y(%50) = 0, one analogously ob- 
tains the membrane force in the y-direction: 


Eg. (9c) finally yields the membrane shear force 
= = fa. ( 16c ) 


TIMOSHENKO [C.24] and other authors have treated the same problem by pro- 
jecting the forces onto the x ,y-plane, and then formulating the equilibrium. Their 
results can be transformed, by respective measures (e.g. N,, =V 231/222 Nurpyyy) 
into eq. (16). Given the prescribed boundary conditions, the load at the bounda- 
ries x = 0 and y = 0 only acts via shear. Thus, boundary stiffeners are required, a 
fact that leads to incompatibilities between the deformations of the stiffeners and 
of the shell boundaries. For this reason, the membrane solution has to be augmen- 
ted by a solution from bending theory. Further examples are treated in [C.2,C.8]. 


and thus N,, = (16a ) 


xx 


oe 


(16b ) 


Nl 


yy 
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Exercise C-13-1: 


A circular water tank (radius a, height h) has a linearly varying wall thick- 
ness (t, = maximum wall thickness) 


t(x) = t,(1- #) 


as shown in Fig. C-14. 


Fig. C-14: Water tank clamped at 
the bottom 





Given values: a=40m , h=50m , t,=035m , v=03 , 
E=21-10° MPa , pg =1- 10° N/m® 
a) Derive the differential equation and the boundary conditions for the 
circular water tank by means of a variational principle. 
b) Determine the radial displacement w by a RITZ approach. For this pur- 
pose, 
x \? x \k 
f(x) =(4) (0-2) (k =1,2) 
shall be chosen as coordinate functions for the approximation of w, and 
the calculation shall be performed using a two-term approach . 


Note: The deadweight of the tank can be disregarded. The assumptions of 
the technical shell theory are valid. 


Solution : 


a) The total potential energy is composed of the deformation energy of the shell 
and the potential energy of the external loads (see [C.11]). With the approxima- 
tion No? ~ No, we obtain the total potential energy expression 


T=} [(wP agg + MP uag)aA- [(o%ra + pw)dA . (1) 


Exercise C-13-1 273 


For a cylindrical shell we write in physical components : 
1 
= 5 | sate + N 59 99 + 2N x5 Exo + M yx © xx ot 


+ Myg Ogg + 2Myg Oxy )dA [(p.u + pov + pw) aA . (2) 
A 


An axisymmetrical load case is given in the present problem, and the longitudinal 
force N,, vanishes. Thus, (2) reduces to 


1=4[(Nooeoo + M,, 0 waa - [pwan ; (3) 
A 
With (1314) 
Wee es 
890 =) Rex 2 Oy = — (ge) 
and 
Nop = D(1- v?)2 = Et(e)~ , ( 4a) 
K 
Be Kn (4b) 


From (3) follows that 


T= 1(€,w,w ee) = { T [aleecey + «( <#) y]- pw }aa . (5) 
eo ¢=0 


By (5) we have determined a variational functional for which we now have to 
find an extremum according to (6.34). Therefore, we formulate 


sl = 8 [L (E,W, Wee Jaa =0. 


We then obtain an EULER differential equation in accordance with (695) as a 
necessary condition: 


( omg is ye 





1/fK_ Ww Ls 
= HAS 2 wee )eet EtSy-p=0. ($) 
For a constant wall thickness t follows 


Et 2 _ pa‘ 
K ? w= 


W geee t K 


4x4 
as the differential equation of a circular cylindrical boiler (13.16a). 


We obtain as boundary conditions 


K 
Sy 7 bw ¢ =0 — —ywe=0 or bBwe= 0, (7a) 
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_(oL_ a K = 7 
(Fe) Fl coan = ° + wee =0 or Sw =0. (7b ) 


b) In order to calculate the radial displacement w by means of the RITZ me- 
thod, we employ the energy expression (5). For this purpose, we introduce the 
linearly increasing pressure 


p= gph(1- 7) 


and the varying bending stiffness 


Ete asa3 
= —— 9° (1-2 ; 
12(1 - vy! n®) 
— 
Ky 


With dA = 2madx = 2na7dE we obtain 


h/a 
K, 
I=2n [[xe00 z re)w + =< (4 = = €)'( wee)? = 
eo (8) 
-geh(1- #€)a? wilde 


The application of the RITZ method (cf. Section 6.7) requires that we choose an 
approximation to w with linearly independent coordinate functions in such a way 
that the essential, ie. geometrical, boundary conditions are fulfilled. According to 
(6.36) we choose an approximation 


N 
w* = >, caf,(E) (m= 152).4,.N)i4 (9a ) 
n=1 
where the coordinate functions in the problem formulation are given as 


(8) = (Be) (1-28) . (9b) 


The coefficients c, are the free, yet unknown coefficients. 


The approximation (9) obviously fulfills the geometrical boundary conditions 
(w(0) = we (0) = 0). In addition, the dynamic boundary conditions are also 
satisfied since K(x = h) = 0. 


Based upon (6.37) 


su =0 , n=1,2,...,N, 


we derive a linear system of equations for determination of the coefficients c, 
with 
N h/a 7 
a 3 
> % [lesa ~ Eft + S31 - FEY fa ee fn yee [AE - 
k=1 €=0 
h/a (10) 
— geha? To - FEF, dE=0 ~ 
€=0 
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For a two-termed approximation n = 1,2, this system of equations reads: 


h/a 
Ko 3,2 
n=1: «, [[eeG-poe+ Sa-20 fF see [8 + 
€=0 


h/a 
K 3 
+ C, [ec — FE) ff + C1 - FEY foe fy gg | At = 


€=0 
h/a 
=goha? | (1-2e)hae , 
€=0 
h/a ‘e 
3 
n=2 cy f[Bt(1- Reg + 2 - Be) fs ce fo.ee |@E + 
€=0 
h/a K 
2 
+ Co Tlewc = 2 e)f + 3 = 25) 6 ee [ae = 
£=0 
h/a 
= geha’ fa = FE) fede < 
£=0 
x x x 
h h h 
1 1 l 
0.5 0.5 0.5 
Oo 1 2 w* 0 1 2 N%, 0 05 -1 M%, 
[10° m] [10° N/m] [10° N] 


Fig. C-15: Approximate displacement w*, membrane force N¥,, and bending 
moment M7, of a cylindrical tank with variable thickness 
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After integration and solution of the linear system of equations we obtain the fol- 
lowing coefficients : 


oes go(1- v?)h5 1008 
1 Et 468 + 872 + 2? 
_ _ge(t-v?)h® — 21(36 - a) 


Cc 
: Ets 468 + 872 + »” 


: a 2 h? 2 
with A=(1-v (A) 
By (9a) we thus approximate the radial displacement w* as 


ee ee 


Ete 468 + 87+ 2? 


Finally, the curves for Nj}. and M*, are calculated by means of ( 4a,b). Fig. C-15 
presents the w*-curve and the approximations for the resultant forces of the 
numerica] example. 


Exercise C-13-2: 


A reinforcing ring 2 (cross-section b- 3t, b « 1) is to be positioned in the 
middle of a thin-walled, long pressure tube 1 made of sheet steel ( radius a, 
wall thickness t). For this purpose, the ring is warmed up in such a way 
that it can be slided into its position on the unloaded tube (see Fig. C-16). 


At a temperature T, = 50°C the ring just fits the tube in stress-free contact. 
Cooling of the ring to the tube temperature of T, = 20°C leads to shrinking 
of the ring. 





Fig. C-16: Pressurized tube with shrinked reinforcing ring 


Exercise C-13-2 277 





Determine the resultant quantities Ny x and M,, in the tube as well as the 
stresses in the tube and the ring, when the tube is subjected to a constant 
internal overpressure p. 


Numerical values: a=1m,b=1m,t=15-10’m, 
p=15 MPa , ay, =11-10°°/°C , vy =03 , 


E, = E,=E=21- 10° MPa . 


Solution: 

The problem will be solved by means of the well-known, so-called Method of 
Theory of Structures (Section 13.1.4). For this purpose, we partition the pressu- 
re tube and the reinforcing ring into three subsystems (”0”—, ”1”- and ”2”-sy- 
stem) according to Fig. C-17. We can now formulate the compatibility conditions : 


w!) + w() + w(?) = w0?) + wit) + w6?) ; (la) 
$+) + x = xf 4 x + x? - (1b ) 


Here, the subscript denotes tube 1 or ring 2, respectively, (including tube ele- 
ment ). The parenthesized superscript refers to the "0”—, ”1”- and ”2”-system. 


We can now compile the values of deformation for the tube and the ring, where 
the membrane solution follows from (12.14), (12.23) and (12.26). The values for 
the partitioned tube subjected to the boundary force and boundary moment M are 
derived from Fig. 13.2: 





“ag - system 
; = et (SG 
no eT 
"|" ~ system - system 


Fig. C-17: Partitioning of the pressure tube in single subsystems 
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Tube 1: 

(0) _ pa? (1) _ __Ra$ (2) __ Ma? 

“1 Et ° “1 ~"oxKng? ? “l ~OKx?’ (2a ) 

0 1 Ra? 2)_ M 

x) = 0 , YS eee , xf? = 2 . ( 2b ) 
Ring 2: 

0 o1 02 pba? pa? 

wp) = wi) + wi = Ae Ee At 

(1)_ 2Ra?_ Ra? (2) — 

1) _ ay a 2) _ 

“a ""EA Been %. 72 = 9s 

(3b) 


0) = 7 = 2) ee! 


A in (3a) denotes the shrinking measure. 


We now substitute (2) and (3) into (1), and obtain a system of linear equa- 
tions by means of which we can determine the unknown boundary loads: 

















2 3 2 2 2 
pa__ Ra Ma* _ pa Ra 
Et 2Ke> + 2kn?~ “+ 4Et* 2Ethb t+? > (4a) 
Ra? | Ma a 
°-oKe? + Ke =e (4b) 
Eq. (4b) leads to 
and (4a) correspondingly to 
2 
A-23 P23 
M=-—,4+*t_ . (5b) 
a + ak 
2KK2 Etb 


The shrinking measure A has to be determined by an additional calculation. For 
this purpose, we separate ring 2 from tube element 1 according to Fig. C-18 and 
insert the forces acting on the single parts. Then, the following circumferential 
strains are determined : 


Su9 P,@ 
‘6 = Eo Ee (¢) 
S889 
©9392 — BE - ap,(T, - T,) = 
a+ 2t 
ACES OR eee, 


Fig. C-18: Free-body-diagram of ring and tube 
element 





Exercise C-13-2 279 





where p, denotes the shrinking pressure and © = Tz - T; the temperature 
difference. After the ring has been mounted and cooled to T,, the circumferential 
extensions and hence strains in (6a,b ) must be equal, ie., 


£99; = *8vq « (7) 
Substitution of ( 6a,b ) into (7) yields with ms » 1: 


Pea _ Pp _ 3Et 
“Er © 3Et~%m® —> R= Gy me - (8) 


We then calculate the circumferential strain from (6a) with (8) as 


= ue 
£901 = — 4 “qT? 8 ? 
and with e455, = 4, the shrinking measure A is determined as 
A = -3aa.,,0 (9) 
4°%MmS - 


By substituting (9) into (5b) we obtain the boundary moment : 


2 
pa 
“a Et + aap, 


loo 


a? ak 
2K?K + Etb 





We are now able to calculate the circumferential membrane force Ny» and the 
bending moment M,, from (19.17¢). For this purpose, the membrane solution wp 
of a circular cylindrical shel] subjected to internal pressure has to be superposed. 
The total deformation then reads as follows: 





2 2 
w= Ee + ti - PReoskE + M(cosk€ - sinwé) ef. (10) 
M, Nog 
(N] [10 N/m] 
600 1500 
400 1000 
200 500 
0 0 
g g 
-200 2 
0 O02 04 06 08 ao 0.2 04 06 08 


Fig. C-19: Bending moment M,, and circumferential force Ny. in the 
pressure tube 
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Now we replace R by (5a) and substitute it into the relation for the circumferen- 
tial force Nyy: 


2 
Nyy = Etw = pa-2£° M(cosxt + sinxE)e*€ : (lla ) 


From (13.17¢) we obtain for the bending moment M,, with R = -25M (here 
opposite to the assumed direction of R) 


Myx =-M(coskE-sinkE)e “* . (11b ) 


Fig. C-19 depicts the curves of the resultant moments and forces for the given 
numerical values. 


Finally, we calculate the stresses in the tube and the ring : 
~ Tube 1 
sf igs 6M a 
Longitudinal stress : Oxy, = a + ay ; (12a ) 


The second term in (12a) only applies for a tube closed at both ends, since in 
this case an additional longitudinal load occurs. 


Equation (1b ) substituted into (12a) yields the maximum stress 


_ -6Myx(E=0) , pa _ 6M , pa 
ae ee Serr ae (12b ) 


XXmax t2 


Circumferential stress : 





N 6M 2 * 
= Sl + iS 2k M(coskE + sinkE)e “6 + 





oo, = t at 
+ v oF (cose ~ sink )e “& 
From 
dogy 
Th oe 
dE =0O0 — €E= 0.35 
we obtain 


Sy, (E = 0.35) = ogy 


Numerical values: 6 156 MPa, 


xXmax 
OS5max 102 MPa . 
— Ring 2 


Circumferential stress : 








— Pe® , pa  2Ra Eaq® pa. kM 
°389~3t tat t + 


Numerical value : 699. © 82 MPa . 
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Exercise C-13-3: 


A pressure boiler made of steel 
consists of a circular cylindrical 
shell (radius a, wall thickness 
t) closed at each end by two 
semi-spherical shells (Fig. C-20). 
The boiler is subjected to a 
constant internal overpressure p 
(the deadweight of the boiler 
can be neglected). 





Determine the curves for the 
stress resultants both in the cy- 
lindrical shell and the semi- 


spherical shells. Fig. C-20: Pressure boiler 
Numerical values: p=10 MPa ,a=2m,t=0l1m, 
E=21-10° MPa, v=4 


Solution: 


Owing to the symmetry we only consider one half of the pressure boiler. As in 
the previous exercise C-13-2, we partition the spherical shell from the cylindrical 
shell and mark the single loads according to the "0”-, ”1”— and ”2”—systems in 
Fig. C-21. 





"1" - system "2" - system 


Fig. C-21: Partitioning of the pressure boiler in subsystems 
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Here, the compatibility conditions for displacements and rotations at the interface 
become : 


w) + wo) + w?) = w) + wi) + w(?) ' (1a ) 
1) + 8) + xO) = Og 1 OD). (1b ) 


We substitute the single deformation values for the boundary loads (see Fig. 
C-21); the deformations of the ”0”-system are membrane solutions of the cylin- 
drical and the spherical shell: 





























Ra? M a? Ra? M a? 
= - : 2a 
PEt 2Kn° + 2KK2 Be tone take (2s) 
Ra? Ma Ra? Ma 
O+ oKK? Ke = Jae par Kk ~ (2b) 


Eq. (2b ) immediately yields 
M=0 . (3a ) 


Owing to the fact that the semi-sphere and the cylindrical shell exhibit the same 
deformation behaviour at their boundaries when subjected to boundary forces, 
and because no twisting angle y of the boundaries occurs subject to internal 
compression, the compatibility of the deformations can be introduced by the 
transverse boundary forces alone. Eq. (2a) then leads to: 
= 2Ps 

R=-32 - (3b) 
The curves for the resultant forces as a function of § = x/a can be determined by 
means of the relations (13.17): 


Nog = pa(1-+e-*€cosxE) 5 Q: = Bee" €(cosn& - sink) ; 
2 


er a a 
Myx =2ye "€sinkeE , Nx = = 





We then calculate the resultant forces in the semi-spheres by means of (13.18): 


Ny» = Pei + $e "1 cos Kw,) : 





a ‘ 
Q, =-Bee "“I(coskw,—sinkw,) , 
pa i-Kuy;: pa 
= 1 ya 
ve = en? e sinkw, , Noy 2 


Fig. C-22 shows the behaviour of the stress resultants around the transition 
between the cylindrical and the semi-spherical shell. 
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Q 





Fig. C-22: Resultant forces and moments in cylindrical and semi-spherical shell 


Exercise C-13-4: 


A thin-walled circular cylindrical tube made of steel (radius a, wall thick- 
ness t) as shown in Fig. C-23 is horizontally supported between two rigid 
walls in such a way that the cross-sections at both ends of the tube are 
completely clamped. 


Determine the stresses in the tube due to its specific deadweight og, after 
removal of the mounting equipment which ensures an initial stress-free 
state of the tube. Use the following numerical values : 


1 =10m, a=1lm, t =1-10’m, 


E=21-10°MPa, v=03, og=8-10* N/m 


284 13 Bending theory of shells of revolution 





Fig. C-23: Circular cylindrical tube clamped horizontally at both ends 


Solution : 


The complete solution is determined by superposition of a membrane solution 
(Ch. 12) and the solution of the boundary disturbance problem (Ch. 13). 


Membrane solution ( denoted by superscript 0 ) 


Using the abbreviated notation y for the Ps 
deadweight pgt per unit area of the mid- 
surface, the following surface loads are act- 
ing on the shell (see Fig. C-24). 





| 
pR,=0 , | 
Py = Ysing , | 
1 
ROS TPE Fig. C-24: Components of the dead- 


weight within the shell 


We obtain the following resultant forces by substituting the loads into the equili 
brium conditions (12.14) and by defining — = <= 


Noo =-~-yacos? , (1a) 

Nop =-(2vaE+D,)sind , (1b) 
2 

No. =(vab + D,E+D,)cosd . (1c) 


Based on (12.23) and (12.26), we write 


U = Fr (Max ~ YNoo) , (2a) 
Vetw = Fr (Noo — UNax) > (2b) 


2(1 
nied g- a (2) 
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Substituting (1) into (2) and integrating, we obtain the membrane displacements 


= B[ya(E 4 ve) 4+ 0, + Dye + Dy] con ; (3a) 
W=ddre(e-Forsy)ea(F 204+) m+ 
3 
+ D,E + D,|sino ; 
w= Bf ya(E- Scat v) +1) 40, (E - (24 v)e) 4 
(3c) 


- p,(& $V) SD E4 D,|cos 9 
The integration constants D, (i = 1,...,4) can only be determined from the 


complete solution of the problem. 


Bending solution (denoted by superscript 1) 


Since the membrane solution depends on the circumferential coordinate 9 via cos 9 
or sin, respectively, the bending solution of a shell clamped at its boundaries 
possesses terms with m = 1 only. The eigenvalue equation thus reduces to the fol- 
lowing characteristic equation dealt with in detail in [ ET2| 11.3.2 ]: 


2 
»®-2(2-v)a°+i5e at =o (4) 
with the shell parameter k defined by (13.31d) . 


The characteristic equation has the roots 


aul fie 
Ag =2-veq/(2-v)-Fp* =2-vei ao¥ _(2-v) 


2 
Since i »(2-v ¥; these roots may be approximated by 








s : 1 1l-v 
Ay2,3,4= Fu, tin, with w=4/5 K ; (5) 


The characteristic equation (4) has four additional eigenvalues 5 6,7,3 = 0 - 
The corresponding solutions are already included in the membrane solution (3), 
and therefore they do not need to be considered in the homogeneous solution. 


The shell shall have a sufficient length so that no mutual influence of the boun- 
dary disturbances occurs. We therefore exclusively consider the boundary — = 0, 
and by including (5) we obtain the following homogeneous solution : 


ul = (a, ei“é + A,e i418) eH1€ cos 9 : 
vi = (B, é“1é + Be M1€ )e-41£ sin 9 : (6) 


wi = (c,emré + C,e i1€ ) e416 cos 9 


286 13 Bending theory of shells of revolution 





The complex constants Aj, Bj, Cj (j = 1,2) are coupled to each other via a ho- 
mogeneous system of equations. The first equation (for m=1, k « 1) yields 








2 1-v l+v 2 
(3 5. )a; + $Y 1,3, + 2,0, = 0, 
l+v l-v ,2 =. 

2 A Aj rae 2 »?)B, + c = 0, 


and for j = 1 with A, = —u, + ipn,, we obtain the following dependencies of the 
constants : 


Ay = Ay [-14 avn? + i(1 + 2002) |, = (ay + ie, )C, ; 
4uy 
1 1 (7) 
B, ~ ay? [i tia+v)]e, = (B, + iB,)C, 
Since 4, = —u, — ip, the conjugate complex relations for j = 2 follow as 
A,=(a,-io,)C, , B,=(B,-i8,)C, . (8) 


If we substitute (7) and (8) into (6), all displacements depend on C, and C, 
only. 


Boundary conditions 


If we consider the boundary E = 0 only in the case of the membrane solution, 
the two boundary conditions for — = 0 and € = //a have to be replaced by two 
symmetry conditions for — = |/2a. We thus obtain from 


ofl of l 
no,(£) =0 und w(t) =0 
with (1b) and (3a) 
l ry 
D=-yi , Dy = -Dyzh + val (4) - vst] 


The remaining four constants Cy, Cz, Dz and Dg, result from the four boundary 
conditions 


u(0) =u°(0)+u(0) =0, 
v(o) =v°(0) + v'(0) =0, 
w(0) =w(0)+w(0) =0, 


we(0) =wi(0)+wi(0) =0 


After carrying out the numerical calculation with the given values we obtain the 
circumferential force as 


Noo = No» + Njy = [-s + (47.3.cos 12.9& + 5.02sin 12.98 )e 1% |eos 9 2 
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ue C-25 a the membrane forces according to (1) and the bending moments 

und M3s acting along the top longitudinal line 9 = 0 of the shell. One can 
see = how fast the bending disturbance has decayed already at a distance of ~ 0.4 
m from the boundary. The stresses are calculated from 


N Nos , 6Myy 
Og= ESE +s ge tay (9) 





























Fig. C-25: Membrane forces and bending moments along the top longitudinal line 
of the cylindrical tube under deadweight 
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The maximum stresses at the boundary are due to (9) 


= 1.31 (4) 0.92 = 2.23 MPa , 
Xx 


6 
XXma: 


Soo nax = 0-39 ty 0.28 = 0.67 MPa 


The numerical values show that both the longitudinal and the circumferential 
stresses due to the boundary disturbances are of similar magnitude as the mem- 
brane stresses. 


Exercise C-13-5: 


A circular cylindrical shell (a, ] = 4a, 
t= a/400) is subjected to a constant 
external pressure p (Fig. C-26). 


Formulate the basic equation for shell 
buckling in analogy with the basic 
equation of plate buckling (see 
(10.17) ). 


Determine then the critical load for 
the special case of a shell which is 
simply supported at both ends. 





Fig. C-26: Circular cylindrical shell 
under external pressure 


Solution: 


We proceed from the simplified basic equations for a shear-rigid shell (DON- 
NELL’‘s theory). Before buckling the initial stress state prevails within the shell 


Nyx =0 , Nyy = -pa ? Nyy = 0 , (1) 


At buckling the component Nyy w,» , must be included in the equilibrium condi- 
tion in the radial direction of the deformed shell . Then, u and v can be eliminat- 
ed, and we obtain in analogy with (13.39) 


k DADA w + (1 — v?) W cee + SS DA w gg = 0 (2) 


as the basic equation of shell buckling under external pressure. 


In order to determine the critical load, we put the coordinate x im the centre of 
the cylinder. The approximation 





w = Wos 728 cog BY (m,n=1,2,3...) , (3) 
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fulfills the boundary conditions of the simply supported shell in the longitudinal 
direction 


L)_ L)_ E:) L)_ 
w(+t)=0 ’ M,, (#54) = 0 ’ Nyx (+ ze) = 0 ’ v(+L) =0 ’ 
and the condition of periodicity in the circumferential direction 

w(2xa)=w(0) . (4) 


By substituting (3) into (2) and by defining 2 = at, we obtain the relation 
for the critical load as 


FE (0? +n?) n? = k(2? + n?)* + (1 - v7) a4 (5a) 

: = = _ 2 4.n?)? 4 
orwith p=P* , por@ t= yaw | (mH 
Pp D Pp n? ( 70? om? ( ) 


We now have to determine that combination of m and n for which p has the 
smallest value. We can immediately see from (5b) that A will attain its smallest 
value for m = 1. The shell therefore buckles with one wave in the longitudinal 
direction. 


: __(m\y 
Assuming that oa = —s (=) ; 


we obtain p=kn*(1+ a)? + 1- y2)_* = 
Pp ( ) ( ier 


= 1-v? kat (140)? a3 
“32 i aa ‘ae: = 








-v 
Assuming that many waves occur in the circumferential direction (n» 1), then it 
is valid for long shells | > a that 

a<«<l, 
and (6a) then reduces to 


_.2 4 
p-+ *( +e) : ( 6b ) 





The minimum value follows by differentiating p 


dp _ 1-y? kn! 1 2] _ *_>4 k 
da 2 Hy (-3) +30 Seat ee 3(1-v?) i) 


Substituting (7) into (6b) yields after elementary re-transformations : 


2 \3/4 
Pais = Plat) = Ey $F 4/a(1—v) (So) (8a) 


or with v = 0.3 








5/2 
Perit ¥ 0.92 2(+) . (8b ) 
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Eq. (7) delivers the corresponding number of waves as 


2? 4/_k 2 a_/a 
a® = S- =) 5/————- 1 -—-— n* } 7.3—5/— 
n2 3(1-v?) I t 


Using the given numerical values | = 4a and t = a/400, we obtain 
n? = 734/400 = 36.5 , n= 6.04 and py, © 719E-10-* MPa . 


Owing to the necessary periodicity in the circumferential direction, the following 
adjacent integer number at buckling is n = 6; in the numerical example follows 
a* = 0.017 and therefore « 1. 


Exercise C-13-6: 


Determine the eigenfrequencies of the free vibrations of a circular cylindri- 
cal shell with simply supported ends as shown in Fig. C-26 (without exter- 
nal pressure p). Assume small vibration amplitudes (linear theory) and 
solve the exercise using DONNELL’s theory. 


Note: The coordinate system has in this case been moved to the lower 
boundary. 


Solution: 


In order to treat the circular cylindrical shell, the basic equations (13.31) are sim- 
plified in accordance with DONNELL’s theory (see (13.88)): 





2 
l-v 1+v xD 
Dee + “Ftp tz ee FW =H (1a) 
2 
l+v l-v a Py 
2 Yet Vos ta Vet Ms =“ DH» (1b ) 
2 
vuetv,twtkOAw = =p : (1c) 


As ”loadings” we write D‘ALEMBERT'’s inertia forces: 


o7u a, ov 7” o?w 
or ’ Py = ~et ote ? p=-et or2 ’ (2) 
where 9 denotes the mass density and t the time (t is introduced in order to 
avoid confusion with the wall-thickness t). This approximate theory neglects the 
rotational inertia of the shell; its consideration would result in additional, very 
high frequencies, whereas its influence on the lower frequencies considered here is 


negligible (see [C.21 ,C.22,C.23]). 


The eigenfrequencies are determined via separation of variables : 








P, =-et 


u=U(x,¢)sinwt , 
v= V(x,¢@)sinot , (3) 


w=wWw(x,@)sinwt . 
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Substitution of (3) into (1a,b,c) and (2) yields elimination of time, and we 
obtain the equations 





sus 1-v- l+vea = _ 
AU + Dee + u+ 2 Vetvwe=0, 








2 
1+v-— = l-v— =.= = 
; Ue + AV + a Vig t VtW =0, (4) 
vi+V.e-AW+ kA AW =0 


with the frequency parameter 
2 2 
_ ea (i - v ) 2 
A= E wise (5) 
In (4), U, V, W are position functions u(x,@), etc. The following assumption 
regarding the form of these functions 


- a2. 
u = Ucosngcosm yy , 


V = Vsinngsinm = ‘ (6) 
mra 





W = Weosngsinm = with m= 


fulfills all boundary conditions for a shell with simply supported ends 


(w=V= M, =N,=0 for x = 0 and x = 1). Substitution into (4) yields a ho- 
mogeneous system of equations for the unknown amplitudes U, V, W. By setting 
the determinant of the coefficients equal to zero, one obtains the characteristic 
equation of an eigenvalue problem 


3 - A? + BA-C=0, (7) 
where the ._ A, B, and C depend on the dimensions of the shell as well 
as on m n. 

Numerical evaluation of (7) shows that each pair of values of m and n defines 


one lower and two higher eigenvalues which exceed the lower ones by powers of 
ten. The technically relevant lower eigenvalue can thus be approximated from (7): 
Cc 

A= B-: (8) 
The numerical values additionally show that \, is associated with a pronounced 
transverse vibration (W » U,V), while longitudinal vibrations are associated 
with A, and A, (U,V > W). Based upon this observation, the lowest frequency 
can be governed by a single formula. 


If the amplitudes U and V are very small, the terms of inertia forces in the lon- 
gitudinal and circumferential direction can be neglected in equation (4). Conse- 
quently, the displacements u and v can be eliminated from the first two equations, 
using the same procedure as in (13.38). Thereby, (13.39) is augmented by the w- 
inertia term, and we obtain considering the vibration approach 

kAA AAw + (1-v?)w -r»~AAW=0 . (9) 
With (6) this yields an approximation for the lowest eigenfrequency : 

— 4 
= 2 m =—2 2)\2 

AR=(1-v ) Cate tT +k(m*+n*)* . (10 ) 

The results according to (8) and (10) are numerically almost identical. 
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The eigenfrequency equation (10) consists of two termes, where the first stems 
from extensional vibrations and the second from bending vibrations. Fig. C-27 
presents a numerical example, where both terms are drawn separately in depen- 
dence on n. The curves clearly illustrate that for a small number n of circumfe- 
rential waves extensional vibrations predominantly occur, and for large n ben- 
ding vibrations, respectively. Close to the minimum, the two terms are approxi- 
mately equal. Therefore, no further simplifications must be performed for the 
simply supported shell. Elimination of the first term in (9), for instance, cannot 
be admitted since this would correspond to an inextensional vibration. If defor- 
mations which are incompatible with the assumption of inextensional bending are 
prescribed at the boundary, bending and extension will act jointly, and thus have 
to be considered by a complete shell theory. 


The minimum of 2, can be calculated by a formula. Eq. (10) implies that 4, in- 
creases with m. It attains its smallest value for m = 1, i.e. the shell vibrates 
with one wave in the longitudinal direction. 4, then only depends on n. If the 
actually discrete number of waves n is assumed to be continuous, (10) can be 
differentiated with respect to n: 


dry 2 m* 
— =-(1- = ot k=0 
d(m?+ n?)? ee ) Pan) 


It follows that 


(m4 atytome fA) (11) 





5 6 7 8 9 10 Il 12 13 n 


Fig. C-27: Lowest eigenfrequency of a simply supported cylindrical shell 
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Substitution yields (the two terms in (10) result in the same value) 
is =a 2 
Aimin = 2 V1 v2 )k m 


or, with the frequency parameter 


2 5B k ma \2 
“a= 253 ToT) (22) 


This proves that the lowest frequency depends on all dimensions and on the ma- 
terial data. From (11) we determine the number of waves n assigned to the mini- 
mum. In practice, the adjacent integer value of n would occur. In our example, 
the shell vibrates with nine circumferential waves; using the given numerical 
values, (11) would give the value n = 9.22. 


For a shell with free boundaries, inextensional bending may be assumed as a pos- 
sible vibration mode. For this case, Lord RAYLEIGH determined, by equalling ki- 
netic and elastic energy, that 


2( 2_,)\2 
n“(n 1) 
ko 13 
ee (13) 


We obtain the same result by defining m —> 0 in (10). Here, the differences in 
dependence on n are a result of the DONNELL simplifications. For larger n, 
these differences are unimportant (A = k- n*). 


A= 


Exercise C-14-1: 


A spherical cap (Fig. C-28) is extended over a circular base (radius ry, 
Ty << a), and is assumed to be subjected to a constant surface pressure 
load p. The height of the cap is given as f. 





Fig. C-28: Spherical cap over a circular base 
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As r, << a, the mid-surface of the spherical cap can be approximated by 
x4 y? 2 
wf- =f-— 1 
o(r) wf - 2 t¥ x , (1) 
; 2 2 1 
implying constant curvatures everywhere, i.e. kK, HK = -s- 
a) State the differential equation and obtain the solution of the homo- 
geneous equation for an axisymmetrical problem. 


b) Calculate the deflection of the shallow spherical cap when subjected to 
a concentrated force F at the top point and assuming that r — 0. 


Solution: 


a) With the given assumptions, the system of differential equations (14.9) reads 


Lee P 
aoo-Etaw=o . (2b) 


We now multiply (2b) by a factor X and add it to (2a). We thus obtain 


If the underscored terms in (3) are equal, one can formulate a differential equa- 
tion for 


F=w+aAo. (4) 


Introducing i as the imaginary unit, we write 
1 2 
12(1-—v : (5a) 
Ee ¥12( ) 


With the abbreviation k we obtain 


Et Bo fen ge ted 
a 12(1 - v? = ik : (5b ) 


By (5b) and (4), (3) transforms into 


AAF -ik AF=P . (6) 


Here, our considerations will be restricted to the homogeneous solution of (6). 
Then, the differential equation can be split as follows: 


(QA -ik’ )JAF=A(O-ik’)F=0 . (7) 





In the present case it is sensible to use polar coordinates owing to the axisym- 
metry of shell and load. The LAPLACE-operator is then independent of the 
angular coordinate 9 and hence 
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oot Ta 
dr? r dr 
We can thus determine partial solutions from the two differential equations : 
AF =o , (8a ) 
AF-ik?F=0 . (8b) 


The solution to (8a) can be stated immediately as 
F,=C,+C,Inr , (9a) 
while (8b ) is a BESSEL differential equation [B.3] of the form 


@F 1 dF 


5B 
aa eas -ik F=0 . (10) 


Solutions to (10) are modified cylinder functions of first and second type, 
I,(kr fi ) and K,(k rji ), respectively, that are linearly independent [ B.3]: 

F, = Cglo(krfi ) + C,Ky(kr/i) , (9b ) 
where C, and C, are complex constants. 


According to KELVIN, two new functions ber(kr) and bei(kr) can_be 
introduced that correspond to the real and the imaginary part of I, (krfi ), 
respectively, as well as the functions ker(kr) and kei(kr) which are equal to 
the real and imaginary part of Ky (kr yi ) [B.3): 


I, (kr i ) = ber(kr) + ibei(kr) ; 


Ky (kr7/i ) = ker(kr) + ikei(kr) 


(11) 


The reader is referred to standard tables, eg. [B.3], for graphs of the KELVIN 
functions. 


The general solution to (6) then consists of a linear combination of F, according 
to (9a) and of F, according to (9b). If we substitute the solution into (4) and 
compare the coefficients, considering the complex constants, we obtain from (11) 
the following terms for the bending w and for AIRY’s stress function ©: 


w = B, ber(kr) + B,bei(kr) + B,ker(kr) + 
+ B,kei(kr) + B, + Bglnr , (12a ) 
Et . 
o = Et ___|_B bei(kr) + Bber(kr) — B,kei(kr) + 
¥i2(a - v7) 
+ B,ker(kr) + B,+Bglnr] , (12b ) 


where B, ...B, are real constants. 
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b) In the following, the deformation in the middle of the shallow spherical cap 
shall be considered. For this purpose it is assumed that the boundary of the 
shell is very remote from the top point (r —>oo), and that the displacement w 
and its higher derivatives vanish at the boundary. 

Under the given assumptions we write for r —>oo (d/dr =(),): 


w-w_=-w = 6 < (13a) 
In addition, for r = 0, ie. at the top point 
w,w,,N,,N, have to be finite. (13b ) 


The concentrated force F at the top point (r = 0) is equilibrated by a total verti- 
cal shear force V, along any circle of radius r. Thus, 


F 
2 2nr ’ (14) 





where V,=Q,+—N,, - 


After evaluation of all conditions, we obtain the constants as follows: 





B= 8, = 3: = Bb, = B= Bb, = B= 0, B= 8}, 5 


p, - Fa ¥12(1 - v?) 
8 an Et? 


The deflection function then reads 


7 Sud 

= Bas Wy) pate) . (15a ) 
2X Et? 

The maximum deflection occurs at the top point where the load acts. For r=0 

we have kei(0) = —1/4. This yields: 

Fa 

Et? 

In his fundamental papers, REISSNER has treated problems of shallow spherical 

shells with a number of load cases. For further details refer to [C.20]. 





Woes =- L8G - 3) (186 ) 


Exercise C-14-2: 


The eigenfrequencies of a hypar shell projected against a rectangular base 
(Fig. C-29) shall be determined. The distance f between base and shell is 


assumed to be small. 
a) Set up the fundamental equations for the eigenfrequencics. 


b) Which eigenfrequencies appear for the special case of a simply sup- 
ported shell? Derive an approximate formula for the lowest frequency. 
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Fig. C-29: Hypar shell against a rectangular base 


Solution: 


a) For f << a,b we can apply the fundamental equations from the theory of 
shallow shells. In this example, we replace the external loads in the equilibrium 
conditions (14.3) by D’ALEMBERT’s forces of inertia (density 9, time t). 
Neglecting the rotational inertia, we obtain 


02 
n™|, =otSf , 
2 
le tNM dag = ots (1) 
m™|, - % =0 


Here, the only difference relative to the equilibrium conditions for the shallow cy- 
lindrica] shell (13.56) is that instead of the circumferential force a component of 
the shear force occurs perpendicular to the shell. 


The kinematic relations are obtained from (14.4). By transforming the first equa- 
tion of (14.4) by means of (14.2) we write 
1 
og = 3 (Vale + Ygla ~ 22lag¥ ) . Pop = -Wlap . (2) 
The relations between the resultant forces, moments, and the strains are described 
by the material law (14.5) 
of 6 6 
NY =DH*%s, 8, MY =KHPM,, (3) 


We assume that the boundaries of the hypar shell belong to the linear generatri- 
ces. The mid-surface can then be described in Cartesian coordinates as 


z= 2f x ~#)(y-4) ‘ (4) 


When expressed in Cartesian coordinates, all covariant derivatives simply become 
partial derivatives. By introducing the dimensionless coordinates — = x/a and 
y= y/b, and denoting the derivatives by 
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o os o 
OO FO » On 


we obtain with alex =2 


the fundamental equations (1) through (3) as 


1 od pou 

Nyx,€ + 5 bysn = eta , 
1 1 o 
aN aye + Nyy = OtSr ’ 
1 4f o’w 

EQ0+t QQ. + ab Nxy =e or ” (5) 
1 1 = 
@ Myx.e + Mayig — % = 9 ‘ 
i os : 

a My et E My on Gy = 9 , 

= ‘ll _1 
Exx =a Ye ’ fy bn ? 

= Lf am _ 4f 
ey =4(b4, tiv Af w) ’ (6) 
Oxy = tw =-tw 

xx az eee? Pyy ~ 2 inn? 
Oxy = ZB Men 3 

xy” aborén ? 
Ny, = D( ty, + veyy) » Nyy =D(tyy + VExx) » 
Nyy = D(1- v)e,y ; (7) 


Myx = K(exx + VO yy) > Myy = K(eyy + VOxx) > 
M,, = K(1- v)exy 


Here, the physical components of the originally tensorial quantities are denoted by 
the usual indices x,y. The displacements of the mid-surface of the shell are de- 
noted by u and v. 


The kinematic relations (6) differ from the kinematic relations of the shallow cy- 
lindrical shell (see (13.37)) by two terms only: 


1) In the case of the cylindrical shell the radial displacement is a part of the 
circumferential strain fyy? and 


2) in the case of the hypar shell the deflection w contributes to the shear strain 


Cs 
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By eliminating the transverse forces and by substituting (6) and (7) into (5), 
we obtain the following three partial differential equations for the three displace- 
ments from the 17 equations (8 resultant forces and moments, 6 strain quantities, 
3 displacements ) : 


2 
Puget Aivy 


De \. eb ee 


D ot? ’ 


l-va al 
én t 2 b\ nn 4% ” 





a 1l+v l1-vb f _ ptab o%v 
BYinn +9 Yen + B(vce- 4b we) = Dow’ 





(8) 
h? (bv? a2 
~ Dab (3% W, eee + 27 gon + ‘b?  onmn) + 


Nie, Z _ ptab o?w 
+2(1 v) ap lau, + bv, 4fw)= Dow 





b) The following boundary conditions have to be fulfilled for a shell with all sides 
simply supported : 


u=w=0 , N,=M,=0 for E—E=0 and €=1, 


(9) 


v=w=0 , N,, = M, = 0 for y»=0O and y=1 


These conditions are satisfied if we assume displacement functions u,v,w of the 
form 


u = Usinmnr€E cosnry sinwt , 
v = Veosmrét sinnry sinwt , (10) 
w = Wsinmr€sinnrynsinwt (m,n integer) 


Substitution of (10) into (8) then yields a homogeneous, linear algebraic system 
of equations for the unknown amplitudes U, V, and W. Vanishing of the determi- 
nant of the coefficients leads to a cubic equation for the eigenvalue 
2 _ etab 
¥ =i we , 
where the solutions depend on the dimensions and the integers m and n . Numeri- 
cal evaluation shows that there exist one lower and two substantially higher ei 
genvalues for each pair of values of m and n. The numerical values clearly show 
that the lowest frequency corresponds to pronounced transverse vibration (W >> 
U,V), and we therefore obtain a good approximation to the smallest eigenvalue 
provided that the terms of inertia forces tangential to the mid-surface of the shell 
are neglected in (8): 
o7u o?v 
t x y 
rane ce Woe 

After substitution of (10) into (8), we can determine the amplitude ratios U/W 
and V/W by means of the first two equations (8). Substitution of the ratios in- 
to the third equation of (8) finally allows us to approximate analytically the 
smallest eigenvalue as 


a. APRA os 2\ 2\f? «? m* n* 
Mian = ep (e™ +on ) + 16(1-v b(n a? n?)? , (11) 
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where « = a/b denotes the ay =e ratio. Multiplying (11) by a, and intro- 
= Ba? w? then yields: 





ducing the scaled frequency o? 


—2 ret y 2 {\? ot mn? 

on, = 5(£) (m? + «?n?) +16(1 - °)(5) nye . (12) 
We now need to determine that combination of m and n for the given dimen- 
sions which provides the smallest values of Gy . 


If we, at this point, limit our considerations to values a < 1 (all solutions for 
a> 1 can be obtained by suitably exchanging the sides), we can deduce from 
(12) that n always has to take the value 1. Calculations show that m > 2 is 
always valid for the lowest frequencies. We can therefore approximately assume 
m? >> «?n? , and we thus obtain from (12) 


4 4 


a2 t f\ 
Om © oy a} m* + 16(1- v*)(E)' 85 : (13) 


In order to determine the dependence on m of the smallest value of Om » we as- 
sume the number of waves to vary continuously and differentiate : 


at = 25 (Smt 60- (Ee 


2/3 
f 4/3 
(t) « 
Substitution into (13) and re-formulation yield: 
1/3 
cau e[ae ani (Efatl 0 


Thus we have obtained the desired approximate formula for the lowest frequency 
in dependence on the dimensions. 


0 


I 


1/3 
Ses ls Ee v7) 





D Structural optimization 
- Chapter 15 to 18 - 


D.1 Definitions — Formulas — Concepts 


15 Fundamentals of structural optimization 


15.1 Motivation — aim — development 


The previous chapters have introduced fundamentals for determining the 
structural behaviour required for the dimensioning and design of a structu- 
re, ie. calculation of deformations, stresses, natural vibration frequencies, 
buckling loads, etc. In view of the development and construction of machin- 
es and system components the question arises which measures must be ta- 
ken in order to reduce costs and to improve quality and reliability; in other 
words this means that an optimization of the properties is being aimed at. 
In terms of this demand, the topic Structural Optimization has emerged, 
over the past years, an extensive field of research that can be described by 
the following formulation [D.29]: 


Structural optimization may be defined as the rational estab- 
lishment of a structural design that is the best of all possible 


designs within a prescribed objective and a given set of geome- 
trical and/or behavioral limitations. 





Current research in optimal structural design may very roughly be said to 
follow two main paths. Along the first, the research is primarily devoted to 
studies of fundamental aspects of structural optimization. Broad conclu- 
sions may be drawn on the basis of mathematical properties of governing 
equations for optimal design. These properties are not only studied analy- 
tically in order to derive qualitative results of general validity, but are also 
often investigated numerically via example problems. Along the other main 
path of research, the emphasis is laid on the development of effective nu- 
merical solution procedures for optimization of complex practical structu- 
res [D.3,D.12, D.21, D.22,D.30]. 


The constant flow of general reviews, surveys of subfields, conference pro- 
ceedings, and new textbooks on optimal structural design testify the strong 
activity, recent advances, and increasing importance of the field. A selec- 
tion of such recent publications is listed as references at the end of this 
book. 
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15.2 Single problems in a design procedure 


In this section, the distinctions between usual structural analysis, redesign 
or sensitivity analysis, and optimization of structures will be made clear, 
and the basic steps pertaining to optimal design will be outlined. 


In a usual structural analysis problem, the structural design is given, toge- 
ther with relevant properties of the material(s) to be used and the support 
conditions for the structure. Also, one set or more of loading is specified, 
that is, completely specified in deterministic problems, or given in terms of 
probabilities in probabilistic problems. For each set of loading, the relevant 
set of equilibrium (or state) equations, constitutive equations, compatibility 
conditions, and boundary conditions, are then used for determining the 
structural response, eg., the state of stress, strain and deflection, natural vi- 
bration frequencies, and load factors for elastic instability or plastic collapse 
(see Main Chapters A, B, C). 


Redesign or sensitivity analysis (Ch. 18) refers to the type of problem 
where some of the design, material, or support parameters are changed (or 
varicd), and where the corresponding changes (or variations) of the structu 
ral response are determined via a repeated (or special) analysis. It is worth 
noting that a conventional design procedure normally consists of a series of 
repeated changes of the structural parameters followed by analysis, ie., a se- 
ries of redesign analyses, which is carried out until a structure is found that 
fulfills the behavioral requirements and is reasonable in costs. If the chan- 
ges of the structural parameters prior to a given redesign analysis are deter- 
mined rationally from the earlier analyses as the best possible ones, the 
procedure would identify one of optimal design. Such procedures are of 
much higher significance than the traditional design procedure where usual- 
ly the design changes are only decided by guesswork based on experience or 
information obtained from previous analysis, and a structure obtained by 
the traditional design procedure will therefore not necessarily he better than 
other possible alternatives. 


The label structural optimization identifies the type of design problem 
where the set of structural parameters is subdivided into so-called preassig- 
ned parameters and design variables, and the problem consists in determi- 
ning the optimal values of the design variables such that they mazimize or 
minimize a specific function termed the objective function (criterion or 
cost function) while satisfiying a set of geometrical and/or behavioural re- 
quirements, which are specified prior to design, and are called constraints. 


According to the manner in which the design variables are assumed to de- 
pend on the spatial variables, optimal design problems may be roughly ca- 
tegorized as 
(1) Continuous (or distributed parameter) optimization problems, and 
(2) discrete (or parameter) optimization problems. 


Usually the design variables of structural elements like rods, beams, arches, 
disks, plates, and shells are considered to vary continuously over the length 
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or domain of the element, and such problems then fall into category (1), 
while problems of optimizing inherently discrete structures like trusses, 
grillages, frames, or complex practical structures belong to category (2). 


15.3. Design variables — constraints — objective function 


Design variables may describe the configuration of a structure, clement 
quantities like cross-sections, wall-thicknesses, shapes, etc., and physical 
properties of the material. 


Optimization problems can best be classified in terms of their design vari- 
ables. Based upon the example of a truss-like structure according to L.A. 
SCHMIT/R.H. MALLET [D.41], and N. OLHOFF/J.E. TAYLOR [D.29] 
possible design variables can be divided into five (or six, respectively) dif- 
ferent classes (Fig. 15.1). In the following, these groups are briefly descri- 
bed in terms of the degree of complexity with which they enter into the 
design process: 


a) Constructive layout 


The determination of the most suitable layout is on principle only possible 
by investigation into all existing types and by comparing the calculated op- 
tima. 

b) Topology 

The topology or arrangement of the elements in a structure is often descri- 
bed by parameters that can be modified in discrete steps only (e.g. number 
of trusses at the supporting structure of a reflector, number of sections of a 
continuous girder). Different topologies can also be obtained by eliminating 
nodes and linking elements. 


c) Material properties 


In terms of their properties, conventional materials possess variables like 
specific weight, YOUNG‘’s moduli, mechanical strength properties, etc. 
which can usually only attain certain discrete values. For brittle materials, 
often the stochastic character of the properties has to be regarded. 


d) Geometry — shape 


The geometry of trusses or frames is described either by the nodal coordi- 
nates or by the bar lengths, while in the case of load carrying structures 
with plane or curved surfaces (plates, shells) the geometry is given by 
spans, curvatures, and the thickness distributions. Usually, these variables 
are continuously variable quantities. 


e) Supports - loadings 


Design variables of this type describe the support (or boundary) conditions 
or the distribution of loading on a structure. Thus, either the location, 
number, and type of support or the external forces may be varied in order 
to yield a more effective design. The design variables of this category may 
be continuous or discrete. 
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f) Cross-sections 


This class of design variables has been used most frequently in optimiza- 
tion tasks (cross-sectional areas, moments of inertia). 


When considering structural parameters, we distinguish between indepen- 
dent and dependent variables, as well as pre-assigned (constant) parame- 
ters, where a structure is uniquely characterized by stating the values of 
its independent variables, the so-called design variables. Most often, cer- 
tain cross-sectional characteristics (thicknesses, diameters) are employed 
as independent variables, from which all other values can be calculated. 
As previously mentioned, consideration of the constant parameters and the 
determination of the dependent variables are made in algorithms for ana- 
lysis of the structural design. 


The i-th design variable will be denoted by x,, and all n design variables 
are composed in a vector x which lies in the design space, an n-dimensio- 
nal EUCLIDEAN space: 


xe elas apap (15.1) 


Any set of design variables defines a design of the structure and may be 
represented as a point in the design space. 


a) Construction As, ZW ter 
b) Topology Zia JIN JOT 


c) Material 
properties Steel Aluminium Composite 


d) Geometry - 
e) Supports — 

ede UUM bg bt 
i. iets ZEON, ANAS JAS 


Fig. 15.1: Classification of design optimization problems for truss-like 
structures in terms of different types of design variables. 
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Many designs from the totality of possible designs will generally not be ac- 
ceptable in terms of various design and performance requirements. To ex- 
clude such designs as candidates for an optimal solution, the design and 
performance requirements are expressed mathematically as constraints 
prior to optimization. The constraints may be of two following types: 


— Geometrical (or side) constraints are restrictions imposed explicitly on 
the design variables due to considerations such as manufacturing limit- 
ations, physical practicability, aesthetics, etc. Constraints of this kind are 
typically inequality constraints that specify lower or upper bounds on the 
design variables, but they may also be equality constraints like, eg., linka- 
ge constraints that prescribe given proportions between a group of design 
variables. 


- Behavioral constraints are generally nonlinear and implicit in terms of 
the design variables, and they may be of two types. The first type consists 
of equality constraints such as state and compatibility equations governing 
the structural response associated with the loading condition(s) under con- 
sideration. The second type of behavioral constraints comprises inequality 
constraints that specify restrictions on those quantities that characterize 
the response of the structure. These constraints may impose bounds on 
local quantities like stresses and deflections, or on global quantities such as 
compliance, natural vibration frequencies, etc. 


The constraints are formulated in the form of equality and/or inequality 
constraints: 


h;(x) = 0 (i= 1322259); (15.2a) 
g(x)=<0  (j=1,..4p). (152) 


Each inequality constraint (15.2b) is represented by a surface in the design 
space which comprises all points x for which the condition is satisfied as 
an equality constraint g(x) = 0. One distinguishes between feasible, or 
admissible, and infeasible, or inadmissible designs. All the feasible (or ad- 
missible) designs lie within a subdomain of the design space defined by the 
constraint surfaces as indicated in Fig. 15.2 for the special case of a plane 
design space (only two design variables). We generally assume that the 
constraints are such that the design space is open, i.e. that a set of feasible 
designs exists. 


The objective function, which is also termed the cost or the criterion 
function, must be expressed in terms of the design variables in such a way 
that its value can be determined for any point in the design space. It is this 
function whose value is to be minimized or maximized by the optimal set of 
values of the design variables within the feasible design space, and it may 
represent the structural weight or cost, or it may be taken to represent some 
local or global measure of the structural performance like stress, displace- 
ment, stress intensity factor, stiffness, plastic collapse load, fatigue life, 
buckling load, natural vibration frequency, aeroelastic divergence, or flutter 
speed, etc. 
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active constraints 


g(x)=0 
feasible initial design 
f(x) 
iso-curve f(x) = const 
x for the objective function 
infeasible set 
g(x)>90 
x} 


Fig. 15.2: Concepts of structural optimization 


The objective function is in most cases a scalar function f of the design 
variables x defined as follows: 


:= f(x) . (15.3) 


15.4 Problem formulation — Task of structural optimization 


The usual problem of optimal structural design consists in determining the 
values of the design variables x, (i = 1,...,n) such that the objective func- 
tion attains an extreme value while simultaneously all constraints are sa- 
tisfied. Minimization of the objective function, ie. Min f, is considered in 
the conventional mathematical formulation. If an objective function f is to 
be mazimized, one simply substitutes f by —f in the formulation, since 
Max f <=> Min (-f). 


Mathematical formulation: 








Min { £(x)|h(x) = 0 ; g(x) < o} | (154) 
xe R”™ | 
with R" n-dimensional set of rea] numbers, 
x vector of the n design variables, 


f(x) objective function, 
g(x) vector of the p inequality constraints, 
h(x) vector of the q equality constraints. 


Feasible domain: 
X:= {xeR"|h(x) = 0 : g(x) <o} ; (15.5) 


Structural optimization generally deals with the solution of Non-Linear Op- 
timization Problems (NLOP). 
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15.5 Definitions in Mathematical Optimization 


Definition 1: Global and local minima 
1) A global minimal point x* € X is characterized by 

f(x*)<f(x) V xeX. (15.62) 
2) A local minimal point x* € X is characterized by 

f(x*)<f(x) V xexNU,(x*), (15.66) 


where U_(x*) denotes the ¢-neighbourhood of point x*. 


Definition 2: Conditions for a minimum of an unconstrained problem 


1) Necessary condition 


of of of 


ox’ supe) =O (15.7) 





Vi(x*) = ( 
2) Sufficient condition 
If (15.7) is fulfilled, and if the HESSIAN matrix 


2 
H* := H(x*) = see eg (158) 





is strictly positive definite, then x* is a local minimum of f(x). 


Definition 3: Conditions for a minimum of a constrained problem 


Determination of optimality conditions by means of the LAGRANGE func- 
tion 


q P 
L(x,@,B) = £(x) + Da;h,(x) + 2.6; () (159) 
1= J= 


with the LAGRANGEAN multipliers a; ,f; . 


1) Necessary conditions for a local minimum x* to the problem (15.4) 


KUHN-TUCKER conditions [ D.26 | : 


VL(x*) = Vf(x*) + Satvh,(x*) + > BV 8 (x*) =0 (1510a) 
i=l j=l 
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xy 
Fig. 15.3: Geometrical interpretation of the KUHN-TUCKER-conditions 
for a problem with three inequality constraints 


and 
h(x*)=0 (i=1,...,q) , (15.10b) 
g(x*) <0 (j=1,...,p) , (15.10c) 
Be >0 =i. ph x (15.10d) 


For each value of j (j =1,...,p) it holds that 6* = 0 if gj(x*) < 0 and 
that be > 0 if g;(x*) = 0. The values of the LAGRANGIAN multipliers 
a* associated with the equality constraints (15.10b) may both be positive 
and negative (or zero). 


2) Sufficient conditions 


For a convex problem, the KUHN-TUCKER conditions are also sufficient. 
A geometrical interpretation for a problem with three inequality con- 
straints (and no equality constraints) is illustrated in Fig. 15.3. For this 
problem, the following equations must be valid for points A and B accor- 
ding to (15.10) in order to be minimum points: 


a) Point A: —Vf(xX) = BY Vg,( xk) + BS Ve,(xX) - (15.110) 


The negative gradient of the objective function does not lie within the sub- 
set defined by the gradients of the constraint functions, ie. (15.10d) is vio- 
lated by either B¥ or 6% . xX is not a minimum point as the function va- 
lue f(x*) can be reduced in the feasible set. 


b) Point B: - V£(xt) = B* Vg,(xt) + BY Ve,(x%) - (15.11) 


The considered point x} is a local minimum point with all KUHN- 
TUCKER conditions satisfied. Note that for point B there is no direction 
in the feasible set in which the function value f(x*) can be reduced. 
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15.6 Treatment of a Structural Optimization Problem (SOP) 


An optimization problem can generally be treated by proceeding in accor- 
dance with the Three-Columns-Concept [D.12] combined in a so-called op- 
timization loop (Fig. 15.4). This concept is based on the fundamental con- 
cepts presented in 15.1 and 15.2, and will be described briefly in the follow- 


ing. 
Column 1: Structural Model - Structural Analysis 


One of the most important assumptions within an optimization process 
consists in transferring a real-life model into a structural model. Thus, any 
structural optimization problem is based on a mathematical description of 
the physical behaviour of a structure. In the case of mechanical systems, 
these are typical structural responses to static and dynamic loads like de- 
formations, stresses, eigenfrequencies, buckling loads, etc. The state vari- 
ables required for the formulation of objective functions and constraints are 
computed in the structural model by means of efficient analysis procedures 
like Finite-Element-Methods, Transfer Matrices Methods, etc. In order to 
achieve a wide range of application for an optimization procedure, various 
structural analysis methods, e.g. hybrid methods, should be available. 


Column 2: Optimization Algorithm 


Mathematical programming procedures are predominantly applied for the 
solution of nonlinear, constrained optimization problems (NLOP). These al- 
gorithms are based on iteration procedures which, proceeding from an initi- 
al design x,, generally yield an improved design variable vector x, after 
each iteration cycle k. The optimization calculation is terminated when a 
predefined convergence criterion becomes satisfied during an iteration (for 
more details see Chapter 16). Numerous studies have shown that the choice 
of the most appropriate optimization algorithm is problem-dependent, a fact 
that is of particular importance in terms of a reliable optimization flow 
and high efficiency (camputational time, rate of convergence). 


Column 3: Optimization Model 


From an engineering point of view, the optimization model constitutes a 
bridge between the structural model and the optimization algorithms, and 
is a very considerable column within the optimization process. First, the 
analysis variables are chosen from the structural parameters as those 
quantities that are varied during the optimization process. The design mo- 
del to be determined describes the mathematical relation between the ana- 
lysis variables and the design variables. By additionally transforming the 
design variables into transformation variables, the optimization problem is 
adapted to the special requirements of the optimization algorithm in order 
to increase efficiency and convergence of the optimization calculation. The 
evaluation model determines the values of the objective functions and con- 
straints from the values of the state variables. The sensitivity analysis 
modules compute the sensitivities of the objective functions and the con- 
straints with respect to small changes of the design variables; all this in- 
formation is transferred to the optimization algorithm or to the decision 
maker, respectively, for judging the design. 
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\ decision | data 









structural 
parameters 










structural model 
structural analysis 
u=u(y) 






optimization 
algorithm 





Fig. 15.4: Structure of an optimization loop 


The accommodation of the modules for the sensitivity analysis (see Chap- 
ter 17) and further important modules for optimization strategies (see Chap- 
ter 18) like Multicriteria Optimization, Shape and Topology Optimization, 
Multilevel Optimization, etc. within the optimization model, will be men- 
tioned in Section 18.3. 


16 Algorithms of Mathematical Programming (MP) 


In the following, solution algorithms for optimization problems cast in the 
standard MP form (15.4) will be considered. One distinguishes between 
optimization algorithms of zeroth, first and second order depending whe- 
ther the solution algorithm only requires the function values, or also the 
first and second derivatives of the functions. It will be assumed in this 
Chapter that in general the functions f, h;, g; in (15.4) are continuous and 
at least twice continuously differentiable. 


The majority of solution algorithms is of an iterative character, ie. starting 
from an initial vector x, one obtains improved vectors x,,x,,.-., by suc- 
cessive application of the algorithm. Iterative solution procedures are neces- 
sary since practical problems of structural optimization are generally highly 
nonlinear. 


16.1 Problems without constraints 


(a) Methods of one-dimensional minimization steps 
Iteration rule: 
X41 = & + 8; (i =1,2,3,...) (16.1 a) 


with arbitrary search directions s, in the design space and an optimal step 
length a, for the i-th iteration step (Fig. 16.1). 
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P,(a) f(a) 


[fi =f(a,) 


if, = f (a5) 





xy a, a, a Qa; Q, Qa 
Fig. 16.1: One-dimensional mini- Fig. 16.2: Approximation of f(a) by 
mization step along a means of a quadratic poly- 
straight line nomium P,(a@) 


In case of a variable step length a 
x(a)=x, + a58,, (16.1) 


a straight line occurs in the design space, and we have the following form 
of the objective function: 


f[x(a)] = f(x, tas) =f(a) , (16.2) 


where that value a, of a is to be determined which minimizes f in a given 
direction s,. This implies a reduction of the problem to a series of one-di- 
mensional minimization problems where the result depends on the choice 
of the search direction s, ( Line-Search-Method). 


The following procedures can be applied for determining minimal points 
[D.10 , D.21, D.22, D.24, D.40]. 


- Quadratic polynomia (LAGRANGEAN interpolation ) P, (a) (Fig. 16.2), 
- Cubic polynomia (HERMITE interpolation ) P,(@), 

- Regula falsi , 

- Interval reduction by means of FIBONACCI-search [ D.25]. 

By applying mathematical optimization methods, it is intended that @ 
yields a good approximation of f in the neighbourhood of the point of mi- 


nimum a, (Fig. 16.2). Different convergence criteria can be used, for in- 
stance: 


ay<{ oer? (16.8a) 
ays a 
f(@- «) 
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or 
P,(a) -£(@ 
[P,(@) — £(2)| <e with a limit of accuracye + 0.01. (16.36) 
|P,(&)| 


(b) First POWELL method of conjugate directions — method of Oth order 


In order to calculate an iteration point x,,,, information on the previous 
points x, ,...,x; is used. For this purpose, we need the notion of conjugate 
directions. The vectors 8; and s, are called conjugate if they satisfy the 
condition [D.37] 


s;Hs,=0 (j#k), (164) 


where H is the HESSIAN matrix (158). In POWELL’s method, H in (16.4) 
is replaced by an approximation matrix A, and vectors that fulfill this 
condition are called A-conjugate. 


In case of a quadratic function, the conjugate direction s, belonging to an 
arbitrary tangent 5; always leads to the centre of a family of ellipses. 


Solution strategy: 


Proceeding from an initial point x,, n one-dimensional minimization itera- 
tions (steps) are carried out along n linearly independent search directions 
S)1---18,, &g. along the n unit vectors e),...,e, of the coordinate axes in 
the design space, i.e. 


Miu =X +a;8 (i=0,1,2,...,n). (16.1c) 


X 





x) 


Fig. 16.3: Application of the First POWELL method of conjugate directions 
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The search cycle is considered by the (n + 1)-th one-dimensional minimi- 
zation step in the direction of 


Baar = M41 7 Xn-1 > (16.1d) 


which leads to point x, 42: For the following search cycle, s, is eliminated, 
the index of the remaining directions 8,,...,8,4; is decreased by one, and 
the described procedure is then applied to all subsequent search directions 
(Fig. 16.3). 


In many cases the convergence behaviour of this procedure is insufficient 
due to generation of almost linearly dependent search directions. Certain 
modifications, however, lead to improvements [ D.18, D.38]. 

(c) Gradient method of steepest descent — method of 1st order 


By this method we choose the search vector s, in the direction of the 
steepest descent of f(x) at the point x,, i.e. in the negative gradient direc- 
tion (Fig. 16.4): 

s, = -Vf(x,). (16.5) 


By means of (16.5) we determine the optimum point along this direction, 
using the iteration rule 


Xy = % + 9,8 =x, -a,VE(x) (1 =1,2,3...) , (166) 
where the optimal step length a, can be calculated by one of the methods 
described under (a). 

(d) FLETCHER-REEVES-Method of conjugate gradients [ D.19 , D.23] - 


method of 1st order 


The first one-dimensional minimization step is carried out in the direction 
of the steepest descent according to (16.5) 


s, = -Vf(x,). 
and we thus reach point x, (Fig. 16.5). 


tangential 









~ V£(%.1) 


Fig. 16.4: Minimization step in the 
direction of the steepest 
descent 
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VE(x2)° 
f=const Fig16.5: FLETCHER-REEVES- 
Method of conjugate 
xy gradients 





Proceeding from this point, modified search directions are generated : 


V£(x41)? 

s..,=—-Vf(x, Wot . (i=1,2,3...). 16.7 
itd (%41) IV f(x)? s, ( ) (16.7) 
(e) Special Quasi-NEWTON procedure SQNP - method of 2nd order 

In this method, the search direction s, of the k-th iteration is defined as 


5, = -H,Vf(x,) , (168) 


where the matrix H, (which is not the HESSIAN) is calculated by means 
of variable metrics according to DAVIDON, FLETCHER, POWELL ( DFP) 
[ D.11]: 
5-1 Sf. (A Ye) Aa Yea)” 

18-1 -1¥k-1 -1 (1692) 





H, = H._, + At 
: ee Yi Yi 
Yea = VE(x,) - VECq), (16.96) 


Az, step length along the search direction s, ,. 


16.2 Problems with constraints 
16.2.1 Reduction to unconstrained problems 
(a) General remarks on penalty functions 


These methods have originally been developed by FIACCO and McCOR- 
MICK who chose the name SUMT (Sequential Unconstrained Minimization 
Techniques ) [ D.17]. 
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The optimization problem (154) contains p inequality constraints g(x) <0 


—— Formulation of a modified objective function for each iteration: 
P 
®.(x,R,) = f(x) + R, >, G[gj(x)] (i=1,2,3,...) (16.10) 
I= 


with a penalty function G[g,(x)] and the penalty parameters R;. 


Irrespective of explicit constraints, minimization is then carried out by 
means of the previously described methods for unconstrained problems. 


Function G is chosen in such a way that during minimization for a series 
of values for R; the solution converges towards that of the original problem 
with constraints. 


(b) Frequently applied methods 
- Method of exterior penalty functions 
Penalty objective function in (16.10): 
G[g;(x)] = (max[0,¢,(x)]) 
Modified objective function 
$,(x,R,) = f(x) + R; > ( max[0,¢,(x)]) (i=1,2,3,...). (16.11b) 
j=l 


2 
; (16.11) 


: rare : ‘ -3 
%, is to be minimized for a set of increasing values of R,; (eg. R, = 10 , 
-2 -1 
R, = 10 “,R, = 10 ,...). 
Owing to the inequality constraints g(x) <0 (j =1,2,3,...) in (1611a) 
we obtain: 


G[g;(x)] =0 in the feasible domain , 
G[g;(x)] = g(x) >0 in the infeasible domain . 


Functions f and © are identical in the feasible domain, whereas f is pena- 
lized in the infeasible domain by a summation of the non-negative terms 
(16.11b). 


— Method of interior penalty functions or barrier functions 
Penalty function in (16.10) : 


6[g(0)]= - Ey 5 (16.122) 
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® » 
g,(x) < 0 (j= 1,2) 





Fig. 16.6: Method of a) exterior penalty functions 
b) interior penalty functions 
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Modified objective function 
P 
1 : 
$.(x,R,) = f(x) -R, =1,2,3,...). 16.12b 
(OR) =f00-R Datey ). (16.18) 


#, is to be minimized for a set of decreasing values of R; (eg. Ry = 10°, 
R, = 10, R, = 10° etc.). 


In this case, the objective function f is penalized in the feasible domain by 
summation of the positive terms. 


For details on further procedures refer to [ D.24] : 


16.2.2 General nonlinear problems — direct methods 


In the past, a substantial number of direct algorithms of Mathematical 
Programming (MP-algorithms ) have been developed for the solution of ge- 
neral, nonlinear optimization problems. When applied to problems of com- 
ponent optimization, these algorithms must be able to reduce the number 
of optimization steps during optimization since often extensive structural 
analyses have to be carried out at each iteration. In addition, a sufficiently 
good convergence behaviour as well as reliability and robustness must be 
demanded of these procedures. These characteristics largely depend on the 
degree of nonlinearity of the posed problem. 


In the following, two frequently used procedures shall be briefly described 
as typical algorithms: 


(a) Sequential Linearization Procedure SLP 


The efficiency of linear methods can also be utilized for nonlinear design 
problems by successively solving linear substitute problems in the form of a 
so-called sequential linearization | D.20, D.35, D.38]. 


By introducing upper and lower bounds (hypercube, move limits) for all 
design variables, GRIFFITH and STEWARD have augmented the range of 
application to problems where the solutions are not at the intersection of 
constraints but, more general, on a curved hypersurface [D.20]. The objec- 
tive function and constraints of the nonlinear, scalar initial problem (15.4) 
are expanded in a TAYLOR-series in the vicinity of a point x* . By main- 
taining the linear terms only we obtain 


f(x*+ Ax) = f(x) +Vf(x")Ax, (16.184) 


hy(x* + Ax) & h(x") +Vh,(x")Ax (i =1,2,...,q), (16.136) 


k : 
g(x + Ax) & g(x") + Vg,(x*) Ax (j =1,2,...,p). (16.18c) 
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In addition, the design space of the linearized problem is bounded by a hy- 
percube according to Fig. 16.7 
. <x <x 


k k . 
Xi — t+ — iy ( 1 


=1,2,...,n), (16.14) 


since the TAYLOR-expansion is only valid for small Ax. Here, it is conve- 
nient to use superscripts k for the approximation steps, whereas the sub- 
scripts i denote the number of design variables, and u or / the upper and 
lower bounds, respectively. 


nonlinear 
initial problem 


1. approximation 


2. approximation 


3. approximation 





73 x 
xy Xy I 


Fig. 16.7: Optimization flow of SLP in the two-dimensional case 
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The linearized problem according to (16.18) is solved by means of the 
SIMPLEX-procedure by DANTZIG [D.20]. Since for that purpose all vari- 
ables have to be larger than zero, a linear transformation of variables has 
to be carried out: 


= Ax, + (2 - x) t:=1223- 551s (16.15) 
The linearized problem then reads: 


Min | e"y} = e"y* with c= Vi(x*), (16.16) 


together with the linearized constraints h;(y) and g; (y), and the hyper- 
cube according to (16.14). 


The solution y* of the linearized problem yields an improved x*+! for the 
nonlinear problem. The hypercube is reduced by means of correction rules, 
thus the side length of the hypercube decreases during the optimization. 
Fig. 16.7 illustrates how SLP works in the two-dimensional case. It becomes 
obvious that the optimization flow strongly depends on the choice of the 
initial hypercube. 


(b) Augmented LAGRANGE -Function Procedure LPNLP 


Equality and inequality constraints are included in an augmented 
LAGRANGE-function. The unconstrained problem is then solved by means 
of search techniques [D.36]. 


PIERRE and LOWE have developed the optimization procedure LPNLP 
(LAGRANGE Penalty Method for Non-Linear Problems). Using the 
LAGRANGE - function (see (159)) directly as an objective function has 
certain immanent disadvantages as the KUHN-TUCKER-conditions are not 
necessarily sufficient. Even if VL(x*,a*,§*) = 0 is valid, V7 L* may not 
be positive definite. Therefore, the LAGRANGE-function defined in (15.9) 
is augmented by penalty-terms with the special weighting factors w, (i = 
1,24) 

L,(x,a,f,w) = L(x,a,f) + w,P, + w,P, + w;P, (16.17) 
with 


2 Zz 
= 2 [h;(>)] 
P,= > [g(x]? , C= {i]6,> 0}, 
jec, 
P 


so D[e(x))" . G, = {i]4,>0 and g; > 0}. 


The optimization problem is then solved sequentially by unconstrained op- 
timization and correction steps. For further details refer to [D.36]. Fig. 16.8. 
illustrates the flow-chart of the LPNLP-procedure. 
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Fig. 16.8: Flow-chart of the LPNLP- 
procedure 


(c) Further algorithms 


In the following, some of the algorithms currently applied in structural op- 
timization shall be briefly introduced. 


e Sequential Quadratic Programming (SQP) [D.38]} 


Based upon the LAGRANGE-function, this method utilizes the sequential 
linearization and quadratic approximation of a nonlinear problem by 
means of the BFGS (BROYDEN, FLETCHER, GOLDFARB, SHANNO)-for- 
mula [D.21] of the HESSIAN-matrix. The quadratic subproblem is then sol- 
ved in order to generate a search direction; for the one-dimensional search, 
the optimal step length is determined by a penalty function and a quadra- 
tic interpolation. 


© Method of Generalized Reduced Gradients (GRG) [D.1] 


A subset of the design variables is eliminated from the objective function 
by means of active constraints. The "reduced gradient” is then calculated 
in order to generate a search direction. The optimal step length is found 
by employing the Quasi-_NEWTON- Algorithm. 


e Hybrid procedure consisting of SQP- and GRG-methods (QPRLT) 
[D.1, D.35] 


In a first step, a search direction is determined by means of the SQP-algo- 
rithm; then, the optimal step length is calculated by the GRG-algorithm. 
Thus, the advantages of SQP and GRG are combined in one single algo- 
rithm. 
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¢ Method of Moving Asymptotes (MMA) [ D.45] 


Here, a sequential, convex aproximation of the nonlinear problem is carried 
out. First, the problem is transformed into a dual problem with specific 
characteristics (separable, convex problem) and is then solved by means of 
a conventional gradient algorithm or by a NEWTON-algorithm. This solu- 
tion point serves as the starting point for the subsequent approximation. 


A compilation of direct MP-algorithms for the solution of general, nonline- 
ar optimization problems can be found in numerous books, among others 
[ D.24, D.33, D.39, D.40, D.46]. 


17 Sensitivity analysis of structures 
17.1 Purpose of sensitivity analysis 


The objective of design sensitivity analysis is to calculate gradients of the 
structural responses and cost functions with respect to small changes of the 
design variables. The determination of the gradients of the objective func- 
tion and the constraints is a highly important step in the optimization pro- 
cess (see Fig. 15.4), since these gradients are not only a prerequisite for the 
majority of optimization algorithms (see Chapter 16), but they also provide 
important information on the structural sensitivity when changing arbitrary 
structural parameters. The choice of an appropriate method of sensitivity 
analysis strongly influences the numerical efficiency and thus has impact 
on the entire course of the optimization. For this reason, the treatment of 
the fundamentals of structural optimization shall be dealt with separately 
with some remarks on frequently applied techniques for determination of 
gradients. 


A complete overview of sensitivity methods in structural optimization is 
given in [D.2,D.21,D.22]. In addition to simple numerical finite difference 
procedures, analytical or semi-analytical methods and formulations derived 
from the variational principle, are increasingly applied. 


Proceeding from an m-dimensional vector function y (eg. vector of objec- 
tive function and constraints ) 


vy = y[x,u(x)] (17.1) 


with x¢€R" design variable vector , 


ucR"™" vector of state quantities , 
we obtain the total differential of (17.1) as: 


og oy ( ey oy ou 
d ; = — -/[—= a es 
g(x, u(x)] F dx + ae du caf Sa oe dx (172) 
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——> dy[x,u(x)]=Adx , (17.80) 


where A = [Ag ]mnocn is called the sensitivity matriz. The following as- 


sumptions are made: 





29 _ 24] ;=# (4 ; =[ | (173) 
ox OX; Jmxn) OU at, dean” 2% OX; taycn , 


In the sequel, different ways of determining A will be introduced. 


17.2 Overall Finite Difference (OFD) sensitivity analysis 


The Overall Finite Difference (OFD) - approach implies that the entries in 
the sensitivity matrices are approximated by simple finite difference quo- 
tients : 

a ~ il RUC) - BPG] G=1,--.m) (174) 

N Ax; (j =1,...,n ) 
with 

xX, = (Xp --- 9%} + Ax;,---)%,) . 

Ax; perturbation of the j-th design variable . 


The OFD-method is very easily implemented, and is completely indepen- 
dent of the structural model. The method is also applicable for tasks 
beyond the field of optimization. However, the OFD-analysis has the im- 
manent disadvantage that for n design variables, n + 1 complete structural 
analyses of the total structural response are required, a fact that leads to 
very extensive computation times in case of larger optimization problems. 
In addition, the occurrence of round-off errors does not allow the relative 
perturbation « = Ax;/x; to be chosen arbitrarily small. Based on expe- 


rience, values of « = 107° to 10°? are suitable. 


17.3. Analytical and semi-analytical sensitivity analyses 


In order to reduce the extensive computational effort, analytical or semi- 
analytical methods are increasingly employed for gradient calculation 
[D.2,D.15, D.21,D.22, D.30,D.31}. These procedures are closely linked with 
the applied structural analysis procedure, and their realization thus renders 
manipulations in the source code necessary. These methods have originally 
been developed for the FE-methods, but they can be generalized to all 
other structural analysis procedures which transform the differential equa- 
tions of the considered mechanical system into a set of algebraic equations 
(transfer matrix methods, difference procedures, analytical solution me- 
thods according to RAYLEIGH/ RITZ, etc.). Here, our considerations will 
be limited to those linear systems that have a system matrix equation of 
the form: 
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Fu=r (175) 
with F = F(x) global system matrix , 

u =u (x) vector of state quantities , 

r=r (x) load vector . 


The solution of (17.5) for the state vector u subjected to a given load vector 
r, is normally carried out by GAUSSIAN elimination performed as a two- 
phase process of factorization of the system matrix F which does not re- 
quire simultaneous modification of r, and thus makes it possible to solve 
(175) for additional load cases, i.e. several right-hand sides, without much 
additional computational effort. 


By implicit differentiation of (17.5) with respect to any of the design vari- 
ables x; (j = 1,...,n), rearrangement of terms, and multiplying the equa- 
tion by oy/du, one can replace the derivatives of the state quantities in 
(172) by the following expression: 


° = 
yg ou 20m a or oF u) (176) 
ou oxX, ou ox, ox; 
j j J 
—_S 
P; 


where p, is the so-called pseudo load vector associated with the design va- 
riable X;- 


With r known and u obtained by solution of (175), computation of the 
pseudo load vectors p, (j = 1,...,n) in (176) only requires that the de- 
sign sensitivities or/ox, and oF / ox; of the load and the system matrix 
are known. Note here that the former sensitivities vanish if the load is de- 
sign independent. 


If in (176) the design sensitivities of the global system matrix oF / ox; are 
determined analytically before their numerical evaluation, the approach is 
called the method of analytical sensitivity analysis, and if they are deter- 
mined by numerical differentiation, cf. (174), the label semi-analytical 
sensitivity analysis is used. While the analytical method is expedient for 
problems with cross-sectional design variables (see Section 15.3), it is usu- 
ally a formidable task to implement the method when shape design vari- 
ables (see Sections 15.3 and 18.2) are encountered. Thus, a large amount of 
analytical work and programming may be required in order to develop 
analytical expressions for derivatives of, for instance, various finite element 
stiffness matrices with respect to a large number of possible shape parame- 
ters. For problems involving shape design variables, it is much more attrac- 
tive to apply the semi-analytical method because it is easier to implement 
as it treats different types of finite elements and design variables in a uni- 
fied way. 
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Eq. (17.6) can be treated in two different ways: 
(a) Direct method (Design Space Method) 


First, we computate the pseudo load vector P; associated with each x; as 
described above, and then determine from 


F— = (177) 


Ox; 





3 ax 7 
X; x 





ou = (== oF ) p, 


the corresponding gradients of the state quantities ou/ox,. Since the form 
of (17.7) is analogous to that of (175), each of these gradients (j = 
1,...,n)} can be solved from (17.7) using the same factorization of the glo- 
bal system matrix F as was used when solving (17.5) for the vector u. 
Thus, (17.7) has to be solved for n right-hand sides Pp; for each load case r 
in (175). 


Finally, the gradients og/du and og/ex are calculated in order to esta- 
blish the total differential according to (17.2). 


(b) Auziliary variable method (State Space Method) 


Here, we introduce an auxiliary variable vector A;, the transpose of which 
we define as the following product according to (17.6): 


x = fir (i=1,...,m). (178a) 
This yields the equation system 
Ty _ (.2%;\T 
F"), = (+) . (178b) 


for 2; that is to be solved for the m right-hand sides Ee (i =1, 
--»m). 


Generally, analytical and semi-analytical methods of sensitivity analysis 
are able to reduce the computational time to a fraction of that necessary 
for the OFD-approach (Section 17.2). This is mainly due to the fact that 
the system matrix of the former methods has to be factorized or inverted 
only once for a sensitivity analysis. 


Depending on the number of equation systems to be solved in (17.7) and 
(17.8b), the direct method is preferred in those cases where fewer design 
variables than constraints are defined in the optimization model, whereas 
the auxiliary variable method should be applied to problems with a prevai- 
ling number of design variables. 


Although the sensitivity methods described above primarily focus on gra- 
dient calculation for structures subjected to static loading, the methodology 
can be extended to other problems in a straight-forward manner. 
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18 Optimization strategies 


In order to treat different types of optimization tasks like shape and topo- 
logy optimization problems as well as multicriteria or multilevel optimiza- 
tion tasks, specific optimization strategies have to be integrated into the 
optimization loop according to Fig. 15.4. These strategies are sub-parts of 
optimization modeling, and they transfer arbitrary optimization problems 
into so-called substitute problems by way of transformation or decomposi- 
tion so that the given tasks can be solved by usual scalarized parameter 
optimization procedures. In the following, two of these strategies will be 
briefly treated, namely 


— vector, multicriteria or multiobjective optimization, and 
— shape optimization, 


where a transformation into parameter optimization problems for both 
strategies is carried out. 


18.1 Vector, multiobjective or multicriteria optimization — 
PARETO-optimality [D.14, D.34, D.43 , D.44} 


In contrast to problems where a single criterion governs, for multicriteria 
optimization the optimal design reflects simultaneous minimization on two 
or more criteria. The labels vector optimization or multiobjective optimi- 
zation are also used for such problems. Problems of this kind are of parti- 
cular relevance to practice where, in general, several structural response 
modes and failure criteria must be taken into account in the design process. 


Ordinarily in vector optimization there exists a trade-off among criteria, 
ie. a change in design may result in improvement according to one or mo- 
re criteria, but only at the expense of a worsening as measured by others. 
One alternative is to apply the concept of PARETO-optimality (see Def. 1 
below) according to which a given multicriteria optimization problem may 
have anything from one to an infinity of PARETO - solutions. It is then up 
to the designer to identify the optimal design within this set. This step re- 
quires the application by the designer of judgment or some other basis of 
choice. 


This state of affairs reflects the fact that it is only possible to obtain a 
unique optimal design if a single, scalar objective function f(x) is encoun- 
tered in the optimization problem, cf. (15.4). This fact, however, suggests 
another option that is available for the treatment of a multicriteria optimi- 
zation problem, namely to interpret it into a form with a single, scalar ob- 
jective function. As it is shown in Section 18.2, several options exist for 
scalarization of multicriteria optimization problems. 


The form of a Vector Optimization Problem (VOP) is in analogy with 


(154) 
»Min“ {¢(x)|h(x)=0 , g(x) <o} , (1814) 
XeR"™ 
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where f(x) is a so-called vector objective function of the design variables 


f,(x) 

f ( x) = i 7 ( 18.1b ) 
fmn( *) 

Problems with multiple objective functions are characterized by the occu- 

rence of an objective conflict, ie. none of the possible solutions allows for 

simultaneous optimal fulfillment of all objectives (denoted by ”Min” in 


(1812) ). 


Definition 1: Functional-efficiency or PARETO-optimality [D.34, D.43] 


A vector x* € X is then - and only then — termed PARETO-optimal or 
functional-efficient or p-efficient for the VOP (181) if no vector x € X 
exists for which 


f(x) < f[(*) for all je {1,...,.m} 
(182) 
stir: 


and f(x) < f,(>*) for at least one je {1,.. 


Fig. 18.1 depicts, as an example, a projection from the two-dimensional de- 
sign space X into the objective function or criteria space Y. The PARE- 
TO-optimal solutions then lie on the sections of the arc AB(oX* = 
0 Y*). The designer may now choose one of these solutions depending on 
how he or she, from practical considerations, assesses the relative merits of 
the two objective functions. 


Design space Criteria space 
*2 f, = const 





Fig. 18.1: Mapping of a feasible design space into the criteria space 
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Definition 2: Substitute problem and preference function — Scalarization 
of multicriteria optimization problems 


Nonlinear multicriteria, vector, or multiobjective optimization problems can 
be scalarized, ie. reduced to usual optimization problems with a single, 
scalar objective function by formulating a substitute problem [D.6,D.14, 
D.32,D.44]. 


The problem 
Min p[f(x)] (18.3) 
xeR"™ 


is called a scalarized substitute problem for a multicriteria optimization 
problem if there exists a ® € X such that 


f(X)] = Min _p|f(x 
pl f(%)] = in, pf #()] 
Here, p is called the preference function or scalarized objective function. 


Preference functions: 


- Sum of weighted objectives 
p[f(x)]:= > [wf (x)] , xe R" (1850) 
j= 


with weighting factors chosen by the designer 


m 


O0¢wj<s1 , Dw,=1. (18.5b) 
j=1 





f, 





Fig. 182: Preference function a) Trade-off-formulation 
b) Min-max-formulation 
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— Sum of distance functions 
m 
p[ f(x)] := (Dd 1660-9)" , xeR" (186) 
j= 


with the vector y designating given goal values or demand levels for crite- 
tia § (j = 1,...,m). Here, the values of the components of y and the ex- 
ponent r(1 < r < 00) are at the choice of the designer. 


— Constraint-oriented transformation (Trade-off method) 
P[f(x)J=f(x) , §(x)<S¥, . j=2,...m , xeR" (187) 


with f,(x) as the principal or main objective, and f,,...,f,, as secondary 
or sides objectives (constraints). y; denotes the corresponding respondence 
levels which are chosen by the designer. 


— Min-Maz-formulation 
p[ f(x)]:= Max[ z,(x)] , xeR" (18.8) 
j 


with = 2,(x) = Alot 


fj 


» £>0 , j=H1,....m , 


where f, denote values specified separately by the designer for each objec- 
tive function. For further details refer to [D.14, D.32]. 


Extended Min-Maz by weighted objectives: 
p[ f(x)] := Max [ w;: f,(x)] , xeER" (18.9) 
ij 
with weighting factors analogously to (18.5b) . 


Note that the full formulation of the Min-Max problem with weighted ob- 
jectives is (substitute (18.9) into (18.3)): 


ae (Max [ w,-§()]) : (18.10) 


This Min-Max problem can be given as the equivalent Bound Formulation 
[D6 ,D.30, D.31] 


Min 6 subject to —w; f(x) <6. (18.11) 
6,xeR™ 


Here, @ is an additional, scalar parameter termed the bound variable 
which executes the task (18.10). Thus, § constitutes a variable upper bound 
on each of the weighted objectives (now transformed into constraints) 
while at the same time subject to minimization since adopted as the objec- 
tive function of the scalarized optimization problem (18.11) . 
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In fact, the full set of PARETO-solutions, cf. Section 18.1, can be generated 
by application of the preference functions covering an appropriate range of 
values for the weighting factors w,. Thus, the designer’s choice of values 
for w; is related to the application of judgment in a PARETO-approach. 


18.2 Shape optimization 


The term shape optimization denotes the optimal shaping of components 
by simultaneously considering given requirements. In order to achieve this 
goal, functions have to be determined which describe the shape to be opti- 
mized (shape functions). Hence, in general, shape optimization problems 
lead to the formulation of objective functionals F, and similarly, general 
constraint operators G have to be considered. As the shape is continuously 
varied during the optimization, the respective model (eg. partitioning into 
structure or shell elements) must be adapted accordingly, and this often 
requires re-discretization. 


(a) Indirect methods [D.4,D.5,D.7,D.9,D.21, D.22,D.27,D.28, A.3] 
The above methods incorporate two steps: 


1) Derivation of optimality conditions as necessary conditions for the 
optimal design, 

2) Fulfilment of the optimality conditions by means of suitable solution 
procedures. 


The curvilinear coordinates €* define the area A of a load-bearing structu- 
re with the boundary I. The optimal shape function R with the compo- 
nents Ri (j = 1,2,3) shall be determined. The derivatives oR//a£* are 
abbreviated as Rj, . In addition, EINSTEIN’s summation convention (see 
Section 2.2) will be used. 


The following considerations will be limited to such shape optimization 
problems for which both the optimization objective and the constraints can 
be expressed in the form of integrals [A.3,A.6,D.5]: 


MinF = Min f f(é*,R),R’,)dA = (j = 1,2,3), (18.12) 
A 
where 
JR(E,RR,)dA =0 (k=1,...,m), (18.12b) 
A 
J&(@,R.R))dA <0 (1=1,...,r) (18.12c) 
A 


are assumed to be given. 


In order to derive the necessary conditions for the present problem, the in- 
equality operators (1812c) are first transformed into equality operators, 
using slack variables 7,: 
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Ji (GURL), )aa + ne=0 (1=1,...,r). (18.13) 


Using the LAGRANGEAN multipliers , ,d, and the abbreviation 
= (€,R,R.) + >4(6,R), RL) + 
1 


(18.14) 
+ >A £(e.RR.). 
=1 
we obtain the LAGRANGE - functional as 
: . r 
I= fo(€,R RA AAA + DAM - (18.14b) 
A l=1 


The EULER equations for the variational problem 
Min 1(€°,R),R) A, Am) (1815) 
will now be very briefly set up and solved. 


Owing to the demand ue the first variation 6I has to vanish (61 = 0) for 
arbitrary variations of RI , we obtain the following partial differential equa- 
tion including boundary conditions when considering the GAUSSIAN rule of 
integration and component-wise application of the fundamental lemma of 
variational calculus: 
Saat) =0, joe 2? sriar=o , (18.16) 
aR’ ee aR’, 


where n° are the components of the normal unit vector on the boundary I. 


61 = 0 recovers the constraints (1812b) and (1813) for arbitrary admissible 
variation of 4, and 4,, and variation of 7, yields 


24m =0 (l=1,...,r) . (18.17) 


By separating (1813) by means of (1817) into the cases of active (7, = 0, 
A, # 0) and non-active (n, # 0,, = 0) inequality operators, the 7, can be 
eliminated as follows: 


» [fi(@ BR), dA <0 (l=1,...,r). (18.18) 
A 


With EULER equations according to (1816), the relations (1818), and the 
equality constraints (1812b), all required equations are available for deter- 
mining the unknown quantities R!, \,, and 4, for the present problem. 


(b) Direct methods [{D.16,D.47,D.48] 


In the direct methods the shape optimization problems are transformed in- 
to parameter optimization problems which are then treated by means of 
MP-algorithms according to Fig. 8.6. 
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One determines an optimal shape function R* for which the objective func- 
tional F attains a minimum 
inF(R : 
hi (R) —— F(R*) (1819) 
with I, denoting the set of all shape functions. 


The feasible variational domain is defined by the constraint operators 
H, ,G.: 
i? vy 


H,.R=9, (i=1,...,4), (1820) 
GR< x; (j =1,...,p) . 


The unknown functions R are approximated by suitable functions R, so- 
called shape approximation functions. 


In recent years, the progress of CAD-techniques in the design and con- 
struction departments has substantially increased the importance of ge- 
ometrical modeling also in application to structural optimization. Basical- 
ly, geometrical modeling deals with computer-based design and manipula- 
tion of geometrical shapes [ D.8, D.30]. 


The choice of suitable approximation functions for optimal geometries is 
problem-dependent. The chosen function is to approximate the course to be 
followed as precisely as possible, a demand that leads to a large amount of 
shape parameters and thus to increased computational effort. A reduction 
of this effort can be achieved by decreasing the number of parameters, 
which, however, requires some a-priori knowledge and experience concer- 
ning the choice of a given type of approximation. If this information does 
not exist, optimization should proceed with simple approximations to be re- 
fined with increasing level of knowledge. 


In the following, we will introduce some of the most important approxima- 
tion functions for geometric modeling of shapes of components : 


1) Shape functions depending on a single variable 


This type of approximation function is chosen if the shape optimization 
can be reduced to optimization of curves R that only depend on one coor- 
dinate €, ie. curves that can be described by either a continuous function 
R or by the sum of single continuous functions within the defined domain. 


A general polynomial function describes the dependence of a shape func- 
tion R? on the local coordinate € in the following form: 


Ri(é,x)=x,4+y64+%,04+...4%,6"" . (18.21) 


Monotonically increasing or decreasing functions can be suitably approxi- 
mated by polynomia. However, for n > 3 very undesirable, strong oscillatory 
behaviour generally occurs. In addition, a precise representation of particu- 
larly interesting boundaries, edges, or transitions is often not possible. 
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CHEBYCHEV-functions are polynomia with special properties [A.3]: 
RY(€,x) = x, T(E) + T(E) + x T(E) 5 (18.22) 


where T; (i = 0, .... n - 1) describe the CHEBYCHEV-polynomia from the 
0-th to the (n — 1)}th degree. The T,-polynomia depending on € are calcu- 
lated as follows for the range of £, < € < €,: 

é a & = 
& I & 
Ty = 2T,- Ty. - Ty 





T=1, 1,=2 £4 TSR 6 Dea, 5. ae 


-2 


Besides being orthogonal, the CHEBYCHEV system of polynomia also pos- 
sesses the favourable properties uniform convergence and optimality. 
However, even the CHEBYCHEV-polynomia only allow for a limited pre- 
cise representation of single domains. 


A nonlinear, parametric B-spline-function is defined by n+1 control points 
which define a so-called control polygon (Fig. 18.3). With the exception of 
the starting point and the end point of the control polygon, the control 
points do not lie on the B-spline curve. The curve r (€) is defined by 


n 
r(é)= >p.By(é) (18.28a) 
i=0 
with 
P, vector of the i-th control point in the given xx’? coordinate 
system , 


B,.(€) mixed function . 


The mixed functions B,(), or base functions of B-splines, are polyno- 
mial- parameter functions of degree k-1 which can be calculated by means 
of the following recursive formula: 





Fig. 18.3: B-spline-curve of degree k = 3 with 9 control points 
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Fig. 18.4: BEZIER-curve of degree n = 8 (9 control points) 


1 fort, <é<t, 


B.(€)= ee ‘ 18.23) 
a () { 0 for all other € ( 


By (6) = EAD By Ce) + Bian aE) = (1888) 
i+k-1 i i+k 


The quantities t; are called course node quantities, and they assign the va- 
lue of the parameter £ to the control points and thus influence the shape of 
the curve. For more details see [ D.8]. 


BEZIER-curves are defined in analogy with the description of the 
B-splines, using n + 1 control points: 


r(é)= Dm Ba(€) (18240) 


with P, vector of the i-th control point , 


B,(€) scalar mixed function of degree k . 


In contrast to the non-periodical B-splines, the parameters here range bet- 
ween 0 < € < 1. As is the case with the B-spline-curves, the control points 
of BEZIER-curves generally do not lie on the curve, with the exception of 
the first and last control point (Fig. 18.4). The mixed function B,,(€) is a 
scalar polynomial-parameter function, a so-called BERNSTEIN-polynomium 
of k-th degree, weighted by binomial coefficients [ D.8}: 


Bal€)= aE) sy (ere (18.246) 
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:K, = 10.0; K,= 10.0 
K,= 60;k,= 2.0 
K, = 2.0;«x,= 5.0 
= 2.0;K,= 2.0 
K,;= 15;Kx,= LS5 
K,= 0.5;K,= 2.0 
K, = 1.0;k,= 1.0 


Qm BOD wD Pp 
a 





Fig. 18.5: Influence of the shape parameters on the modified ellipse [D.13] 


Ellipse functions with variable exponents can successfully be employed in 
order to determine the shape of boilers or to find optimal notch configura- 
tions [ D.13]. In mathematical terms these functions read : 


( = i + =" =1 (18.25) 


with the shape parameters x,,k. and the semi-axes a,b. 


The parametrical representation of the ellipse equation reads: 
2 2 
x= a(sing) i x= b( cosy) te with parameter y . (18.25) 


Fig. 18.5 illustrates the influence of the shape parameters x,,K. on the 
shape. 


18.3. Augmented optimization loop by additional strategies 
[D.3,D.12,D.40] 


Fig. 15.4 presents the basic modules of an optimization model. The sensiti- 
vity analysis treated in Chapter 17 as well as the two optimization strate- 
gies multicriteria or and optimization (Chapter 18) contribute modules that 
are implemented into the optimization model, and they thus present im- 
portant elements of an effective treatment of structural optimization pro- 
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blems. Direct methods are especially appropriate for solving multicriteria 
and shape optimization problems the basic procedure of which is shown in 
Fig. 18.6, while shape optimization problems can be processed by a mere 
augmentation of the design model, multicriteria optimization requires a 
special evaluation model. Fig. 18.7 illustrates how the optimization loop is 
augmented by these additional modules within the Three-Columns-Con- 
cept [D.12] discussed in Section 15.6. 


In a similar manner, other modules can be implemented into the loop, eg. 
for optimization with time-dependent parametric quantities, or for stocha- 
stic optimization problems. An important future demand on the optimiza- 
tion process will be the consideration of multidisciplinary aspects from the 
fields of fluid- or aerodynamics, thermodynamics, heat transfer, manufactu- 
ring, etc. In this context, the term multidisciplinary optimization has be- 
come general use [| D.42]. 


Vector Optimization Shape Optimization 
"Min" f(x) , x €IR" Min F(R) , Re Ir, 
h(x) = 0 HR =0,i= 
g(x) <0 

x Sx <x, 


s Shape Approach 
Preference Functions Pencons : 


f(x) > pifix)] R=RE x) 


Parameter Optimization Problem 


Min p[f(x)] Min FIRE»! 
h(x) = 0, i =1,...,.m h(x) =0, i 
j 1,...,.n 


= 1,..4q 
a) <0, j =1,.5p 


B®) <0, j 
x x Sx SX 


x Sx Sx, 





Fig. 18.6: Direct optimization strategies 
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OS _: optimization strategy 
ox SOP: shape optimization 
VOP: vector optimization 


Fig. 18.7: Optimization loop augmented by multicriteria and 
shape optimization 


D.2 Exercises 

Exercise D-15/16-1: 

An unconstrained optimization problem is given by the objective function 

f(x,,x,) = 12x; + 4x5 - 12x,x, +2x, —> Min , x,,x, eR" 

a) Determine the minimum of this function using the necessary and the 
sufficient conditions. 

b) Check the exact result by means of the POWELL-method, starting with 
X= (=1,=8)° as initial point. 

c) Apply also the algorithm of conjugate gradients according to FLET- 


CHER-REEVES to obtain the result. Let again x, = (-1,~-2)" be the 
starting point. 


Solution: 


a) We are confronted with an unconstrained optimization problem with a conti- 
nuously differentiable objective function possessing an exact solution. 


According to (15.7) the candidate minimum point is obtained from the necessary 
conditions 


of ! 

ae 12x,+2= 0, 

of _ i > _3 
ea a = 0 X= o% 


By substituting x, into the first equation one obtains: 


24x,-18x,+2=0 ——> xf=-$ oy XPSH 


i) 


The corresponding function value becomes 


The HESSIAN matrix is calculated from (15.8) 
24 -12 
H(x) = = ‘ = 


This proves positive definiteness, ie. a minimum solution has been found. 
b) The starting vector for the POWELL-method is given as: 


Ky=(-1,-2) —> f,=2 
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First cycle 


For the first search direction we choose 8, = (1,0)". Thus, we obtain according 
to (16.1a): 


-1 1 -l+a 
x, = +a = : ( 1 ) 
-2 0 -2 
By substituting (1) into the given function 


f(a) =12(-1+ a) + 4(-2) - 12(-1+ «)(-2) + 2(-1+ @) 


af 
oa 


which yields 


=24(-l+a)+2442=0 —> a=-i, 


13 
x, = ( 12 ] and f(x, ) = 1.9167 
-2 


As second search direction we choose 8, = (0,1), which, in accordance with 
(1), leads to 


13 0 -B 
mon ten=( B +4 }-( 1 i (2) 
-2 1 -2+a 


Substitution of (2) into the given function : 


f(a) = 12(- 1)’ + 4(-2 4 a)? -12(-18)(-2 +a) + 2(-18) 


12 
of | _ _ 3 
ri =8(-2+a)413=0 -—> a=3 
One thus obtains 
_ 13 
12 
x, = ‘6 and f(x, ) = 1.3542 
~“s 


An additional search direction is determined by means of (161d) 


_ 13 -1 i. 
8, =X, -X) = i sail| ‘=e (3) 
a= 73 0 | ys a) | 8 : 
8 8 
Then it follows 
1 a 
=A “2 at 2 
=, = tal 3 |= . (4) 
-2 8 -24+ 7a 
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Substitution into f(x, ,x,) and re-formulation yields 


f(a) = =( 44 # )(14 - 1g) i a(-24+ 3a) 


Bad (u- Ba) -(14 g)(-B)eo(-24de)e bo 


40 


=) aS 


From (4) one determines 


_ 157 


147 
x; = a and f(x, ) = 1.319728 
"49 


This concludes the first cycle. 


Second cycle 


The second cycle also proceeds from the search direction s, = (1,0 ys We get 


X,=X,+ 48) = ae , (8) 
49 
f(a) = 12(-48 + a) + 4(- $8) - 10-27 + «)(--B) + 
+2(-h +) 


of _ 4,(_ 157 _ 83 Y 2 
2 = 24( 147 ta)+12 49 +2=0 — a = 0.1377552 


and finally from (5) 


— 0.9302720 
-.-( and = f(x, ) = 1.092008 
— 1.6938775 
We then formulate 
— 0.9302720 — 0.0833333 
sam tan =[ J+4{ ). (6) 
—1.6938775 0.375 


f(«) = 12(-0.9302720 - 0.083333. )” 4+ 4(—1.6938775 + 0.3750 )° - 
— 12( - 0.9302720 — 0.083333 a ) ( — 1.6938775 + 0.375 a) + 
+ 2(-0.9302720 — 0.083333 « ) 


— =D —> a = 0.438567 


340 15 Fundamentals of structural optimization / 16 MP-algorithms 


From (6) follows 
( — 0.9668191 


x, = 


and f(x, ) = 0.89566164 
— 15294147 


The course of the optimization process clearly shows a very slow convergence to- 
wards the solution point. We therefore stop the treatment at this point and pro- 
ceed to c). 


c) Algorithm of conjugate gradients according to FLETCHER-REEVES 


We again proceed from the starting point x, = ( ah =9)". The starting direc- 
tion is calculated from the gradient 


24x, -— 12 2 
Vi(x,) = Vfi(x) -( “1 mat } 
Xo 8x, — 12x, 








Xo 


The steepest descent direction is 


8, = ~Vi(x,) -() 


Eq. (16.6) yields for the end of the first step 


x, =X, + 4&8, = + @ = 
re erp renee Na \ 4 -2+ 4a, 


and thus 
f(a) = 12(-1- 20) + 4(-2 + 4a) - 
~ 12(-1- 20,)(-2+ 4a.) + 2(-1- 2a) , 


x =0 _ Oy = 0.048077 


dex, 


The new point x, reads 


— 1.0961 — 2.6140 
= ( } and vicx) =( } 


— 1.8077 — 1.3084 


x. 


The next search direction is calculated with (16.7) 


|VE(x,)|” 
s, = -Vf(x,) + ——— & > 
1 1 |V£(x,)|? 0 
_ ( 2.6140 ) (-2.6140 + (-1.3084 ‘( -2 } a 
8) = + 5 = 
1.3084 (-2)° +4 4 


2.6140 -2 1.7596 
= + 0.4272 = 
1.3084 4 3.0172 
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The next point is determined from 


< ( ~ 1.0961 } ie en) 
= as, = a 
nae aa — 1.8077 \ 3.0172 


and correspondingly f( a, ). The minimum condition 


ie = yields a = 0.4334 
One obtains 
a (evel aay vi(x)=(?) 
0.5 0 


Thus, the condition 
24 —-12 1.7596 
s) Hs, =(-2, 4) = 0 
-12 8 3.0172 
is fulfilled. 


Fig. D-1 illustrates the single search steps for the FLETCHER-REEVES-method. 
It is obvious that this method converges much faster than the POWELL-method. 
By suitable modifications, however, convergence of the latter method can be im- 
proved. 














Fig. D-1: Search steps for the FLETCHER-REEVES-method 
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Exercise D-15/16-2: 

The truss structure shown in Fig. D-2 consists of 13 steel bars with the 
cross-sectional areas A; (i = 1,...,13) and 10 nodal points. A vertical force 
F = 100 KN acts at node 3. 

Determine the cross-sectional areas in such a way that the weight of the 


structure is minimized. The stresses in the single bars must not exceed an 


admissible tensile stress of °. am — +150 MPa, and an admissible com- 


pressive stress of Ccxam = ~ 100 MPa. 
As further values are given: 
1=10m , E=2.1-10° MPa. 


Fig. D-2: Plane truss structure 





a) Formulate the structural model, and determine the solutions for dis- 
placements and stresses. 


b) In order to formulate the optimization problem, define the objective 
function and the constraints when the cross-sectional areas are used as 
design variables x := A = (A,)* (i =1,.<.,13). 


c) Determine the optimal solution of the constrained optimization problem 
by means of an external penalty function approach. 
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Solution : 


a) The relation between the nodal forces and nodal displacements is established 
by means of the displacement method. This will be demonstrated for the forces F, 
and F, acting at node 2 and the corresponding displacements u, and v,. 


Equilibrium conditions: 


Equilibrium conditions give the external forces 
in terms of the bar forces at node 2: 


F,=S.+Z¥28,-572 , (1) 
=1/2s,+1/25, 





Elasticity law: 


cat _y2l _ {2 l 
Ale=paSe > A= ERS > A= EAS: - (2) 
Kinematics: 
Al, =u, ; Al, = 0 ; 
a1 
512 , 6 5 V2 v, ’ 
2 1 
Al, =-F72u, ? 7 i . 
(3) 
Substitution of (2) and (3) into (1) yields 
F, Ug 
[el 
with the element stiffness matrix 
A, +27¥2A,+ A, -As+A 
E 5 7 5 7 E 
Ki, = | = K,, - (4) 
2721 “A +A hed Ry 2721 22 


Analogous relations can be derived for the other nodes. 


The total stiffness matrix K consists of the single stiffness matrices of the bars; 
it relates the external forces to the displacements in the following linear equation : 


f= Kv (5a) 
with the displacement vector 


iM 
V = (U1, ¥,, Ug, V9,Ug,V5,UgsV gr Ug, Ve) 2 
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the force vector consisting of the 10 nodal forces 
T 
f=(F,,F,, «+9Fy9) ’ 
and the symmetric total stiffness matrix 
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Min Re 3 
n | nai Ba 
ES SRL. ee 
Satie Be 
K,,' Key 
2¥2A,+ A, + Ag+ 
with K,, = + Ag t+ Ajy 
A, + Ay + Ag — Ajo 
K,, = see (4) , 
¥2A,+ Ag+ A, A 
K,, = 
A,— A, 


Ay + 2¥2 Ay + Ajg 
K,, = 


Ay e Ay3 


t Kis) Kas: Kas 
| Ky! Ky! Ky, 
Ks Ku | Kus (sb) 
i Ko i Kul Kes 
' Ky, ' Ky ' K;; 


—A, + Ay + Ag - Ajo 


A, + Ay + Ag + Ajo 


ova 
? 
A, + As 


Ay, — Ajg | 


Ay + Aj 


12 Ay + Aj + Ay -Axo + Ay 
Ky, = 


~Ajyo + Ay 
-A -A 
4 4 
KK | 
a Ag 


-A A 
10 10 
K,, = K,, = | | 
10 ~A 


A 10 
“Ag As 
Ka = Ky =| | 
As ~As 
-A -A 
11 11 
Ku Ky =| | 
-Ay ~Ay 


All remaining K;; vanish. 


Ayo + Ay 


’ 
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Assuming non-singularity of the stiffness matrix, (5a) allows us to calculate the 
displacements of the nodal points u;,v,; (i= 1,...,5): 


v=K'f . (6) 


Thus, the displacements of the end-point of each single bar is established, and we 
can now, on the basis of the element stiffness matrices, determine the stresses 
within the bars by means of the matrix relation between stresses and displace- 
ments: 

o=Rv. (7) 


Here, R is a (13 x 10)-matrix of the form 


1 0 0 0 0 0 0 0 0 0 13 x 10 
+ -- 0 0 0 0 © 0 0 0 
o 0 © o© + 60 © o 0 0 
1 1 1 1 
-3z -F 0 0 > z 0 0 0 0 
1 1 1 1 
o o -+ $ $ -$ © © © 0 
el eo UE We we OO ee 
R=+ af te : (8) 
o o + $F 0 o0 © 0 0 
1 1 
+ + 0 © © © © 0 © 6 
0 o o 0 0 0 0 0 3 0 
1 41 1 1 
-z 2 0 0 0 0 0 0 2 -F 
1 1 1 1 
0 0 0 0 0 0 -F ->F 3 zz 
o oo © 08 oo o 41 0 o 0 
1 1 
0 © © © © © + --$ 0 0 


Substitution of (6) into (7) then yields the relation required for calculating the 
stresses : 


o=RK'f. (9) 


The equations for the structural model that is required for the optimization have 
now beeen established. 


b) In the following, the equations of the optimization problem shall be set up. In 
accordance with the problem formulation, the cross-sectional areas of the bars 
shall serve as design variables, i.e. we define 

x:=A 


According to (5b), K depends on the design variables, i. K = K(x). Given the 
same bar material, weight minimization is equal to volume minimization; the ob- 
jective function of the structural volume is thus a linear function with respect to 
the design variables : 


a v(sjel ene (10) 
i=1 


with I; denoting the bar lengths. 
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For the bar stresses we formulate the following constraints 


&(x) S8,(x) :=9(x)-4, $0 (i=1,...,13) , (11a ) 


g(x) =¢,;(x) =O, ~ 5%) <0 (j=1,...,13) . (11b ) 
Finally, we demand non-negativity for the cross-sectional areas of the bars: 


x,2>0 forall i=1,...,13 . (12) 


c) The constrained optimization problem is solved using an external penalty 
function by means of which the task is transformed into an unconstrained pro- 
blem. With (16.116) we state 


26 2 
©,(x,R;):= V(x) +R; > (max[o,¢;(x)]) (i=1,2,3...) , (13) 
j=1 


g(x) in the infeasible domain , 
where max[0,6,(x)]= 


0 in the feasible domain 


Here, the choice of a suitable initial value for the penalty parameter R, is crucial; 
for the present task we choose: 


R, =10° 


The unconstrained problem (13) can 
be solved by means of suitable algo- 
rithms; in the present case, the 
POWELL-method of conjugate gra- 
dients has been used, where a qua- 
dratic polynomium (LAGRANGE- 
interpolation) has proved sufficient 
for a one-dimensional minimization. 
In addition it could be shown that 
different initial designs (A; =100,..., 
1000mm*) virtually lead to the same 
optimal solution. 


The calculation, the scale of which re- 
quires the use of a computer, yields 
the result that the force F is mostly 
carried via bars 4 to 8 into the sup- 
ports 7, 8, 9 (denoted by bold lines in 
Fig. D-3). Consequently, the remai- 
ning bars need very small cross-sec- 
tional areas only. 





Fig. D-3: Optimized truss structure by 
changing the cross-sections of 
the bars 
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Exercise D-15/16-3: 
Fig. D-4 shows a section of a circular cylindrical shell C with a ring stiffe- 


ner S. The considered part of a boiler is subjected to a constant internal 
pressure p and has a constant inner temperature ©... 


The temperature distribution within boiler and stiffener has been determi- 
ned by measurements; for the cylindrical section C we assume a linear tem- 
perature distribution over the thickness with the gradient 16, = const in 
the longitudinal direction 


O,(z)= °G, + zO, 


0..+ 9 O50 - 9: 
0, _ Pic oc lg _ Voc c 
SoS oe 
The temperature distribution in the ring stiffener is assumed to be constant 
over the thickness, and is approximated in the mid-plane by a second-order 


polynomium in r with the following form: 


(r - 1)( 1 - 2w) oO 
°@,(r) = O,[1 + ut 7 (1- oe) 


(lef 


with 





with r=&/b, w=a/b 


Choosing as two design variables the half thickness h of the ring stiffener 
and the boiler thickness t, the section is to be dimensioned with respect to 
minimum weight, subject to the condition that the maximum reference 
stresses in the ring and the stiffener must not exceed a prescribed value. 


i 





2h 
ie] 
- SS eo S. 
TTT Le. 
Zz 
rh x 
6; 
Ec _&s 
x= b r= b 





Fig. D-4: Section of a ring stiffened circular cylindrical boiler under 
pressure und thermal load 


a) Determine the stress curves by means of the Theory of Structures. 


b) Formulate the expressions required for the optimization (objective func- 
tions and constraints), and determine the design domain. The design va- 
riables x, = h and x, = t are restricted by upper bound values of 20 and 
40 mm, respectively. State the wall-thicknesses of the optimal design. 
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Numerical values : 
Geometry : b=05m , a=065m ; 
Loads: 
@¢ = 170°C , 0.6 =50°C , Og=1C/mm , p=2MPa ; 
Material : 
Ong = Ong =O, = 1-10 5/C , EG=E,=E=21-10° MPa , 


4 3 
0c = Og = 0 = 0.785-10 kg/m , v=03, [C,Sadm ~ 200 MPa : 


Solution : 
a) - Structural model and structural analysis 


The stress state of the given stiffened boiler structure can be most conveniently 
calculated by applying the compatibility between the single parts. Since the re- 
spective steps for establishing the structural equations have already been described 
in detail (See C.13.1/2), only the most important aspects will be treated here. 


In a first step, we separate the two semi-infinite cylindrical shells from the ring 
stiffener. Owing to the different deformations of boiler and stiffener at the interfa- 
ce point, the required compatibility is induced by yet unknown boundary forces R 
and boundary moments M. Each of the substructures shows deformations caused 
by temperature and pressure loads (state ”0”), and by the forces R acting at the 
boundaries (state ”1”), and the moments M (state ” 2”). In the present case, the 
parts of the boiler can be idealized as circular cylindrical shells subject to axi- 
symmetric loads (pressure, temperature, boundary force R, and boundary moment 
M), and the ring stiffener can be treated as a circular disk subject to internal 
pressure, temperature and the radial force R. The boundary moment M of the cir- 
cular cylindrical shell does not effect the stiffener. 


The deformations are calculated from the basic equations for the circular cylindri- 
cal vessel and for the circular disk (see C-13-2). After determination of the defor- 
mations at the points of the substructures, we formulate the compatibility condi- 
tions 


Wo = wl $ wh) 4 ww) EW 4 ol? = a, : (1a) 
lo= xe +x +xg? 40, (1b) 


where wo and ug denote the expansions of the vessel and the radial displace- 
ments of the stiffener, respectively; xy, are the corresponding angles of rotation. 
Conditions (1a,b ) constitute a linear system of equations for determining the un- 
known boundary quantities R and M. After some calculation one obtains : 


0 oe) _ | ® 1 (ite? 
Apo Og + 2aq5 Pig ee mxtER(s v)|P 


R= (2a) 
bY bk. fiber. ) 
4KcK* Esh \y_? * 
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M=-FER-Ko(1 + v) age O& (2b) 
with 
ett) = 1 i} %.( jar =F [6 ete oS (fs) 
MEG avr rea es (eure hn Bael 
2 2 2 8 
9 _ ow _ of (So 12w+6) _ “es 
ae 12(1-«) (1 ae) 
6 
14 40-3 0S 
90) 9 + aap ae) 
Ect? b\? 
K=— 2. 4_ _ 2\fb 
C™ 1201 =v)’ pS eee y ) 


Refer to C-13-2 for further details of determining the curves of stress resultants 
and deformations. 


— Stresses within the parts of the boiler 
Cylindrical shell C 
— Longitudinal stresses 


6,, (x) =+$ {[2 Rsina x + ( +(1 + v)angKe Gc) . 








(3a) 
: (sink x + cos nx) }e** -(1+ v)apeKe'@c} 
— Circumferential stresses 
bE 1 
op (x) = PES [ BReosnx +[M + (14 v)ag¢Ke'c]- 
7 (3b) 
. (cosxx -sinnx) fe**4 Bp 
— Reference stress according to VON MISES’ hypothesis 
oo = o2 + Oy = Se Foy : (3c } 
Ring stiffener S (disk ) 
— Radial stresses 
R 
P-F wo? 
6,,(r) = ©? -1 (1 -#) + 
(4a) 


+ Bs ars Oc[ 9(1) + MAP) (1 4) - boy] 
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— Circumferential stresses 


R 
p- 2 
Ouy(t) = a(t + a) + Es 75 Oc] 9(1) + 


(4b ) 
salty 
pe (cays 4 g(r) °o,(r)| ; 
w*-1 r r 
— Reference stresses 
2 2 
Gs = Vr t Hy - O,5 - (4c) 


The reference stresses provide the basis for defining the constraints for the 
optimization. 


b) Definition of the Optimization model 


In order to illustrate the design domain, only two design variables are considered 
in the following: the half thickness of the stiffener ring x,=:h and the shell 
thickness x, =: t, both of which are combined in the design variable vector: 


x = (x,,x,) ; (5) 


As stated in the problem formulation, a pure weight minimization problem is to 
be solved. We thus require the objective function to be the sum of the weights 
of the two parts of the boiler: 


(x) = W(x) = eg[ Vo(x) + Vg(x)] (6) 
with the volumes of cylinder and ring stiffener given by 

Vo(x)=4xb(b-x,)x, , 

Vg (x) © 2nx,[a” - b’] for x. « b 


We now consider the constraints that at each point x or r of the two boiler 
parts, the reference stresses 6, have to be smaller than the maximum admissible 
stress values: 


Cylinder C 
Or Cmax 7 MAX O,¢ (x,x) < o¢,4,, 
max 6, ¢ (x,x) : 


—> g(x) Se et (7a) 


Stiffener S 


+ Smax = er o,5(1,x) S$ °Sadm 


=> g(x) = Ss) 1 cg (7%) 
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The two design variables are restricted to the intervals 
O<x,< 2mm , 0<x,<40 mm . (8) 


Now, the following structural optimization problem (15.4) with the scalar objective 
function (6) and the inequality constraints (7a,b ) shall be solved: 


Min {f(x)|e(x) <0} 


In order to solve this constrained problem, an algorithm can be chosen from MP- 
algorithms of zeroth, first, and second order. In the case of the actual non-convex 
problem (Fig. D-5), the algorithm should perform as simply and robust as possi- 
ble; here, one of the penalty function methods (e.g. internal penalty function) or 
the COMPLEX algorithm by BOX are very suitable zero-order methods (see 
[D.24]). 


Since only two design variables are considered, the determination of the optimal 
design of the current problem can be carried out analytically. As shown in Fig. 
D-5, the feasible domain X of the design domain is determined by the active con- 
straints of the reference stresses in the vessel and the stiffener ring (7a,b), and 
by bounding the wall-thicknesses of vessel and stiffener (8 ). In addition, the iso- 
lines of the objective function f(x) (= total weight W of the considered parts of 
the boiler ) are depicted in the diagram. 


Fig. D-5 displays the optimal values for the design variables as 
Xopt = (42, 118 ane 









Ww 
11000 [N] 
10000 
9000 
8000 
7000 
6000 





Fig. D-5: Design domain of the 
ring-stiffened boiler 
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which according to equation (6) allows us to determine the optimal weight as: 
Wopt = 3185.5 N. 


The inequality constraint functions g,(x) and g.(x), ie the reference stresses 
Orc and O;gs, respectively, become equal to the admissible value (O,gn = 
200 MPa) at the optimal point, and thus the material is utilized optimally. If we 
start the optimization calculation with an initial design 


x) =(h,t)” =(10,20)"[ mm] , 


we obtain a weight reduction of approximately 43% at the optimum point. 


Exercise D-18-1: 
Perform a mapping into the criteria space for a vector of the two objective 
functions (criteria) 

f, (x) x - 4x45 


f,(x) Se 5x42 

a) Show the graphs of the individual objective functions in the design 
space, and determine the domain of the functional-efficient set of solu- 
tions in the design space. 

b) Determine the curves of the functional-efficient solutions in the crite- 
ria space, using a constraint-oriented transformation (trade-off method). 


Solution : 
a) Presentation of the objective functions in the design space: 


f(x) 





Domain of the functional- 
efficient set of solutions 





Fig. D-6: Objective functions and domain of the functional-efficient set of solutions 


Exercise D-18-1 353 


Fig. D-6 shows that the curves have slopes of opposite signs in the dotted area; 
according to Def. 1 in Section 181 there exist functional-efficient (or PARETO- 
optimal ) solutions of the two functions. 


b) Functional-efficient set of solutions in the criteria space 


The Vector Optimization Problem (181) can be transformed into a scalar, con- 
strained optimization problem by minimizing only one of the objective functions, 
for instance f,(x), and by imposing upper bounds on the remaining ones (18.7), 
eg. 

{,(x) — Min Voxex, 
subject to (1) 


f(x) = Vj Yo 7H=2....m 4 


where f, is denoted the main objective, and f,,...,f,, secondary objectives. The 
present task can be interpreted in such a way that, when minimizing f,, all re- 
maining components of the objective function are to attain prescribed values 


Yor--+>¥Vqq* Lhese constraint levels illustrate the preference behaviour. 


If one is to precisely achieve the constraint levels in (1 ), the given task corre- 
sponds to a minimization of the respective LAGRANGE-function (15.9): 


m 
L(x,B):= f(x) + >'8[§(x)- yj] => Min (2) 
j=2 
with the necessary optimality conditions (15.10) 
= Of 5. of ft <= 
=o Ox, + 2e3e " (i=1,....n) , (3a) 
oL < 
Bj = f(x )- j, =0 (j = 2,...,m) ° (3b) 


The optimal values for x,,...,x, and the corresponding LAGRANGEAN multi- 
pliers B,,...,B,, are then calculated from ( 3a,b ). 


For the present problem holds that 


f,(x) x - 4x45 


f(x)= = ; 
f(x) } | 5x?-5x4+ 2 


and we thus choose according to (1) 


f(x) ——> Min , 
subject to 
f(x) = y, (j = 2,-.-,6) 


Using the LAGRANGE-function (2) 


L(x,8) = f(x) + 6 [ f(x) - ¥] —> Min, 
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by means of (3a,b), the optimal values are determined as 


ol ~2x-4 5)=0 » . 2xhi2~4 4) 
ey =2x- + B(x - )= ih Pha Ssh ( 
oL 1.2. 29 _ = x /2y. - 

Of; = 7x 5x+ 2 y; =0 —_- ae 2y; a : (5) 


Finally, results are listed for different values of Yj: 


er 3 Seals cs - 3.73 dis 42.78 / 1.22 
wan’ aa » Poa) oar’ er: 8.0 : 
= A is -40 : 37.0/1.0 
TO A ee 3u2° 1 9 ’ ee 65 , 
=: “ -5.0 . 26.0 / 2.0 
Yg=40—> xf, = 542, Mea) 36 2 f(x*) = ee , 
= 10 
Ys = 20— xg =5 ; BE = 00 ‘ f(x*)= , 

2 


Y, = 10 —- 8 12 =5+ if2 » No real solution 
This proves that only the constraint level of 2 < y, < 6.5 leads to unique functio- 
nal-efficient solutions. Fig. D-7 presents the B*-values belonging to the different 
constraint levels Y; in the criteria space. The efficient boundary 0 Y* (solid line) 
of Y is valid for non-negative values of BF. 


criteria space 


co 


me NW UW ~) 





So 


4 8 12 16 20 24 28 32 36 40 44 48 f; 


Fig. D-7: Functional-efficient boundary in the criteria space 


The reader should check whether use of f, as the main objective and {, (x)= Y; 
as a constraint leads to similar results. 
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Exercise D-18-2: 


A simply supported column as shown in Fig. 
D-8 has variable, circular cross-sections (radius 
r(x)) and is subjected to buckling. The length | Fost 
and the total volume V, are given. 


a) Set up a functional which governs the pro- 
blem of maximizing the buckling load F_,... 






b) Derive the optimality criterion for the pro- V= const 
blem. 


c) Maximize the buckling load for the given AS 


volume V,. Derive an equation for the opti- 


mal cross-section law r = r(x). x 
d) Compare the optimal buckling load for a 
column with variable cross-section with the Zz 


buckling load of a column with the same 
volume and constant cross-section. 
Fig. D-8: Simply support- 
ed column 


Solution: 


a) In order to establish a functional, we start with the following expressions des- 
cribing the problem: 








l 
Volume > V = fx[r(x)] dx = V, = const oo. SEI) 
0 
Differential equation F, _ 
for column buckling a Vox + ERG)” = me (2) 
4 
: _ 7m r(x) 4Fo wo 
With I(x) = 4 follows Wax t+ cE r(x)! =o. (3) 
Geometrical boundary conditions : w(0)=0 , w(l) =o . (4) 


The relations (1) to (3) are transformed into an integral expression of the form 
I= f F(x)dx — > Extremum (5) 

with F(x) as the basic function (see (633) ). 

Eq. (3) yields 








met Oo > [nla = naw (6) 





with w= 
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Substituting (6) into (1) and considering that p is independent of x, we can write 


{-w dx. (7) 


0 





I Gaceminsoon oe 


Vo 
Th 
x 


Due to V, = const, minimization of the left-hand-side term yields the maximum 
value for the force F: 


t 
Vo w : 
=a | ea Min . (8a) 
x=0 


With (8a) we have established an unconstrained mathematical form of our 
originally constrained optimization problem. 





b) The basic function according to ( 8b ) reads: 





F(x,w,w) = ao . ( 8b ) 


xx 


In accordance with the rules of the calculus of variation one obtains EULER’s 
differential equation as the necessary condition : 


























eae = 
With SE =3(-WE ye (-#] 
md R= 4(-gt) (4 
— /-"e(-4&)+(/-Fe)-e 


Multiplication by w leads to 


a - <= +( —_ ) w=0 . (10a ) 


1XX Wy Axx 








Augmentation of the first term of (10a) by (w_,,) yields 








-w — —_w +( _-—¥ ) w=0 ‘ (10b ) 


xx 3 3 
W xx W xx XX 


Eq. (10b ) constitutes the optimality criterion for the present problem. 
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c) Based on (10b), the optimal cross-sectional radius function r = r(x) shall 
now be determined. 





Using the abbreviation v = /-— = we obtain from (10b ): 


*KX 


—WiaxVtVyyW=0 — > (vyw-vw,),=0 . (11) 


Taking into consideration that w(0) = v(0) = 0, (11) can be written 


v,w-vw,=0 — (x), =0 . (12) 


After integration of (12) we have 


fis We 242 — —_wW_ 
wi, =cw _—_ cows = ws, . (13a ) 


Since w(x) can only be determined up to a multiplying factor (w(x) = eigen- 
mode ), one can choose c = 1, and thus 
w=-—t . (13b ) 


W x 


For the subsequent calculations (13b ) is reformulated in the following way : 








-1/3 1/3 


W ix = 7 _ 2Ww Wy = 720 


or (wi a = -3( wl? in : (14) 
Integration of (14) with the integration constant a? yields : 


w? = 3(-w’/3 4 a?) not w= 73 a? - wl . (15) 


x 


After transformation of (15) we obtain: 


Now, introducing 


w=u ; dw = 30’ du 


(16a ) 


and integrating (16a), we get 
2 
r= 3 [BH +c (160) 
ja? - v? 


Solution of the right-hand-side integral yields 


2 
x = 3 | arcsin -2f?-w?]4+ 


a 
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Re-substitution and factoring out leads to 


x= 13. 09{ scesin YY 1 - (YE) pec (17) 


The boundary conditions (4) provide the constants a”, C: 


x=0: w=0 —~ c=0 , 
x= 15 w=0 — Boot 
According to (6) we have rt = -y? y— 
Eq. (13b ) leads to Yer or wi=- -1/3 
=> t= yyy = ww il? . (18) 


Decreasing the power of r in (18) to 3, one obtains 


P= uw (19) 


Substitution of (19) into (17) then yields the implicit form of the equation for the 
optimal cross-sectional radius function 


2 
ee cre 2 OS yt = ith xt — 16.1 Pers 
x= tf arcing Tp 1 (2) } with %=3,3 E - (20) 


Tq is the largest radius at x = 1/2. If we solve the transcendental equation ( 20 ) 
with respect to r, we obtain 


r= ry f(x) ; (21) 
For the given volume V,, one obtains ry from (21) and (1) 


Vo 
I, = 1 (22) 
3 rf £?(x)dx 
0 
Eq. (20) finally gives the buckling load 
35-4 
3x ~ Er, 
cit = —)97F (23) 


d) Comparison of the optimal buckling load according to (23) with the buckl- 
ing load of a column with the same volume but uniform circular cross-section. 


Proceeding from (22) we obtain 


t = 
rh = V2 (xf (x)ax) F (24) 
0 
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With (24) we obtain from (23 ) 


3 2 
3n E Vv 
cafes 0 ‘ (25) 


Rt ee Se 
i (xf (x)ax) 


It is demanded that the volume V, be identical for both the column with constant 
and with variable cross-section. Thus, Vo = nil be valid for the column with 
constant cross-section. 


crit 


The area moment of inertia for T, = const —— I, = + r 
Thus, we can write 
2 
Voz4nhl’ . (26) 


By substituting (26) into (25), we determine the critical load as follows 


2 
3 1 EIynx 
Foi =| aa a = © * Poit const 
(+ fe (x)dx) 
en Ne ee” 
? 


If the cross-sectional radius function is chosen according to (20) or (21 ), respec- 
tively, the buckling load increases by 36 % in comparison to the critical load with 
constant cross-section. Fig. D-9 shows the column designs. 


Feat a 1.36 Fartcons 


Maximum 
buckling load 


| 9 


Fig. D-9: Comparison of buckling loads for simply supported columns with the 
same volume and circular cross-section 
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Exercise D-18-3: 


The essential components of a conveyor belt drum are the belt, the suppor- 
ting rollers, as well as the drive and guide drum (Fig. D-10a,b). The single 
drums consist of a drum casing (1) and a drum bottom (2). For the pre- 
sent type of construction, the bottom is connected with the shaft (4) via a 
tension pulley (3). 
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Fig. D-10: Belt. conveyor a) integrate system 
b) conveyor belt drum 
c) surface load 


The drum forces F, of the conveyor belt induce a surface load p(¥) (see 
Fig. D-10c), where the pressure in the direction of the drum axis is assum- 
ed to be constant as a first approximation. The pressure distribution in the 
circumferential direction is defined as a load depending on the circumfe- 
rential angle 3’. The maximum pressure occurs at J = 0, and smaller 
values occur at the points ? = + 7/2. 


The coefficients of the chosen pressure distribution 
p(9) = py + p,cos¥ + p,cos2¥ 


result from the conditions that the resulting pressure forces in the guide 
area correspond to the drum forces, i.e., 
n/2 
F,=1,1f p(d)cosdad , (1a) 
0 
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and from the condition that the load for the remaining area attains a mini- 
mum via a root mean square formulation. 


Thus, the drum force F., = 650 KN leads to the load: 
p(¥) = (0.2117 + 0.3326 cos 3 + 0.1411cos20) [MPa] . (1b) 


The shape of the mid-surface of the drum consists of portions of the drum 
bottom with constant thickness (idealized as a circular ring plate) and of 
the drum casing (circular cylindrical shell). The unknown wall thickness 
distribution t(y) at the transitions is defined by section-wise linear and 
constant approximation functions, using the design variables t,,t.,t,,t, 
(see Fig. D-11): 


~ -Y, 


t(y,t, tp) SHO SiGe. WSPSH» 
= ~~ Po 
( yrtyrty) = ty - (ty - GO %,<9S%,, (2) 
nT 
t(y,t,) =t, 35955 


We also have to consider upper and lower bounds for the wall-thicknesses : 


ti(y)<t(y)<ti(y) . (3a) 

10 mm < t, < 200 mm ; 10mm <t, < 150 mm , 
3b 
10 mm < t, < 150 mm ; 10 mm < t, < 100 mm CH) 


t# 1250 





Fig. D-11: Shape function for a conveyor belt drum 
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a) Establish the optimization modeling relations for the task of designing 
a conveyor belt drum, when this task is treated as a multicriteria op- 
timization problem with the objectives of minimizing the weight W 
and the maximum reference stress or... (©, sam = 30 MPa). 


b) Determine the optimal wall-thickness distribution of the conveyor belt 
drum according to Fig. D-11. 


Solution : 
a) The objective functionals read as follows : 
F,(e) = fegav= w, (4a) 
v 


F,(¢) = max[o,(¢,9)] ‘ ( 4b ) 


where the reference stress is calculated by means of the VON MISES hypothesis : 


<i feg 2 2 
Or = 7 yy + 999 - Spy Sse ttn - (5) 


The scalarized objectives dead-weight and mazimum reference stress result 
from (4a,b) as vector functions of the variable shape parameters x = 


(ty, ty, ty, ty): 


f(x) = W(x)=egV(x) , ( 6a ) 
(x)= mt a [o,(x,9,9)] . ( 6b) 
o<o<x 


The present multicriteria optimization problem is treated by means of the con- 
straint-oriented transformation according to (18.7). For this purpose, the seconda- 
ty optimization objective (minimization of the maximum reference stresses) is 
substituted by the following constraints : 


g,(x)= max [o,(x),~,9] 7 S, adm <9 ’ 
1, SP S% 
O<d<z 
B(x)= max —[o,(x),9,9] - o, 4am <0» (7) 
25% S%3 
O<d<n 
&3(x) = pees [o,(x),@ = 3,9] * ©, adm <9 


with 6, Ja, = 30 MPa 


In the structural analysis, the drum bottom is treated as an uncoupled disk-plate 
problem, and the drum casing is considered as a circular cylindrical shell. For this 
Purpose, a special transfer matrix procedure has been used according to Section 
13.2. The results were additionally verified by control computations by means of 
an FE-software system [ A.21]. 
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b) The present shape optimization problem has been solved by means of the opti- 
mization algorithms SLP and LPNLP (see 16.2.2 a,b). Fig. D-12a,b illustrates the 
efficiency of the above algorithms when using the constraint-oriented transforma- 
tion as optimization strategy for the treatment of multicriteria optimization pro- 
blems. Sequential linearization shows fast convergence; if active constraint limits 
are imposed, about six to ten linearization steps are necessary, where the gradient 
evaluations require the highest computational effort. Fig. D-12b shows that the 
rate of convergence of the LPNLP-algorithm is lower than that of the SLP-algo- 
rithm. 





a) 0 20 40 60 80 100 120 140 Nt 





b) O 20 40 60 80 100 120 140 n,, 


Fig. D-12: Optimization graphs in dependence on the number of function evalu- 
ations 
a) Sequential Linearization SLP 
b) LAGRANGE-multipliermethod LPNLP 
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Fig. D-13: Functional-efficient solutions for a conveyor belt drum 


Fig. D-13 illustrates the functional-efficient solutions which clearly show the influ- 
ence of different admissible stresses on the shape of the optimized conveyor belt 
drums. Proceeding from the weight-optimal design characterized by active stress 
constraints, the increase of the variables t, and t, leads to a substantial decrease 
of the maximum reference stress with ouly a small increase of weight. Only in 
those cases where the range of t, has been used to its full potential, the remain- 
ing variables gain influence on further stress reductions. Variable t, in particular 
causes a strong increase of weight without reducing the stresses in a decisive 
manner. 


Exercise D-18-4: 


Component optimization plays an important role especially in space tech- 
nology. As a typical example, a satellite that is to be brought into its orbi- 
tal position should have an extreme lightweight design for saving transpor- 
tation costs; even small weight savings for single components result in a 
substantial cost reduction. One of these components is the fuel tank of the 
satellite which stores the fuel for the position control rockets over the ent- 
ire life-time of the satellite. 


In the present example, the calculation and optimization of a thin-walled, 
satellite tank subjected to constant internal pressure shall be dealt with (a 
quarter section of the components can be considered for reasons of symme- 
try (Fig. D-14) ). 
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Fig. D-14: Principle sketch of the contour of a satellite tank with boundary 


conditions 


The following design specifications and strength verifications are given: 


The construction space allows for a maximum outer radius of r4, = 


436.9 mm. The tank height h,,, must not exceed a value of 433 mm. 


The tank is subjected to an internal pressure p = 34.4 bar. The dead- 
weight is to be disregarded. 


The half-tank must be able to store a volume V which is larger than a 
minimum value V,;, = Vg = 215.2 liter. The following volume con- 
straint is specified: 
V 
g,=1-~<0. 
1 Vo 


The tank is made of titanium alloy with specified material characteri- 
stics : 


Density o = 45- 10° kg/ ae 
YOUNG‘s modulus E=11-10° MPa , 
POISSON ’s ration v=03 , 

Breaking strength o, = 1080MPa 
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- The strength verification is performed depending on the sign of the 
principal stresses in meridional and circumferential direction and in ac- 
cordance with the following stress hypotheses of the state of plane 
stress : 


1) If the principal stresses o,,0, have the same sign, the reference 
stress is calculated from the maximum stress: 


Max(0,,0.)<%.am - 


2) If the principal stresses have different signs, the VON MISES equal 
stress hypothesis is to be used: 


2 2 
¥ Oo, +0,- 9%, Soo ste * 


The required thickness t, can be calculated from the resultants and from 
the admissible reference stress o,,4,,- For this purpose we define the follo- 
wing thickness constraint : 


aise 
&=1-y—- <0 





The task is to minimize the weight of the satellite tank subject to the given 
constraints by simultaneously determining a suitable meridional contour 
and a thickness distribution of the tank. 


Solution: 
Structural Analysis 


In the following, some general remarks shall be made concerning the structural 
analysis. The minimum volume of the tank already occupies more than 80% of 
the given construction space. This fact demands tank contours that smoothly fol- 
low their boundaries both at the poles and at the equator. At the equator, the 
shape of the tank approaches a cylindrical shell curved in the circumferential di- 
rection; at the pole, the radii of curvature increase to such a degree during optim? 
zation that a very shallow shell emerges. It appears that linear calculations pro- 
duce large displacements in proximity of the pole, exceeding the wall-thickness by 
far. As the displacements do not occur constantly over the arc length, the radii of 
curvature of the deformed structure change substantially. According to the above 
theory, the pole area shows a decisively larger curvature in the state of deforma- 
tion, which results in a violation of the conditions of equilibrium that were origi 
nally formulated for the undeformed element. Thus, we used an augmented ap- 
proach for the structural analysis according to Section 13.2. 


Shape Optimization 


The following shape optimization requires a mathematical description of the tank 
shape as a function of free parameters by means of shape functions. The descrip- 
tion should be characterized in such a way that a large number of admissible 
shapes can be achieved with a relatively small amount of parameters. The shape 
functions have to comply with the following requirements : 
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- The tank shape should not exceed the specified fitting space. 


- The meridional contour of the curve must be determined in such a way that 
the given minimum volume is attained. 


- The tangent at the pole must be perpendicular to the axis of rotational 
symmetry; the tangent at the equator must be parallel to the axis of rota- 
tional symmetry. 


= A curvature undercut (change of sign) is not admissible. 


Simple shape functions can be achieved by using a circle or an ellipse as meridio- 
nal contour. These functions are, however, not suitable for the present problem 
because the required tank capacity cannot be fulfilled, and because the equator 
curve remains arched. A further disadvantage is the invariability of the curve 
shape. The same applies if a so-called CASSINI-curve is used since it does not 
possess any free parameters either. The shape is uniquely determined by the vo- 
lume, and thus optimization calculations for finding a more suitable contour can- 
not be carried out. Further investigations were carried out using cubic spline-func- 
tions as shape functions. These third order polynomials define a continuous curve 
up to the second derivative, i.e. the derivative conditions at the pole and the 
equator are fulfilled. The splines, however, are disadvantageous in as far as chan- 
ges of curvature can easily occur, and because the prescribed dimensions of the 
construction space cannot be complied with. In addition, they often cause pro- 
blems in the structural analysis. 


In order to avoid the above difficulties, we here choose a modified ellipse function 
according to (18.22a) as shape function (see Fig. 18.5). The use of a modified 
ellipse has the advantage that meridional shapes always exist for K, > 1 and 
Ky >2 which satisfy the demands made with respect to the curvature shape and to 
the tangent position. In the pole area, the ellipse function is replaced by a poly- 
nomium of fourth order. 


Treatment as a Multicriteria Optimization Problem 


In the following, some results shall be presented for a pure shape optimization 
and for a simultaneous shape and thickness optimization. When optimizing the 
tank, one has to address two conflicting objectives: The weight W of the tank 
shall be minimized, and the internal storage volume V shall be maximized. This 
multicriteria optimization problem, too, can efficiently be solved by using the con- 
straint-oriented transformation according to (18.7). For the present problem, the 
volume is introduced into the optimization model (g, ) as an additional constraint 
(secondary objective). For various desired volumes Vo, @ scalar weight optimiza- 
tion is carried out, and thus the functional-efficient boundary is determined. The 
following design variables will be considered : 


X= %y Ist ellipse parameter , 
Xq = X 2nd ellipse parameter , 
xX, =t thickness of the shell , 
or Xj, = t; thickness of the i-th shell element . 


The thicknesses t, of the shell elements are used as additional design variables in 
the transfer matrix procedure. Since the computational effort increases substanti- 
ally with the number of design variables (> 200), only the geometry variables are 
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transferred to the optimization algorithm. The optimal thickness distribution is 
determined within each functional call, ie. for each shape design, employing a 
Fully-Stressed-Design (FSD)-strategy, the use of which fulfills a priori the 
stress constraints and thus the thickness constraints. By this, the problem can be 
reduced to the following design variables and constraints : 


y= % Ist ellipse parameter , 
X_ = My 2nd ellipse parameter , 
g, =1- Ve <0 volume constraint 


The procedure of the Generalized Reduced Gradients was used as optimization al- 
gorithm according to [D.1]. 


Fig. D-15 compares the functional-efficient boundaries of the simultaneous optimi- 
zation to those of a pure shape optimization (without variation of the thickness). 
It can be shown that the integration of an FSD-strategy into the structural analy- 
sis leads to a substantial improvement of the designs. Three functional-efficient 
solutions (I: V) = 2001; II: Vp) = 215.21; III: Vj = 2301) are depicted separate- 
ly, and Fig. D-16 shows the corresponding designs of the shape and the cross-sec- 
tions, of the radial displacements, of the membrane forces, and of the meridional 
bending moments. It is in the responsibility of the decision-maker to choose the 
most appropriate design. 


f, = volume V [I] 


240 


225 


210 
— simultaneous shape and 
feasibl thickness optimization 
195 4 feasible 


_ _infeasible _., } pure shape optimization 





5 10 15 20 25 
f, = mass m [kg] 


Fig. D-15: Functional-efficient boundaries for a pure shape optimization 
and for a simultaneous shape-thickness-optimization 
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Optimal meridional contours and their respective displacements, 
membrane forces, and meridional bending moments (s, = entire 
meridional arc length) 

(For the shapes I and III only the maximum membrane forces are 
shown ) 
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Exercise D-18-5: 


Fig. D-17 shows a spatial sketch of a parabolic radiotelescope reflector with 
circular aperture. The reflector is assembled from single panels with sand- 
wich structure, each of which consists of an aluminium honeycomb core and 
top layers made of Carbon Fibre Reinforced Plastics CFRP (see Fig. D-18). 


reflector surface 





Fig. D-17: Sketch of a parabolic reflector with circular aperture and panel 
structure 


The panel treated in the following is assumed to be plane and rectangular, 
and at several points it is supported at the rear truss structure by means of 
adjusting devices (see Fig. D-18). The number n of point-supports predo- 
minantly depends on the desired panel accuracy, ie, on the maximum 
transverse displacement. 





Fig. D-18: Point-supported, rectangular sandwich panel made of CFRP 
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In addition to the load cases deadweight, wind pressure, and concentrated 
forces, the layout must also take temperature effects into account. The opti- 
mization objctives consist in finding a construction which, for reasons of dy- 
namics, is as light and stiff as possible, in order to increase the lowest ei- 
genfrequency of transverse vibrations. 


A special rectangular CFRP-sandwich panel design with four, five, and six 
point supports which is subjected to a constantly distributed wind load of 
p = 1.384 - 10-* MPa according to Fig. D-18, shall be investigated in the 
form of a multicriteria optimization problem. 


Solution: 
Optimization modeling 


In order to find optimal compromise solutions, we choose, according to (18.1), 
two objective functions, namely weight f,(x) := W and maximum displacement 
f,(x):= wya,- The present multicriteria optimization task will treated using 
preference functions like (18.5) to (188). As a main strategy, however, a con- 
straint-oriented transformation (Trade-off method) will be applied (18.7) that de- 
fines the weight as the primary objective, and the maximum displacement as the 
secondary objective, i.e. as constraint : 


p(f(x)]=f,(x)=W with f,(x)=¢,(x)<y¥,=w,,, - (1) 
The design variable vector x here defines the fibre angle a;, the ply thicknesses 
t;, the core height h,, and the sides ratio b/a: 

x = (05.0.0 5 type hehe) ; (2) 
The panel weight is the sum of the layers and of the core: 

f,(x):=W= gab {he ec +5 ten, er bs em, 7 er) } (3) 


with 9. m.c @efining the density of fibres, matrix, and core, respectively, and PR; 
denoting the fibre volume fraction. 


The optimization modeling is also augmented by a number of inequality con- 
straints like a fibre breakage criterion, a fibre bonding criterion for the single 
layers as well as a shear failure criterion for the core [B.9,B.10]. In addition, the 
design variables are bounded by the following upper and lower constraint values : 


o< au < 90° , 
tmin S ty S t max ? (4) 
h 


Cmin < bo s AG is 


Structural analysis 


The maximum displacement Wrax 38 the secondary objective function is here 
determined from the following system of equations, using the FE-program system 
ANSYS [A.21]: 
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K(x)u=r (5) 
with 
K(x) symmetrical total stiffness matrix as a function of the design 
variable vector x , 


u vector of displacements , 
r load vector . 
* 
Woy mm] (b)"-o39 
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Fig. D-19: Functional-efficient solutions of a panel supported at six points 
at [degree] 
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Fig. D-20: Optimal fibre angle ay as a function of weight W 
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WwW a 
Fig. D-21: Optimal ratio b/a as a function of weight W 


Results 


Some optimization results shall be presented and interpreted in the following. Fig. 
D-19 shows the functional-efficient solutions of a panel supported at six points, 
including different fibre orientations as well as layer - and core thicknesses. Fig. 
D-20 illustrates a panel with one core thickness only, where the optimal fibre an- 
gles depend on the weight. It can be shown that, for a weight > 80N, the fibre 
angle is nearly constant for all types of support. The fibre angle is equal to about 
45° in the case of four or six supporting points, whereas it is 30° for five sup- 
ports. According to Fig. D-20, a substantial change of the fibre angle occurs at the 
panels with five and six point-supports and with a weight less than 60N and 
80 N, respectively. The dependence of the optimal ratio b/a on the weight is shown 
in Fig. D-21. For each optimal weight, the panel with four supporting points dis- 
plays an almost constant ratio of ~ 1, while b/a ranges between 0.4 and 0.6 for 
the other cases of support of the panel. The above results illustrate the importan- 
ce of the optimization investigations as they present an important decision tool to 
the engineer for choosing a best possible design. 
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